
Harvey	Meyer	and	Hartmut	Wi0g	
Ins$tute	for	Nuclear	Physics,	Helmholtz	Ins$tute	Mainz,	and	PRISMA+	Cluster	of	Excellence,	
Johannes	Gutenberg-Universität	Mainz

FOR5237	Workshop	
Schloss	Rheinfels,	St.	Goar	
11–13	June	2024

Project	JRP	—	La0ce	QCD	CalculaRons



Hartmut	Wittig
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Ensembles	with	 	flavours	of	 	improved	Wilson	fermions	generated	by	CLS	effortNf = 2 + 1 O(a)2 + 1 ����� CLS ���������
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Six values of a 2 [0.039, 0.099] fm.

Open boundary conditions in
the temporal direction.

aTr[Mq] = 2aml + ams = const.

and ms ⇡ m
phys
s to stabilize the

strange-quark interpolation.

New ensemble / significantly improved statistics since [Gérardin et al., ����.�����].

Generating a third ensemble with m⇡ ⇡ m
phys
⇡ : F��� with 256 ⇥ 128

3 at 0.05 fm,
! increase precision and further constrain (am⇡)

2 e�ects.

� / ��

Ensemble	“F300”:	
mπ ≈ 135 MeV , a = 0.050 fm , 1283 ⋅ 256

Six	laTce	spacings:		 ;		Pion	masses:		a = 0.099 − 0.035 fm mπ = 130 − 420 MeV

Computa$onal	cost:		≈	400	M	core-hrs
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Intrinsic	numerical	cost

Wilson	fermions BA EDC

Computa$onal	cost:		≈	400	M	core-hrs p.a.
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Conceptual	issues	/	fermion	doubling	problem

Wilson	fermions

Staggered	fermions

Domain-wall	fermions EDCBA

BA EDC

DCBA E
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[Djukanovic	et	al.,	JHEP	04	(2025)	098;	Parrino	et	al.,	arXiv:2501.03192]	

Isospin-breaking	correc$ons	in	Mainz/CLS-24
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Upper	curve:	(3)	+	(4)a	+	(4)b	+	ChPT-es$mate	of	(2+1)v;		“Rome	approach”	and	QEDL

Lower	curve:	(2+2)a;		photon	propagator	in	con$nuum	and	infinite	volume;	remaining	diagrams	
es$mated	via	charged	pion	loop

IB corrections to HVP

Overview of published results - contributions to aµ ◊ 1010
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Isospin-breaking	effects

5

Combat	high	levels	of	sta$s$cal	noise	in	evalua$on	of	mass	inser$on	
and	fully	connected	QED	diagrams	using	“Rome	approach”	and	QEDL	

Hartmut	Wittig
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[Djukanovic	et	al.,	JHEP	04	(2025)	098;	Parrino	et	al.,	arXiv:2501.03192]	
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(3) (2+1)v (2+1)s
(1+1+1)

• Low-mode	averaging	—	indispensable	for	long-distance	part	in	isoQCD	

• Four-dimensional	stochas$c	sources	at	mass	inser$on

Ensemble	A654,	5000	configs,	mπ ≃ 330 MeV a ≃ 0.1 fm

Old	setup:	sequen$al	propagator	across	mass	inser$on;	
																				“spin-diluted”	$me	slice	sources	(3D)

New	setup:	sequen$al	propagator	across	vector	current;	
																				stochas$c	volume	sources	(4D);	
																				compute	(2+1)v	diagram	directly
Comparison	for	same	numerical	cost	(#	of	inversions)
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• Four-dimensional	stochas$c	sources	at	mass	inser$on
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Higher-order	hadronic	vacuum	polarisa$on

6

Contribution Section Equation Value ⇥1011 References

Experiment (E989) Eq. (9.5) 116 592 059(22) Refs. [5–7, 9–12]

