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Overview of lattice QCD research
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This list is likely incomplete and I apologize for missed contributions
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Berlin/Bonn:

I Lattice continuum-limit study of nucleon quasi-PDFs (arXiv:2011.00964)

I Parton distribution functions of ∆+ on the lattice (Phys.Rev.D 102 (2020) 1, 014508)

I Improvement, generalization, and scheme conversion of Wilson-line operators on the lattice in the auxiliary
field approach (Phys.Rev.D 101 (2020) 7, 074509)

I Moments of nucleon generalized parton distributions from lattice QCD simulations at physical pion mass
(Phys.Rev.D 101 (2020) 3, 034519)

I Ruling Out the Massless Up-Quark Solution to the Strong CP Problem by Computing the Topological
Mass Contribution with Lattice QCD (Phys.Rev.Lett. 125 (2020) 23, 232001)

I Nucleon axial and pseudoscalar form factors from lattice QCD at the physical point (arXiv:2011.13342)

Berlin/DESY:

I Asymptotic behavior of cutoff effects in Yang–Mills theory and in Wilson’s lattice QCD (Eur.Phys.J.C
80(2020)3, 200)

I Flavor decomposition for the proton helicity parton distribution functions (arXiv:2009.13061)

I Unpolarized and helicity generalized parton distributions of the proton within lattice QCD
(arXiv:2008.10573)

I Parton distribution functions from lattice QCD using Bayes-Gauss-Fourier transforms (Phys.Rev.D 102
(2020) 9, 094508)

I On Estimation of Thermodynamic Observables in Lattice Field Theories with Deep Generative Models
(arXiv:2007.07115)

I Complete flavor decomposition of the spin and momentum fraction of the proton using lattice QCD
simulations at physical pion mass (Phys.Rev.D 101 (2020) 9, 094513)

I Avoiding the sign-problem in lattice field theory (arXiv:2002.06456)

I Nucleon strange electromagnetic form factors (Phys.Rev.D 101 (2020) 3, 031501)

More details on the highlighted topics in this talk
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Berlin/Wuppertal:

I Non-perturbative renormalization by decoupling (Phys.Lett.B 807 (2020) 135571 )

Bielefeld:

I Sensitivity of the Polyakov loop and related observables to chiral symmetry restoration (arXiv:2008.11678)

I Skewness, kurtosis and the fifth and sixth order cumulants of net baryon-number distributions from lattice
QCD confront high-statistics STAR data (Phys.Rev.D 101 (2020) 7, 074502)

Bielefeld/DESY/Jena/Münster/Regensburg:

I Continuum extrapolation of Ward identities in N = 1 supersymmetric SU(3) Yang–Mills theory
(Eur.Phys.J.C 80 (2020) 6, 548)

Bielefeld/Frankfurt:

I Pion condensation in the early Universe at nonvanishing lepton flavor asymmetry and its gravitational wave
signatures (arXiv:2009.02309)

Bielefeld/Giessen:

I Spectral functions and dynamic critical behavior of relativistic Z2 theories (PRD102(2020)094510)

I Spectral functions and critical dynamics of the O(4) model from classical-statistical lattice simulations
(Nucl.Phys.B 950 (2020) 114868)

Bielefeld/Regensburg:

I Magnetic susceptibility of QCD matter and its decomposition from the lattice (JHEP 07 (2020) 183)

Bonn:

I Relativistic NN-particle energy shift in finite volume (arXiv:2010.11715)

I Scattering of two and three physical pions at maximal isospin from lattice QCD (arXiv:2008.03035)

I The ρ-resonance with physical pion mass from Nf = 2 lattice QCD (arXiv:2006.13805)

I Hadron-Hadron Interactions from Nf = 2 + 1 + 1 Lattice QCD: The ρ-resonance (Eur.Phys.J.A 56 (2020)
2, 61)

I New method for calculating electromagnetic effects in semileptonic beta-decays of mesons (JHEP 10
(2020) 179)

More details on the highlighted topics in this talk
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Frankfurt:

I Computation of the quarkonium and meson-meson composition of the Υ(nS) states and of the new
Υ(10753) Belle resonance from lattice QCD static potentials (arXiv:2008.05605)

I Tetraquark interpolating fields in a lattice QCD investigation of the D∗
s0(2317) meson

(PRD101(2020)034502)
I Bottomonium resonances with I = 0 from lattice QCD correlation functions with static and light quarks

(PRD101(2020)034503)

