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Parameter estimation

= Underlying assumption: data points that we measure sample an underlying, true, distribution
m examples:

» decay of radioactive isotope: decay rate follows exponential distribution
» mass and line width of a broad resonance: Breit-Wigner (Lorentzian) shape
> ..

m detector resolution may ‘smear out’ measured values from true value

m Our task:
determine the parameters defining the underlying distribution
= Note:
would like to have an objective measure of how well our model describes data: goodness of fit

—
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=
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Parameter estimation

Parameters of a pdf are constants that characterise

its shape, e.g. Z o1 ]

1 g 0.08] .

f(x;0) = aef”" 5 ]

E 0.0ﬁj B

X: random variable g r ]

0: parameter 004~ N

002 -

Suppose we have a sample of observed values, [ ]
X=(x1,....%n), Qg e
independent, identically distributed (i.i.d.). time

Want to find some function of the data to estimate the parameters

0(x) Estimator for 6

Often, more than one parameter: )
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Properties of estimators

Consistency Estimator is consistent if it
converges to the true value
lim =6
n—oo

Bias Difference between expectation
value of estimator and true value

b=E[0] -6

Efficiency Estimator is efficient if its variance
V18] is small
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Example: estimators for lifetime of a particle
Estimator Consistent? Unbiased? Efficient?
P = ibtedb  yeg yes yes
7'; — t +tn21:.1..+tn yes no no
T=t no yes no
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Unbiased estimators for mean and variance of a distribution

Estimator for the mean:

H

><|
3\
M:

Il
=

b=Elf] ~p=0:V[p] = 5 ie.0p =

Estimator for the variance:

2
\/[52] _ % ((K 1)+ ni) K= }[4/(74: kurtosis.

Note: even though s2 is unbiased estimator for variance o2,

s is a biased estimator for s.d. ¢ (have to apply non-linear function to get s from s2)
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Likelihood function fori.i.d. data

Suppose we have a measurement of n independent values (i.i.d.)

drawn from the same distribution
The joint pdf for the observed values X is given by

L 8) =T]f(x:6) likelihood function
i=1
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Likelihood function fori.i.d. data

Suppose we have a measurement of n independent values (i.i.d.)
X=(X1,...,Xn)

drawn from the same distribution
f(x;8), 6=(01,....0m)

The joint pdf for the observed values X is given by

n
L(x:6) =]]rx:6) likelihood function
=1




Likelihood function fori.i.d. data
L(X;6) = |BLCE 0)
=1
Consider X as constant, so L(X; 5) is a function of the parameters ) only.

The maximum likelihood estimate (MLE) of the parameters are the values 6 for which £(X;6) has a
global maximum.

For practical reasons, usually use
-, n -,
log L(%;0) =Y logf(x;; 6)
i=1

(computers can cope with sum of small numbers much better
than with product of small numbers)
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ML Example: Exponential decay

Consider exponential pdf: f(t; 1) = 1e~!/T
Independent measurements drawn from this distribution: t1, 1, ..., 1ty
Likelihood function: 1
_ —t/T
= —e
T) U -

L(7) is maximal where log £(T) is maximal:
0 1
log L(T Zlogft T) Z log — — =

Find maximum:
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ML Example: Gaussian

Consider x1, ..., Xn drawn from Gaussian (, 02)

_ ew)?
202

fx;p,0%) = Fa

Log-likelihood function:

log L (1, 07) =

!

Derivatives w.r.t u and o

dlog L(p,0?)  —xi—u. dlog L(p,0?
ou 72,.: o2 ' do? Z

i
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ML Example: Gaussian

Setting derivatives w.r.t. 4 and 02 to zero, and solving the equations:
o] -5 .
=X UZZEZ(X’*”)Z

i

m Find that the ML estimator for 2 is biased!

m For Gaussian distribution, p and ¢ can be estimated simply from histogram mean and RMS!
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Properties of the ML estimator

m ML estimator is consistent, i.e. it approaches the true value asymptotically

m In general, ML estimator is biased for finite n
(need to check size of bias)

m ML estimator is invariant under parameter transformation
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Averaging measurements with Gaussian uncertainties

Assume n measurements, same mean y, but different resolutions o

;
fx;u o) = ﬁ
i

log-likelihood, similar to before:

!