HVP LO (lattice) Sec. 3.6.1 Eq. (3.37) 7132(61) Refs. [13–29]
HVP LO (e+e�, ⌧) Sec. 2 Table 5 Estimates not provided at this point
HVP NLO (e+e�) Sec. 2.9 Eq. (2.47) �99.6(1.3) Refs. [30, 31]
HVP NNLO (e+e�) Sec. 2.9 Eq. (2.48) 12.4(1) Ref. [32]
HLbL (phenomenology) Sec. 5.10 Eq. (5.69) 103.3(8.8) Refs. [33–56]
HLbL NLO (phenomenology) Sec. 5.10 Eq. (5.70) 2.6(6) Ref. [57]
HLbL (lattice) Sec. 6.2.8 Eq. (6.34) 122.5(9.0) Refs. [58–62]
HLbL (phenomenology + lattice) Sec. 9 Eq. (9.2) 112.6(9.6) Refs. [33–56, 58–62]

QED Sec. 7.5 Eq. (7.27) 116 584 718.8(2) Refs. [63–69]
EW Sec. 8 Eq. (8.12) 154.4(4) Refs. [50, 70–72]
HVP LO (lattice) + HVP N(N)LO (e+e�) Sec. 9 Eq. (9.1) 7045(61) Refs. [13–32]
HLbL (phenomenology + lattice + NLO) Sec. 9 Eq. (9.3) 115.5(9.9) Refs. [33–62]
Total SM Value Sec. 9 Eq. (9.4) 116 592 033(62) Refs. [13–72]
Di↵erence: �aµ ⌘ aexp

µ � aSM
µ Sec. 9 Eq. (9.6) 26(66)

Table 1: Summary of the contributions to aSM
µ . The experimental number refers to the world average completely dominated by E989. The

subsequent block summarizes the pertinent hadronic contributions from Secs. 2, 3, 5, and 6 as well as the combination of data-driven and lattice-
QCD evaluations of HLbL scattering from Sec. 9. The second block summarizes the quantities entering our recommended SM value, in particular,
the total HVP contribution (using lattice QCD for LO and e+e� for higher-order iterations) and the total HLbL number. The construction of the
total HLbL contribution takes into account correlations among the terms at di↵erent orders, and the final rounding includes subleading digits at
intermediate stages.

0. Executive summary

The experimental program to study the muon’s anomalous magnetic moment, aµ ⌘ (g � 2)µ/2, which started
over sixty years ago at CERN, continues to inspire theoretical e↵orts to obtain a Standard-Model (SM) prediction
with matching precision. In the SM, the dominant contributions to aµ are due to QED corrections, followed by
hadronic contributions (governed by QCD) and electroweak (EW) corrections. The CERN experiments provided tests
of the (↵/⇡)2 [2] and (↵/⇡)3 [3] QED contributions and sensitivity to the leading-order (LO) hadronic corrections [4].
The BNL E821 experiment [5] reached a precision of 540 parts-per-billion (ppb), yielding sensitivity also to EW
and higher-order hadronic contributions and intriguing tensions with the SM predictions available at that time. This
provided motivation to launch the Fermilab E989 experiment, which started taking data in 2017, and has obtained
measurements with increasing precision, from 460 ppb in 2021 [6] to 200 ppb in 2023 [7], all consistent with each
other as well as with E821. The Fermilab experiment is now preparing to announce their final measurement result,
which is expected to reach a precision of 140 ppb, and hence will enable, in principle, an exquisitely precise test of
the SM. Meanwhile, a new experiment that will employ a largely di↵erent experimental method is currently under
preparation at J-PARC [8], allowing an independent cross-check of these results.

On the SM side, the QED and EW corrections are at less than 5 ppb already well quantified, while the notoriously
di�cult-to-calculate hadronic contributions are the dominant sources of theory error, rendering SM predictions of aµ
still considerably less precise than experiment. They, therefore, continue to be the main focus of the Muon g�2 Theory
Initiative. A lot has happened regarding these corrections since the publication of the first White Paper (WP20) [1].