Frankfurt/Jena:
I Baryons in the Gross-Neveu model in 1+1 dimensions at finite number of flavors (PRD102(2020)114501)
I Inhomogeneous phases in the Gross-Neveu model in 1+1 dimensions at finite number of flavors

(PRD101(2020)094512)

Giessen:
I Numerical Study of the Chiral Separation Effect in Two-Color QCD at Finite Density (arXiv:2012.05184)
I Electric conductivity in finite-density SU(2) lattice gauge theory with dynamical fermions (Phys.Rev.D 102

(2020) 9, 094510)
I A density of states approach to the hexagonal Hubbard model at finite density (Phys.Rev.D 102 (2020) 5,

054502)

Jena/Regensburg:
I Measurement of the mass anomalous dimension of near-conformal adjoint QCD with the gradient flow

(https://arxiv.org/abs/2011.02815)
I Lattice simulations of a gauge theory with mixed adjoint-fundamental matter (2008.02855)
I Partial Deconfinement at Strong Coupling on the Lattice (2005.04103)
I Monte Carlo simulations of overlap Majorana fermions (Phys.Rev.D 102 (2020) 1, 014503)
I Thermal phase transition in Yang-Mills matrix model (JHEP 01 (2020) 053)

Jülich/Wuppertal:
I QCD Crossover at Finite Chemical Potential from Lattice Simulations (Phys.Rev.Lett. 125 (2020) 5,

052001)
I Off-diagonal correlators of conserved charges from lattice QCD and how to relate them to experiment

(Phys.Rev.D 101 (2020) 3, 034506)
I Ab-initio calculation of the proton and the neutron’s scalar couplings for new physics searches

(arXiv:2007.03319)
I Leading-order hadronic vacuum polarization contribution to the muon magnetic momentfrom lattice QCD

(arXiv:2002.12347)

More details on the highlighted topics in this talk
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LMU:

I openQ*D code: a versatile tool for QCD+QED simulations (Eur.Phys.J.C 80 (2020) 3, 195)

Mainz:

I Rho resonance, timelike pion form factor, and implications for lattice studies of the hadronic vacuum
polarization (PRD101(2020)054504)

I Hadronic light-by-light contribution to (g − 2)µ from lattice QCD with SU(3) flavor symmetry
(Eur.Phys.J.C 80 (2020) 9, 869)

I Rate of photon production in the quark-gluon plasma from lattice QCD (PRD102(2020)091501)

Regensburg (RBC):

I Direct CP violation and the ∆I = 1/2 rule in K → ππ decay from the standard model
(PRD102(2020)054509)

I Consistency of hadronic vacuum polarization between lattice QCD and the R-ratio (PRD101(2020)074515)

I Hadronic Light-by-Light Scattering Contribution to the Muon Anomalous Magnetic Moment from Lattice
QCD (PRL124(2020)132002)

Regensburg (RQCD):

I Light-cone distribution amplitudes of pseudoscalar mesons from lattice QCD (JHEP(2020)37)

I Nucleon axial structure from lattice QCD (JHEP05 (2020) 126)

I Double parton distributions in the pion from lattice QCD (arXiv:2006.14826)

Reviews with contributions from several German groups:

I The anomalous magnetic moment of the muon in the Standard Model (Phys.Rept. 887 (2020) 1-166)

I FLAG 2019 (Eur.Phys.J.C 80 (2020) 2, 113)

More details on the highlighted topics in this talk
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Highlighted papers contribute to the understanding
of hadronic contributions to the muon g − 2
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There is a tension of 3.7σ for the muon

aE821
µ − aSMµ = 27.4 (2.7)︸︷︷︸

HVP

(2.6)︸︷︷︸
HLbL

(0.1)︸︷︷︸
other

(6.3)︸︷︷︸
E821

×10−10

Hadronic Vacuum Polarization (HVP)

Hadronic Light-by-Light (HLbL)

There are also interesting results for the electron g-2, topic for another talk

7 / 20



New experiment: Fermilab E989

aE821µ − aSMµ = 27.4 (2.7)︸︷︷︸
HVP

(2.6)︸︷︷︸
HLbL

(0.1)︸︷︷︸
other

(6.3)︸︷︷︸
E821

×10−10

δaE989µ → 1.6× 10−10

Need to improve uncertainties on HVP and HLbL contributions
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Accumulated and projected statistics of E989 experiment (Fig. from Esra
Barlas-Yucel):

Esra Barlas-Yucel I FPCP 2020 06/10/2020

What’s Next

• Run-1 is close to being published
• Run-2 first phase of analysis has 

started.
• Calibration program in the summer

 Better understanding of 
systematics

• Run-4 is expected to begin Fall 2020
• Expect to have achieve 21.5 X BNL 

with Run-4 and Run-5
• Stay Tuned for Run-1 results!