1 Xj
log L(1) = Z (Iog Ner — log oy — M)
i

We obtain formula for weighted average, as before:

dlog L(i) | Y
- o=\ =0 = = 7
ay u=f Z/’ ‘7:'2

_
Q.
=
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Averaging measurements with Gaussian uncertainties

Uncertainty? Taylor expansion exact, because log £() is parabola:

dlog L

%lo
log L(1t) :Iogﬁ(ﬁ)—l—{ o } :A(;z—ﬁ)—g(y—ﬁ)z, h=— 9" log L(11)

ou?

p=p

-0

This means that likelihood function is a Gaussian:

£l cexp (3

N
—
=

|
=
=
N
N———

with a standard deviation

_
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=
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Uncertainty bounds

Likelihood function with only one parameter:

and 6 an estimator of the parameter 6

Without proof: it can be shown that the variance of a (biased, with bias b) estimator satisfies

(1+5)?

Vg >

Cramér-Rao minimum variance bound (MVB)

_
Q.
=
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Uncertainty of the MLE: Approach I

Approximation

c _a%gc N_leog[,
902 |~ 202 |

good for large n (and away from any explicit boundaries on 6)

—1
9@)

In this approximation, variance of ML estimator is given by

N 9 log L
Vo] = — ( 02

so we only need to evaluate the second derivative of log £ at its maximum.
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Uncertainty of the MLE: Approach II (‘graphical method’)

Taylor expansion of log £ around maximum:

A [ . 2 .
log £(0) = log £(8) + | 8L (g gy 11 |90l g g2y
0 Jo_p 2 062 i
=0
If £ approximately Gaussian (log £ approx. a parabola):
_ 02
log £(0) ~ log Lmax — (6—9)
20'5

Estimate uncertainties from the points where log £ has dropped by 1/2 from its maximum:
AL a 1
|Og E(@ + (79") ~ |0g £ma>( — E

This can be used even if £(8) is not Gaussian
If £(6) is Gaussian: results of approach | & Il identical

—
Q.
=
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Example:
uncertainty of the decay time for an exponential decay

Variance of the estimated decay time:

Thus,
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Exponential decay: illustration

20 data points sampled from f(t; 7) = 1e=!/T with t = 2

Events/(0.1)

Projectionof logL (/s)
B
[4;]
T

B ol
12 14 16 18

ML estimate:

t=1.65

Leoataaate 1 N
22 24 26 28 3

(9

0 =165/v20=0.37 using quadratic approximation of £(1)

5 _ +0.47

or 0=Tya, using shape of — log £ curve
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Exponential decay: log L for different sample sizes

10 data points

—12 T e

-12.5

-135

\“l‘uu‘uu‘uu

~14)

Projection of log L (/s)

145}

_155]

_16:\

1

12 14 16 18 2 22 24

26 28
T

quadratic approximation for log £

not very good
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Variance of the ML estimator for 7 parameters

In limit of large sample size, £ approaches multivariate Gaussian distribution for any probability density :

Variance of ML estimator reaches MVB (minimum variance bound), related to the Fisher information
matrix:

—.

VB = 10)", I8 = —F

02 log L(6)
06,06y

—1
éé}

Covariance matrix of the estimated parameters:

V[

B~ |- 02 log L(X; 6)
062

Standard deviation of a single parameter:
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MLE in practice: numeric minimisation

Analytic expression for £(6) and its derivatives often not easily known
Use a generic minimiser like MINUIT to find (global) minimum of — log £(6)

Typically uses gradient descent method to find minimum and then scans around minimum to obtain
Lmax — 1/2 contour

make sure you don’t get stuck in a local minimum: check likelihood profiles

= see today’s practical part for a hands-on
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MINUIT
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MINUIT

generic minimiser
around since the 1970s (Fred James, CERN,; first implementation in FORTRAN)
ported to C++ (Minuit2 in ROOT), Python interface (iminuit)
features:
m several algorithms for minimisation