The hadronic-vacuum-polarization (HVP) contribution was estimated in WP20 from e+e� hadronic cross-section
data in the dispersive, data-driven method, while lattice-QCD methods were not mature enough to yield reliable
results at the required precision. In the present review, we find that this situation is reversed. In the data-driven
method, some tensions in the dominant e+e� ! ⇡+⇡� channel were present in WP20 and were accounted for by
inflating uncertainties. New cross-section measurements of the same channel that became available after WP20 have
increased these tensions to a level that prevents forming any meaningful average for use in obtaining a precise and
reliable evaluation of the HVP contribution. Moreover, at present no scientific grounds have been identified that would
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NLO	HVP	arises	at	 ;	es$mated	using	the	data-driven	method	
LaTce	calcula$on	uses	the	same	vector	correlator	 	as	input	
Technical	challenges	similar	to	the	LO	HVP:	
• sta$s$cal	noise,	disconnected	diagrams,	con$nuum	limit,	finite-volume	effects,	isospin	breaking

O(α3)
G(t)

−(a) ≈ 2(b) ≫ (c)

µ µ

γ

µ µ

γ

≈

µ µ

γ

π0, η, η′

+ . . .

µ µ

γ

µ µ

γ

µ µ

γ

11

µ µ

γ

µ µ

γ

µ µ

γ

?

µ µ

γ

µ µ

γ

µ µ

γ

?

12

(a)

(b) (c)

e, τ
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LaTce	approach	to	NLO	HVP

7

Express	NLO	contribu$ons	in	terms	of	convolu$on	integrals	of	the	spa$ally	summed	vector	correlator	
<latexit sha1_base64="zIQ7lAEaJjUsHkCZ+wzNKBlI0Z0="></latexit>

aLO hvp

µ =
(ω
ε

)2 ∫ →

0

dt f̃ (t) G(t), G(t) = ↑a3

3

∑

k

∑

ϑx

〈
jem

k (ϑx, t) jem

k (0)

〉

[Passera	et	al.,	PLB	834	(2022)	137462;	Arnau	Beltran	MarRnez,	PhD	project]

µ µ

γ

µ µ

γ

µ µ

γ

?

µ µ

γ

µ µ

γ

µ µ

γ

?

12

(a)

µ µ

γ

µ µ

γ

≈

µ µ

γ

π0, η, η′

+ . . .

µ µ

γ

µ µ

γ

µ µ

γ

11

(b) (c)

e, τ

Work	out	kernel	func$ons	and	find	numerical	representa$on	with	sufficient	numerical	precision

Adopt	“Time-momentum	representa$on”	(TMR) [Bernecker	&	Meyer,	2011]

<latexit sha1_base64="rkBKQHGKJfy6AzMVjodhQ0d+n8M="></latexit>

aNLO hvp

µ [a, b] =
(ω
ε

)3 ∫ →

0

dt f̃ [a, b](t) G(t), aNLO hvp

µ [c] =
(ω
ε

)3 ∫ →

0

dt
∫ →

0

dϑ f̃ [c](t, ϑ) G(t)G(ϑ)
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TMR	kernel	func$ons

8

Diagram	(a)

[Balzani,	Laporta,	Passera,	PLB	858	(2024)	139040,	Arnau	Beltran	MarRnez,	PhD	project]

NO closed-form solution. 

:





For  one solves analytically as much as possible and rotates the cosine to the complex plane to make it real and thus make 
explicit the suppressed contribution. Then, one numerically expands around  by studying the asymptotic behavior of each piece.

̂t ≪ 1

∫
∞

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] = ∫
1 − ̂t

̂t

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
ω̂ ̂t∼0

+ ∫
∞

1 − ̂t
̂t

dω̂2

ω̂2
̂f (NLOa)(ω̂2)

ω̂∼∞
[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]
̂t ≫ 1

̂t0

µ µ

γ

µ µ

γ

µ µ

γ

?