→

24

Extrapolated raw positron counts

First results (Run-1) anticipated to be published around February 2021
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HLbL contribution



7 quark-level topologies of direct lattice calculation

Hierarchy imposed by QED charges of dominant up- and down-quark contribution

Q4
u + Q4

d = 17/81 (Q2
u + Q2

d )2 = 25/81

(Q3
u + Q3

d )(Qu + Qd ) = 9/81

(Q2
u + Q2

d )(Qu + Qd )2 = 5/81

(Qu + Qd )4 = 1/81

Further insight for magnitude of individual topologies can be gained by studying
long-distance behavior of QCD correlation functions (Bijnens, RBC, . . .)
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7 quark-level topologies of direct lattice calculation

Hierarchy imposed by QED charges of dominant up- and down-quark contribution

Q4
u + Q4

d = 17/81 (Q2
u + Q2

d )2 = 25/81

(Q3
u + Q3

d )(Qu + Qd ) = 9/81

(Q2
u + Q2

d )(Qu + Qd )2 = 5/81

(Qu + Qd )4 = 1/81

Dominant diagrams in top row: connected and leading disconnected diagram

Further insight for magnitude of individual topologies can be gained by studying
long-distance behavior of QCD correlation functions (Bijnens, RBC, . . .)
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Development of HLbL lattice methodology (I)

I QED non-perturbatively and momentum-space
(PRL114(2015)012001)

I QED perturbatively and position-space

I QEDL (PRD93(2016)014503, PRL118(2017)022005): 1/L2

finite-volume errors (with linear extent L); noise reduction
through importance sampling

I QED∞: exponential finite-volume errors
(PRL115(2015)222003, EPJ Web Conf. 175(2018)06023),
subtraction prescriptions to reduce systematic errors
(PRD96(2017)034515, arXiv:1811.08320)

Color code: Mainz, RBC/Regensburg
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Development of HLbL lattice methodology (II)

I PRL118(2016)022005: Physical-pion mass for leading
connected+disconnected diagrams at finite volume and lattice
spacing aHLbL

µ = 5.35(1.35)× 10−10

I PRD98(2018)074501: Forward scattering amplitude
(γ∗γ∗ → γ∗γ∗)

I Phys. Rev. D 100, 034520 (2019): Pion-pole contribution

aHLbL,π0

µ = 5.97(36)× 10−10

Color code: Mainz, RBC/Regensburg
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HLbL from lattice QCD at SU(3)-symmetric limit and a→ 0 and
V →∞ (Eur. Phys. J. C 80, 869 (2020)):

MITP/20-036
CERN-TH-2020-109

Hadronic light-by-light contribution to (g � 2)µ

from lattice QCD with SU(3) flavor symmetry

En-Hung Chao,1 Antoine Gérardin,2 Jeremy R. Green,3

Renwick J. Hudspith,1 and Harvey B. Meyer1, 4

1
PRISMA

+
Cluster of Excellence & Institut für Kernphysik,

Johannes Gutenberg-Universität Mainz, D-55099 Mainz, Germany

2
Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France.

3
Theoretical Physics Department, CERN, 1211 Geneva 23, Switzerland

4
Helmholtz Institut Mainz, Johannes Gutenberg-Universität Mainz, D-55099 Mainz, Germany

(Dated: July 15, 2020)

We perform a lattice QCD calculation of the hadronic light-by-light contribution
to (g � 2)µ at the SU(3) flavor-symmetric point m⇡ = mK ' 420 MeV. The rep-
resentation used is based on coordinate-space perturbation theory, with all QED
elements of the relevant Feynman diagrams implemented in continuum, infinite Eu-
clidean space. As a consequence, the e↵ect of using finite lattices to evaluate the
QCD four-point function of the electromagnetic current is exponentially suppressed.
Thanks to the SU(3)-flavor symmetry, only two topologies of diagrams contribute,
the fully connected and the leading disconnected. We show the equivalence in the
continuum limit of two methods of computing the connected contribution, and intro-
duce a sparse-grid technique for computing the disconnected contribution. Thanks
to our previous calculation of the pion transition form factor, we are able to correct
for the residual finite-size e↵ects and extend the tail of the integrand. We test our
understanding of finite-size e↵ects by using gauge ensembles di↵ering only by their
volume. After a continuum extrapolation based on four lattice spacings, we obtain
a
hlbl
µ = (65.4 ± 4.9 ± 6.6) ⇥ 10�11, where the first error results from the uncertain-

ties on the individual gauge ensembles and the second is the systematic error of the
continuum extrapolation. Finally, we estimate how this value will change as the
light-quark masses are lowered to their physical values.
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HLbL from lattice QCD at physical pion mass and a→ 0 and
V →∞:

 

Hadronic Light-by-Light Scattering Contribution to the
Muon Anomalous Magnetic Moment from Lattice QCD

Thomas Blum,1,2 Norman Christ,3 Masashi Hayakawa,4,5 Taku Izubuchi,6,2

Luchang Jin ,1,2,* Chulwoo Jung,6 and Christoph Lehner7,6
1Physics Department, University of Connecticut, 2152 Hillside Road, Storrs, Connecticut 06269-3046, USA

2RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA
3Physics Department, Columbia University, New York, New York 10027, USA

4Department of Physics, Nagoya University, Nagoya 464-8602, Japan
5Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan

6Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA
7Universität Regensburg, Fakultät für Physik, 93040 Regensburg, Germany

(Received 18 December 2019; accepted 27 February 2020; published 1 April 2020)

We report the first result for the hadronic light-by-light scattering contribution to the muon anomalous
magnetic moment with all errors systematically controlled. Several ensembles using 2þ 1 flavors of
physical mass Möbius domain-wall fermions, generated by the RBC and UKQCD collaborations, are
employed to take the continuum and infinite volume limits of finite volume lattice QEDþ QCD. We find
aHLbLμ ¼ 7.87ð3.06Þstatð1.77Þsys × 10−10. Our value is consistent with previous model results and leaves
little room for this notoriously difficult hadronic contribution to explain the difference between the standard
model and the BNL experiment.

DOI: 10.1103/PhysRevLett.124.132002

Introduction.—The anomalous magnetic moment of the
muon is providing an important test of the standard model.
The current discrepancy between experiment and theory
stands between three and four standard deviations. An
ongoing experiment at Fermilab (E989) and one planned at
J-PARC (E34) aim to reduce the uncertainty of the BNL
E821 value [1] by a factor of four, and similar efforts are
underway on the theory side [2–31]. A key part of the latter
is to compute the hadronic light-by-light (HLbL) contri-
bution from first principles using lattice QCD [32–38].
Such a calculation, with all errors under control, is
crucial to interpret the anticipated improved experimental
results [39,40].
The magnetic moment is an intrinsic property of a spin-

1=2 particle, and is defined through its interaction with an
external magnetic field B, Hint ¼ −μ · B. Here

μ ¼ −g
e
2m

S; ð1Þ

where S is the particle’s spin, q and m are the electric
charge and mass, respectively, and g is the Landé g factor.
The Dirac equation predicts that g ¼ 2, exactly, so any

difference from 2 must arise from interactions. Lorentz and
gauge symmetries tightly constrain the form of the inter-
actions,

hμðp0ÞjJνð0ÞjμðpÞi

¼ −eūðp0Þ
!
F1ðq2Þγν þ i

F2ðq2Þ
4m

½γν; γρ&qρ
"
uðpÞ; ð2Þ

where Jν is the electromagnetic current, and F1 and F2 are
form factors, giving the charge and magnetic moment at
zero momentum transfer [q2 ¼ ðp0 − pÞ2 ¼ 0], or static
limit. uðpÞ and ūðpÞ are Dirac spinors. The anomalous part
of the magnetic moment is given by F2ð0Þ alone, and is
known as the anomaly,

aμ ≡ ðg − 2Þ=2 ¼ F2ð0Þ: ð3Þ

The desired matrix element in (2) is extracted in quantum
field theory from a correlation function of fields as depicted
in the Feynman diagrams shown in Fig. 1. Here we work in
coordinate (Euclidean) space and use lattice QCD for the
hadronic part which is intrinsically nonperturbative. QED is
treated using the same discrete, finite, lattice as used for the
hadronic part, while we remove the spatial zero modes of
the photon propagator. This method is called QEDL [41]. It
is perturbative with respect to QED, i.e, only diagrams
where the hadronic part is connected to the muon by three
photons enter the calculation.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW LETTERS 124, 132002 (2020)
Editors' Suggestion Featured in Physics