= one of the few minimisers that returns estimates for parameter errors
compute confidence intervals by scanning likelihood function around minimum

use for generic minimisation only — dedicated fit routines (e.g. for track fits) may have better
performance
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I. Bounds on parameters in MINUIT

Sometimes, you may want to bound the allowed range of fit parameters
e.g. to prevent (numerical) instabilities or
avoid unphysical results (‘fraction f should be in [0, 1], ‘mass > 0’)

MINUIT internally transforms parameter y with two-sided bounds with an arcsin(y) function to an
unbounded parameter x:

External Error
Bounded Parameter space

P TR RS PRI R BN R
4 6 4 2 0 2 4 &8 8

MINUIT internal parameter space (-0,+o

L'J

Internal Error

..‘HH'IIII'IIII HH‘\III'IIII'

X

_
Q.
=
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Bounds on parameters in MINUIT

AR LA AN RAAN RN

If fitted parameter value is close to boundary, errors
will become asymmetric and maybe even incorrect

°
o

o

Placing very large limits ’just in case’ (such as
[0,10"9]) can lead to total loss of precision for small
parameter values

b
o

Bounded Parameter space

I | I I I
2 ] 2 4 0 B 1

External error

.B?H
&)
&)
I

x
MINUIT internal parameter space (-,+®)

——

Internal error
m Try to find alternative parametrisation to avoid region of instability.
E.g. complex number
z = re/? with bounds r > 0,0 < ¢ < 27
Z = X + Iy may be better behaved
= |f bounds were placed to avoid ‘unphysical’ region, consider not imposing the limits and dealing
with the restriction to the physical region after the fit.
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Extended ML method

In standard ML method, information about unknown parameters is encoded in shape of the distribution
of the data.

Sometimes, the number of observed events also contains information about the parameters (e.g. when
measuring a decay rate).

Normal ML method:

Extended ML method:

\
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Extended ML method (II)

Likelihood function becomes:

L(0) = [T7x:6)  wherev =v(f)

And log-likelihood function:
log L(6) = —log(n!) — v(6) + Y loglf(x;; 6)v(6))
i

logn! does not depend on parameters. Can be omitted in minimisation
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Application of Extended ML method

Example:
- rrrT TTTT TTTT TTTT[TTIT T[T T T[T TITT[TTIT TTTT TTTT1]
= 60— — m Two-component fit (signal + background)
=) L ]
- r 1 m Unbinned ML fit, histogram for visualisation only
2} 50; 7: = Want to obtain meaningful estimate of the uncertainties
8 r ] of signal and background yields
I 40 E
L ] Normalised pdf:
30 ] . . S
F 1 f(x;rs,0) = rsfe(x; 0) + (1 —rs)fp (x; 0)
20F 1 s 4 b
F ] =syp TS 55p
100 : A
------------- o —log £(s,b,6) :S+b72|og[sfs(x,v;§)+bfb(x,v;§)]
i

X
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Application of Extended ML method (II)

Could have just fitted normalised pdf to our n events, with rg an additional parameter.
Good estimate of the number of signal events: rs x n

However, o, x n is not a good estimate for the variation of the number of signal events:
ignores fluctuations of n.

Using extended ML fixes this.
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Least squares from ML

Consider n measured values

Vi(x1),¥2(X2), .., ¥n(Xn), assumed to be
independent Gaussian r.v. with known variances,
VIy,] = of.

X y [7)/

1 17 05

2 23 03

3 35 04

4 33 04

5 43 06
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Least squares from ML

Consider n measured values

y1(x1),Y2(x2),...,¥n(Xn), assumed to be

independent Gaussian r.v. with known variances,

Vly] = of.