µ µ

γ

µ µ

γ

µ µ

γ

?

12

(a)

m2
μ

16π2 f̃ NLOa(t) =
∑N

n=4,n∈even
an + bnπ2 + cn(γE + ln ̂t) + dn(γE + ln ̂t)2

n!
̂tn ̂t ≤ ̂t*

Dominant[ ∝ ̂t2] + ∑P
p=0 [( a(b;1;1)

p

̂t
+

a(b;1;2)
p

̂t 2 ) ( ̂t2
0
̂t 2 − 1)

p

+ e−2 ̂t (a(b;2;1)
p +

a(b;2;2)
p ln ̂t + a(b;2;3)

p

̂t ) ( ̂t0
̂t
− 1)

p

] ̂t > ̂t*

Asympto$c	expansions:

Ensure	that	numerical	precision	in	representa$on	of	kernel	func$on	is	beoer	than	 ≲ 10−8
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TMR	kernel	func$ons

9

Diagram	(c)

[Balzani,	Laporta,	Passera,	PLB	858	(2024)	139040,	Arnau	Beltran	MarRnez,	PhD	project]

Perform	different	asympto$c	expansions	depending	on	rela$ve	size	of	 	̂t, ̂τ

µ µ

γ

µ µ

γ

≈

µ µ

γ

π0, η, η′

+ . . .

µ µ

γ

µ µ

γ

µ µ

γ

11

(c)Has a closed-form solution. 










m4
μ

32π4 f̃ (4c) ( ̂t, ̂τ) = ̂τ2 ̂t2

4 +
̂t2

̂τ2 + ̂τ2

̂t2 − 1
2 ( ̂t2 + ̂τ2) + 1

6 − 2(1 + γE) + 2 ̂t2(ln ̂τ + γE) + 2 ̂τ2(ln ̂t + γE) + 2 ( ̂t2 − 1) ln ̂t + 2 ( ̂τ2 − 1) ln ̂τ

+[1 − ( ̂t + ̂τ)2] ln( ̂t + ̂τ) + [1 − ( ̂t − ̂τ)2] ln | ̂t − ̂τ | + (
̂t2

6 − 2) K0(2t) + ( ̂τ2

6 − 2) K0(2τ) + (1 − 1
12 ( ̂t + ̂τ)2) K0(2( ̂t + ̂τ)) + (1 − 1

12 ( ̂t − ̂τ)2) K0(2 | ̂t − ̂τ | )

−( 2 ̂t2

̂τ
+ ̂τ

12 ) K1(2 ̂τ) − ( 2 ̂τ2

̂t
+

̂t
12 ) K1(2 ̂t ) + 1

24 | ̂t − ̂τ |K1(2 | ̂t − ̂τ | ) + 1
24 ( ̂t + ̂τ)K1(2( ̂t + ̂τ)) + (

̂t2

12 + ̂τ2

4 − 15
16 ) G2,1

1,3 ̂t2
3
2

0,1, 1
2

+( ̂τ2

12 +
̂t2

4 − 15
16 ) G2,1

1,3 ̂τ2
3
2

0,1, 1
2

+ ( 15
32 − 1

24 ( ̂t + ̂τ)2) G2,1
1,3 ( ̂t + ̂τ)2

3
2

0,1, 1
2

+ ( 15
32 − 1

24 ( ̂t − ̂τ)2) G2,1
1,3 ( ̂t − ̂τ)2

3
2

0,1, 1
2
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[Balzani,	Laporta,	Passera,	PLB	858	(2024)	139040,	Arnau	Beltran	MarRnez,	PhD	project]