0031-9007=20=124(13)=132002(6) 132002-1 Published by the American Physical Society
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HVP contribution



Status of HVP determinations

No new physics
KNT 2019

DHMZ 2019
KNT 2018

Jegerlehner 2017
DHMZ 2017
DHMZ 2012

HLMNT 2011
RBC/UKQCD 2018

LM 2020
BMW 2020 v2
BMW 2020 v1

ETMC 2019 Update
Mainz 2019
FHM 2019

SK 2019
ETMC 2018

RBC/UKQCD 2018
BMW 2017
Mainz 2017

HPQCD 2016

610 630 650 670 690 710 730 750

Lattice + R-ratio

Lattice

R-ratio

aµ × 1010
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Tensions in R-ratio data (e+e− → π+π−)Dispersive method - Overview

e+

e�

� e+e� ! hadrons(�)

Jµ = V I=1,I3=0
µ + V I=0,I3=0

µ

⌧ ! ⌫hadrons(�)

Jµ = V I=1,I3=±1
µ � AI=1,I3=±1

µ

⌫

⌧ W

Knowledge of isospin-breaking corrections and separation of vector and axial-vector
components needed to use ⌧ decay data. (Poster by M. Bruno)

Can have both energy-scan and ISR setup.
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Phys.Rept. 887 (2020) 1-166
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Figure 14: The ⇡+⇡� cross section from KLOE combination, BABAR, CMD-2, SND, and BESIII in the ⇢–! interference region [82]. Reprinted
from Ref. [82].
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Figure 15: Comparison of results for aHVP, LO
µ [⇡⇡], evaluated between 0.6 GeV and 0.9 GeV for the various experiments.

respectively. Thus CMD-2/SND/BESIII/CLEO are compatible with either KLOE or BABAR.
In the combination procedures used by DHMZ (see Sec. 2.3.1) and KNT (see Sec. 2.3.2), local tensions are dealt

with by introducing scaling factors for the uncertainties. Global tension is also accounted for in the DHMZ analysis.
Some tension also occurs in the combination of the results from the three KLOE measurements [82]. The ratios

of the cross section values between KLOE-2012 and KLOE-2008, as well as KLOE-2010 and KLOE-2008, were
computed taking into account all the correlations between the measurements, for both the statistical and systematic
uncertainties. They show some systematic deviations from unity (Fig. 16) that are statistically significant and not
fully taken into account by the local scaling procedure [167], leading to what is likely an underestimated systematic
uncertainty in the combined result. Since these deviations largely cancel when integrating the spectrum, the integral
values are consistent [82]. These discrepancies are not present in the ratio between the KLOE-2012 and KLOE-2010
measurements, which is consistent with unity in the whole energy range (see Fig. 16).

Very recently the SND collaboration has presented their results at VEPP-2000 on the ⇡+⇡� channel [168] with
increased statistics and reduced systematic uncertainties (0.8%) compared to their analysis at VEPP-2M discussed
above. They perform a fit of the pion form factor using a vector-meson dominance (VMD) ansatz for the ⇢ reso-
nance together with ! and ⇢0 contributions. This description of their data is used to compare with existing data in
a convenient way. The resulting comparison ratios are shown in Fig. 17 separately for BABAR, KLOE-2008, and
KLOE-2010, and VEPP2M results from SND and CMD-2. While there are some small deviations from the latter two
results, more severe discrepancies are found with KLOE and BABAR. On the one hand, below 0.7 GeV both KLOE-

26
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Diagrams (for a lattice QCD+QED calculation)
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Diagrams – Isospin limit 2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.

 0
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r

Resulting two-point p(d) from p(r)=(1.5 + r)-5

Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.

8

FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-

x

x

x

(a) M

x

x

x

(b) R

x

x

x

(c) O

Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
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disconnected contribution (that likely is very small).
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FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.
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2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 6: Displacement probability for 48c run 1.
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Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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Held a workshop three weeks ago to focus, amongst others, on cross-check of
simple Euclidean time windows (PRL121(2018)022003):
https://indico.cern.ch/event/956699/
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Conclusions and Outlook

I Broad research output from the lattice community in Germany

I For this talk focussed on g-2 HVP + HLbL progress, where
many German groups contribute at the forefront

I Significant progress over the last years in developing
methodology and results, commensurate with experimental
progress (Fermilab E989, J-PARC E34, e+e− experiments,
. . .)
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