Assume we have a model for the functional

dependence of y; on Xx;,

Ely] = f(x;;0)

Want to estimate 8

Likelihood function:

e
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Least squares from ML (II)

Log-likelihood function:

N

- 1 —f(x;; -

log L(0) = 5 (y,a(x,9)> + terms not depending on 6
i 1

Maximising this is equivalent to minimising

2O =Y (y,- —f(X/;§)>2

,- o;

so, for Gaussian uncertainties, method of least squares coincides with maximum likelihood method.

Error definition: points where x° = x2.. + Z? for a Zo interval
(compare: log £ = log Lmax — 522 for MLE)
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Linear least squares

Important special case: consider function linear in the parameters:

f(x;0) = Y ai(x)6; n data points, m parameters
J
X2 in matrix form:
2 _ o aR\Tv—1 (0 _ AG oty
X° = —A0) V(Y —Ab), Aij = (%)

=yTv 1y —opTv1a6 +6TATV 140

Set derivatives w.r.t. 6; to zero:

Vx? = -2ATv 1y —ATv—146) =0
Solution:

6= ATV 1Ay ATV Ty = Ly
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Linear least squares

Covariance matrix U of the parameters, from error propagation
(exact, because estimated parameter vector is linear function of data points y;)

U=LW"
_ (ATV71A)71

Equivalently, calculate numerically

1] 9%x°

1y 11 9%

W i=3 [aa,aej]ﬂ -
0=0
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Example: straight line fit

y =00+ 01x

Conditions 9x2 /96y = 0 and 9x2 /a6 = 0 yield two linear equations with two variables that are easy to
solve.

With the shorthand notation

d=Y5

/ I

S|

we finally obtain
o DAY = Kb 6~y + 1]
0 1

(1162 = bl [1]1x*] = Ix][x]

Simple, huh? At least, easy to program and compute, given a set of data
("l put the complete calculation for this in the appendix of the slides)
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Example: straight line fit

X2/ ngs=23/3
a=1.162+0.460
b=0.614 +0.153

SF — fit

¢ data
4+
>3r

2 F

s

0 .

0 1 2 3 4
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Analytic fit result:

bR W]
0= b — g Y

= TSR~ 0e19s

>

>

Covariance matrix of (6g, 61):
U= (ATv14)~"

- 0.211186 —0.0646035
B —0.0646035 0.0234105

Error band from

e’(x) =g(x)"Ug(x)  withg = VF(x;6)



Example: straight line fit

X2/ ngs=23/3
a=1.162%0.460
b=0.614+0.153
SF — fit

¢ data
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Numerical estimate with MINUIT:

Minimizer is Minuit / Migrad

Chi2 = 2.29557
NDf = 3
Edm = 3.23988e-23
NCalls = 32
po = 1.16207
pl = 0.613945
Covariance Matrix:

po pl
po 0.21119 -0.064603
pl -0.064603 0.02341
Correlation Matrix:

po pl
po 1 -0.91879
pl -0.91879 1

+/-
+/-

0.45955
0.153005




Fitting binned data

Very popular application of least-squares fit: fit a model (curve) to binned data (a histogram)

Number of events occurring in each bin j is assumed to follow Poisson distribution with mean .

X222M

m
j=1 7;

Further common simplification: ‘modified least-squares method’, assuming that a,% =n;
m (ﬂ' _ f,)2
X2 ~ Z Y

=

Can get away with this when all n; are sufficiently large, but what about bins with small contents, or
even zero events?

= Frequently, bins with n; = O are simply excluded.

This throws away information, and will lead to biased results of your fit!
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Fitting binned data

Example: exponential distribution, 100 events

L BN B LI B B
0 ¢ tIdi
60 | 3 60 F 3
50 £ 3 s0F
40F 3 40
30 F 3 30F
20 F 1 0f
10 £ 3 10E E
% 6 02 6
Chi2 Fit ML Fit

T T T3 T 3

7k 307 =
6 | 1 s 3
5 1 5 E
4 3 4 3
3 | 3 3 3
2 1 2 E
1 1 1 3
092 6 L - 6
Chi2 Fit ML Fit

Oser, https://wuw.phas.ubc.ca/~oser/p509/Lec_09.pdf
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red: true distribution
black: fit

The more bins you have with small
statistics, the worse the MLS fit
becomes.