Preliminary	results	for	NLO	HVP	contribu$on

10

Use	subset	of	CLS	ensembles	

Compute	diagrams	(a)–(c)	on	each	ensemble;	correct	for	finite-volume	effects	

Perform	chiral+con$nuum	extrapola$on;	final	result	from	model	average

• Fully	blinded	analysis	in	progress	

• Expect	much	higher	sta$s$cal	precision	

• Include	isospin-breaking	correc$ons
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(Interim)	Conclusions
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Strong	and	electromagne$c	isospin	breaking	correc$ons	crucial	for	improving	precision	of	
laTce-QCD	calcula$ons	of	the	(LO)	HVP	contribu$on	

Many	technical	challenges	
• Sta$s$cal	noise	in	diagrams	containing	mass	inser$ons	
• Complexity	of	set	of	diagrams

Mix	of	complementary	methods	crucial:	
• Coordinate-space	methods	vs.	QEDL	
• Simula$ons	of	QCD	with	Nf = 1 + 1 + 1

Good	progress	in	calcula$ng	NLO	HVP	contribu$on	in	laTce	QCD	with	compe$$ve	precision	

Expect	more	precise	updates	on	hadronic	running	of	 	and	α sin2 θW
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Isospin	Breaking
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IB corrections to HVP

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 20 Nov 2020 2 / 3

(Compila(on	by	Vera	Gülpers,	LaZce-HVP	Workshop	Nov	2020)

0 5 10 15 20

ωaIBµ · 1010

BMW 20

ETMC 19

RBC/UKQCD 18

BMW 17

FHM 17

Collec$on	of	published	results:

• Small	overall	value	result	of	cancella$ons	
• Large	sta$s$cal	uncertain$es:	
																		 	

• More	precise	calcula$ons	required

aIB
μ ≲ 1 % , δaIB

μ ≲ 100 %



Hartmut	Wittig

Noise-reduc$on	strategies

14

Sta$s$cal	noise;	
finite-volume	effects

Problem:	exponen$al	growth	of	signal-to-noise	ra$o	in	 	for	large	G(t) t
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E250

Noise-reduc$on	strategies

14

Sta$s$cal	noise;	
finite-volume	effects

Low	modes	responsible	for	sta$s$cal	fluctua$ons			—			LMA	leads	to	beoer	sampling	of	the	correlator

Problem:	exponen$al	growth	of	signal-to-noise	ra$o	in	 	for	large	G(t) t

<latexit sha1_base64="3StGTvPa4KimLnhZE4UWLVgaD7g="></latexit>

S eigen(y, x) =
NlowX

i=1

��1
i vi(x) ⌦ ��5vi(y)

�† ,
<latexit sha1_base64="pY/zvnGOidnf1g9Rpxr0u/ZwC1Q="></latexit>

(�5Dw) vi(x) = �i vi(x) ,
<latexit sha1_base64="ZDKF63cF1hRoT1dkNE8bbRe3YbE="></latexit>

Nlow . 1000

Noise-reduc$on	technique:	“Low-mode	averaging”	(LMA)	

• Express	quark	propagator	in	terms	of	eigenmodes	of	
the	Wilson-Dirac	operator

<latexit sha1_base64="eo4Upv1nrZ8IWSzMF8aFFDVE7YE="></latexit>

S (y, x) = S eigen(y, x) + S rest(y, x)

[Gius(,	Hernández,	Laine,	Weisz,	HW	2004;	DeGrand	&	Schaefer	2004]
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Low-mode	averaging

15

Compute	and	sum	all	combina$ons	of	low	and	high	mode	contribu$ons	to	G(t)

xy
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Spectral	reconstruc$on

16

Observa$on:	long-distance	regime	of	 	dominated	by	two-pion	states	with	isospin	oneG(t)

Strategy	B:	

• Perform	a	dedicated	calcula$on	of	the	spectrum	of	pion-pion	states	in	the	isovector	channel	

• Accumulate	contribu$ons	from	states		 		un$l	satura$on	is	observedn = 0, 1, 2,…

<latexit sha1_base64="EsT/wSVeacI8jlvh/Z/KqkPWge0="></latexit>
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