ML method gives more reliable
results in this case.

If you must use MLS, then at least
rebin your data, at the loss of
information.
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https://www.phas.ubc.ca/~oser/p509/Lec_09.pdf

Discussion of fit methods

m Unbinned maximum likelihood fit

+
+
+
+

no need to bin data (make full use of information in data)

works naturally with multi-dimensional data

no Gaussian assumption

works with small statistics

no direct goodness-of-fit estimate

can be computationally expensive, especially with high statistics
visualisation of data and fit needs a bit of thought

m Least squares fit

+ + + +

fast, robust, easy

goodness of fit ‘free of charge’

can plot fit with data easily

works fine at high statistics (computationally cheap)
assumes Gaussian/Poissonian errors

(this breaks down if bin content too small)

suffers from curse of dimensionality

blind for features smaller than bin size

Tools for physicists: Statistics | SoSe 2023 | 8t
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Practical estimation — veritying the validity of your fits

Want to demonstrate that
m your fit procedure gives, at least on average, the correct answer: no bias

m uncertainty quoted by your fit is an accurate measure for the statistical spread in your
measurement: correct error

Validation is particularly important for low-statistics fits
intrinsic ML bias proportional 1/n

Also important for problems with multi-dimensional observables:
mis-modelled correlations between observables can lead to bias
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Basic validation strategy

Simulation study

1.

2.

Obtain (very) large sample of simulated events

Divide simulated events in O(100 — 1000) independent samples with the same size as the
problem under study

. Repeat fit procedure for each data-sized simulated sample

. Compare average value of fitted parameter values with generated value

m demonstrate (absence of) bias

. Compare spread in fitted parameter values with quoted parameter error

s demonstrate (in)correctness of error

_
Q.
=
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Practical example — validation study

Example fit model in 1D (B mass)
m signal component is Gaussian centred at B
mass
m background component is ARGUS function
(models phase space near kinematic limit)
q(m; Nsig, Nokg Psig, Pbkg)
= NsigG(m; Bsig) + NokgA(M; Pokg)

Fit parameter under study: ngjq

m result of simulation study:
1000 experiments
with (n33") = 200, (ndy) = 800
stributi i
m distribution of ns“tg

m ...looks good

Tools for physicists: Statistics | SoSe 2023 | 84

Events/ (0.001 GeV )

Events/ (35)

38

2

5

2
hl

o o

vo

L I I I I I I L g
521 522 523 524 525 526 527 528 529

Mg (GeV).

g |

o

140

160

I
180

200

220

t
*4s
240 260
#signal events

3

JGlu



Validation study — pull distribution

What about validity of the error estimate?

m distribution of error from simulated
experiments is difficult to interpret ...

= don't have equivalent of ngg‘ for the error
Solution: look at pull distribution
= Definition:

fit gen
sig nsig
fit

pull(ngg) = o

m Properties of pull:
» follows Gaussian distribution if parameter and
error ‘sensible’
» Mean is O if no bias
» Width is 1 if error is correct
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Events/ ( 0.352973)

Events/ (0.25)
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=
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Validation study — extended ML!

As an aside, ran this toy study also with standard (not extended) ML method:
Extended Standard

o 9F T T i~ T .

g i + 7 uf i ]

% 0= # {.ﬂ % 100~ % 4

Ea e E o # ;

o prd i b ]

40E- +% %ﬂ 60~ =

30F af ++ + E

20 + + ++ L “ + ]

10F- + '+ + 4 3 + + E

40° 160 180 200 220 240 260 Y 160 180 200 220
#signal events #signal events
5 120 T Do 65 s o 1000 T T R DR Sa T
g pullSigma= 0.954 + 0021 b g r pullSigma= 0.100000 + 0,000051

3 - B 3 oof B
|5 5 r
80— - L

I & eoof- E
601 E r

£ 4001 B
w0l B r

200 + B 201~ ]

0 £ L L L L J 0 e L L |, |, L L L L
5 3 2 -1 0 1 2 3 4 S =43 -2""-1"0 1 2 34

- i - I
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Validation study — low statistics example

Special care needs to be taken when fitting small data samples,
also if fitting small signal component in large sample

Possible causes of trouble

m x° estimators become approximate as Gaussian approximation of Poisson statistics becomes
inaccurate

= ML estimators may no longer be efficient
error estimate from 2" derivative inaccurate

m Bias term o 1/n may no longer be small compared to 1/+/n

In general, absence of bias, correctness of error cannot be assumed.
= Use unbinned ML fits wherever possible — more robust

m explicitly verify the validity of your fit

g
Q.
=

Tools for physicists: Statistics | SoSe2023 | 87



Fit bias at low #

Low statistics example:

= model as before, but with <ngg”> =20

Events/ (0.001 GeV )

Result of simulation study:

I\

el bt

521 522 523 524 525 526 527 528 529 b3

Mes (GeV)
0 140 B 40— B 10 120[pulllean= 0,09 +0.032 5
o [ 1 9 [ 1 o [ pullsigma= 1.023 + 0.023 ]
= 1200 + 1 8 120 4 = E
1] r + ! =] L %%\H‘ 1 ) r 1
= 4 < 100F B [ ]
§ 100: + 1 3 [ ] § 80 B
1] E 1 2 5 i [ ]
4oty e Pe |
[ % 13 [ ] 60 ]
601 + 1 60 b t 9
r 1 [ ] a0 4
oy t E 40 ' ++ E [ ]
20— +§ B 20 %M E 20 7
[ gy 1 [ 44, ] L ]

o) 0 SRR R . . Olowotea it 10 L% doledglodiple-boiel o wwey (AR PR SR R I
0 20 40 60 80 100 5 10 15 20 25 5 -4 -3-2-10 1 2 3 4 5
#signal events #signal events Error #signal events Pull
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Place limitonn sig?

Very tempting to limit signal yield to be > 0
After all, negative signal yield is unphysical!

But: remember shape of ngq in our toy experiments. Removing small values of ngg will introduce
(additional) positive bias
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Validation study — how to obtain 1 07 simulated events?

Practical issue: usually need very large amounts of simulated events for a fit validation study
m Of order 1000x (number of events in data), easily > 106 events

m Using data generated through full (GEANT-based) detector simulation can be prohibitively
expensive

Solution: sample events directly from fit function
m Technique called toy Monte Carlo sampling
m Advantage: easy to do, very fast

m Good to determine fit bias due to low statistics, choice of parametrisation, bounds on parameters,

m Cannot test assumptions built in to fit model:
absence of correlations between observables, ...
still need full simulation for this
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Summary of today’s lecture

= Powerful tool to estimate parameters of distributions:
Maximum likelihood method

m In the limit of large statistics, least squares method is equivalent to MLE

m Linear least squares: analytical solution!

m How to decide whether model is appropriate in the first place: next week!
goodness-of-fit, hypothesis testing, ...

m Whatever you use, validate your fit:
demonstrate absence of bias, correctness of error estimate
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CURVE-FITTING METHODS AND THE MESSAGES THEY SEND

Linear

Quadratic

LOGARITHMIC

EXPONENTIAL

"HEY! IDID A "I WANTED A CURVED “LOOK, IT'S "LOOK, IT'S GROWING
REGRESSION." LINE, SO A MADE ONE TAPPERING OFF" UNCONTROLLABLY"
WITH MATH."
LOESS L Linear o SIGMOID e 95% Confidence L
No Slope Interval
.

POLYNOMIAL PEOPLE."

IDON'T WANT TO"

e LI .
. .
"I'M SOPHISTICATED, NOT "I'M MAKING A "I NEEDED TO CONNECT "LISTEN, SCIENCE IS HARD
LIKE THOSE BUMBLING SCATTER PLOT BUT THESE TWO LINES." BUT I'M A SERIOUS PERSON

DOING MY BEST."

PIECEWISE
L
P
. 2%
. %
L) ] .
S %
e

CONNECT
THE DOTS

A

Elephant

House of Cards

"NOW I JUST NEED TO
RENORMALIZE THE DATA."

"REGRESSION?! JUST USE
THE DEFAULT PLOTTING."

by Douglas Higinbotham in Python inspired by https://xkcd.com/2048

"AND WITH FIVE
PARAMETERS I CAN MAKE
ITS TRUNK WIGGLE."

"AS YOU CAN SEE, THIS
MODEL SMOOTHLY FITS
THE --- NO NO WAIT DON'T
EXTEND IT AAAAA!"



Addendum: Linear least squares (I)

Fit model: y = 641x + 6
Apply general solution developed for linear least squares fit:

Aij = a(x) )
L=ATv1A)1ATVT 6=Ly
1/(712
2
a0 e Y 1/03
X1 Xz o X )
ATV = 1/02  1/03 1/0?
x1/0%  xa/03 Xn/ 02
1 Xq
ATV 1/(712 1/(722 1/0? L _
x1/02  Xxo/0% -+ Xp/0f Co
1 X
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Addendum: Linear least squares (II)

2 x 2 matrix easy to invert. Using shorthand notation [z] = ¥;z/0?:

Ty=im—1__ 1 k)~
(ATV1A) —huxz][xnx}(—[x} 1] )

And therefore

L=(ATv 1A 1ATV !

= 17 [Xz] —[X] ] 1/0’12 1/(722 1/0.n2
f[ﬂ[Xz]_[X][X] 7[X] [1] X1/(7'12 X2/(722 Xn/U'g
1 I
And finally:
o — PEIY = Kbyl 5. — —Kb+ 1]kl
0

[1b] = ] " 0IbeT =
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Best Linear Unbiased Estimate (BLUE)

Have seen how to combine uncorrelated measurements.

Now consider n data points yj, ¥ = (v1,...,¥n) with covariance matrix V.

Calculate weighted average A by minimising

N =G-HTVvIG-1) A=

Result: 1
5 - e (VT ik
A=) wy,, with w, = =~ "=
; o (Ve
Variance:
of = wvw = ZW,'\/,]W/
if

This is the best linear unbiased estimator, i.e. the linar unbiased estimator with the lowest variance
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BLUE

Special case: two correlated measurements

Consider two measurements y1, y», with covariance matrix (p is correlation coefficient)

V= (712 [4%1%)
poio, 0

Applying formulas from above:
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Weighted average of correlated measurements:

interesting example

adapted from Cowan’s book and Scott Oser’s lecture:

Measure length of an object with two rulers. Both are calibrated to be accurate at temperature T = Ty,
but otherwise have a temperature dependency: true length y is related to measured length L by

yi=Li+c(T—Top)

Assume that we know c¢; and the (Gaussian) uncertainties. We measure L+, Lo, and T, and want to
combine the measurements to get the best estimate of the true length.

_
Q.
=
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Weighted average of correlated measurements

Start by forming covariance matrix of the two measurements:

Vi :L,‘+C,‘(T7T0); (7,'2 :U'L2+CI-2(772—

covly1,yo] = C1Co0%

Use the following parameter values, just for concreteness:
¢y =0.1 Ly =20+£01 y1 =1.80+0.22
co =0.2 L, =283+01 yo = 1.90+0.41
With the formulas above, we obtain the following weighted average

y =1.75+0.19

Why doesn’t y lie between y¢ and y»? Weird!
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Weighted average of correlated measurements

y1 and y» were calculated assuming

- 25
g T=23
— 24 SN =
-
AR . . X
AR S AR el T2 Fit adjusts temperature and finds best
SRR A =
22 PR agreement at T = 22
N < ;.
21 & 5

Temperature is a nuisance parameter in
this case

L5
SO,
R
R R R e
ERNDESIORSENERtE
SIS

Here, data themselves provide
information about nuisance parameter

20 2 22 23 24 25 26 27 28
Temperature

—
Q.
c
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