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The Hydrogen Spectrum

® Fine structure
~ Degeneracy respect to n and j.
® |amb shift

= Lifts levels with I=j%1/2, contains proton
finite size effect (LO « r,%).

® Hyperfine structure

* interaction with nucleus spin s,, mixes
states with same F=j+s, but different j.
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The Hyperfine Splitting

HFS

eH(1S)

pH(2S)

Main (EF)

nonrecoil QED
(0qepEF)

LO proton size
(—2(Za)m7'ZEF)

LO recoil (dyeconFr)

1
0.0011360896(19)

—42.4(1.1) x 1076

5.22(1) x 1076

1

0.0011752(1) +
0.0025432(1)(VP)

—0.007410(80)

0.000931(7)

proton polarizability <4 x107° 0.0004(1)
(5p01EF)
total 1420399.3(1.6) kHz | 22.8148(20) meV

I. Eides et al., Phys.Rept. 342 (2001) 63-261; O. Tomalak, Eur.Phys.J.C 77 (2017) 12, 858;
A. Antognini et al., Annals Phys. 331 (2013) 127-145
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The 1S-HFS of yH and eH e

A. Antognini et al., Ann.Rev.Nucl.Part.Sci. 72 (2022) 389

1385, F =1
151/2

V¥ 1181/2,F:0

Ehg(up) = Er + AFEqep + AE2Y
— 182.443 + 1.354(7) + EF<1.01958(13)AZ“P+1.01656(4)Arecoi1“p+1.00402Ap(,1“p> (meV]

e A, :theZemach correction C Zemach 1956

Arecoil - the Recoil correction

® A, :the Proton polarizability correction

* Coefficients contain all relevant higher order corrections



The 1S-HFS of uH e

1385, F =1
151/2

! ,/Z’FIO

Efs(pp) = Er + AEqQep + AE?Y
= 182443 + 1354(7) + Bp(LO1958(13)A2MP + 1.OI656(4)Asecoi#P + 1.00402, #P ) [meV]

- e e e e e e e e e e e e e e e e

elastic

% % +Xbox E % % +Xbox |

______

f " Both the EMFFs and Inelastic
| structure functions (no
: enough data) are needed.

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

Determined completely by the
EMFFs of the proton.

\-———————f




Zemach (Az) and Recoil (Arewoi) Corrections
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‘_A 1381/2,F = 1
1513
—Y 1151/2,F = 0
Elps(wp) = Er 4+ AEqep + AE*Y
— 182443 + 1.354(7) + Ep (1.01958( 3)AzHP| 4 1.01656(4) A ecoitP + 1.00402Ap(,1up) meV]
Az = —=2Zam, 1y,
o0 2 2
= —2Zam, <—£/ @ lGE(Q )G (Q7) — 1])
mJo @ 1+ kK
/A Lo /Oo dQ | Gm(Q?) 8mM (2F Q) + F1(Q?) +3F2(Q2))\
T r0+ R e @ @ wrv T (v + (v +1)
B 8mTGM(Q2)GE(Q2) B mF22(Q2) 5+ 4u;
Q M (1 +Ul)2
0= V1+4M2(m?)/Q? )

A. Antognini et al., Ann.Rev.Nucl.Part.Sci. 72 (2022) 389



The 1S-HFS of yH and eH e

A. Antognini et al., Ann.Rev.Nucl.Part.Sci. 72 (2022) 389

1385, F =1
151/2

IJH ”‘—V 1181/2,F:0
Ehg(up) = Er + AFEqep + AE2Y
— 182443 + 1.354(7) + EF<1.01958(13)AZ“P+1.01656(4)Arecoﬂ“p+1.00402Ap(,1“p> [meV]
eH

Effrs (H) = 1418840.082(9)+1613.024(3)+ER (1.01558(13)AZH+0.99807(13)Arecoﬂﬂ+MAwH) kHz]




The 1S-HFS of yH and eH e

A. Antognini et al., Ann.Rev.Nucl.Part.Sci. 72 (2022) 389

1385, F =1

151/2

CREMA, FAMU,
pH Y g Fg 0Eexp=1pPM Er | | parcin future
Efs(wp) = Er 4+ AEqep + AE2Y
= 182443 + 1.354(7) + EF<1.01958(13)AZMP+1.01656(4)Arecoﬂﬂp+1.00402Ap(,wp> [meV]
— L. Essen et al.
eH Ee=1420405.7517667(9) kHz | | Essenetal

Effrs (H) = 1418840.082(9)+1613.024(3)+ER (1.01558(13)AZH—|—0.99807(13)ArecoﬂH+MAmlH) kHz]
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Motivation
.‘_‘\—1381/2,}? =1
151/2
”"—V 1181/2,F =0
Elfvs(pp) = Er + AEqQep + AE?Y

— 182443 + 1.354(7) + EF<1.01958(13)AZ~P+1.01656(4)Arecoﬂﬂp+1.00402Ap01up) [meV]

I

I
AZ ’ Arecoil

1

[ precise EMFFs ]

precise
EXp. AEHFS




The EMFFs of the Proton o1

* Definition: Nucleon matrix elements of the EM vector current J,

Fy (1)

(N @I IN () = alp') | Fr () + i o q” | u(p)

* F,=Dirac form factor, F,=Pauli form factor

* Normalization: F{(0) =1,F](0) = 0,F7(0) = kp, F5'(0) = Ky,
* four-momentum transfer ¢t = ¢>=(p'— p)* = - Q?

* isospin basis: F° = (FP + E")/2, FY =(FF —F")/2,i=1,2
* Sachs form factors: Gp = Iy +t/(4m*)Fy, Gy = Fy + F»
* Nucleonradii: F(t) = F(0)(L+t(r*)/6+--+)

* Model-independent approach: Dispersion relation



Dispersion Relations

* Unsubtracted dispersion relations for F;(t) (i = 1,2)

1 [ Tm Ej(#
Fi(t) = —/ gy 2 Ei ()
T Jt, ' —t

*” convergence proven in perturbation theory

[S. D. Drell et al. 1965]

=" analyticity: the form factors have cuts ([t;, oo[ )
and also poles (¢;) in the positive real-t axis.

“ unitarity: | cuts - multi-meson continua
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poles — vector mesons

I

spectral functions
Im F;




Dispersion Relations
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poles — vector mesons

I

spectral functions
Im F;

couplings) physics

® Connect data from small to large & positive to negative momentum transfer
® Encode perturbative (asymptotic behaviors) and non-perturbative (vector meson
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Spectral Functions

® Below 1 GeV
o 1=0: pm, KK,w(a;),d(b;) [ImF} Mm F;
=10 T

* Above 1 GeV

52 p V2

= I=0; effective vector mesons /\ > 1
w/0o width (msn,an,afgn)

/A

<
2
~

= J=1: effective vector mesons
w/o width (my, ,I'y, ,ay, )

U3

® 7 given by unitarity [Frazer and Fulco 1960]

* om, KK also constrained [MMSO 1997, HRM 1999]



Experimental Inputs 12/16

Experimental data
Theoretical Constraints
Region Observables Souce t GeV? number
MAMI 0.00384-0.977 1422 FP)=1
do /dQ .
PRad 0.000215-0.058 71 F*(0)=0 Normalizations
wp G/ Gh JLAP 1.18-8.49 16 F2(0) = Ry
spacelike t < 0
un G/ Ghy world 1.58-3.41 4 F3(0) = Ky,
Gy world 0.14-3.41 29 ftzo Im Fy(t)dt =0
Gy world 0.071-10.0 49 ftzo Im Fy(t)dt =0
- [Lepage and Brodsky 1980]
|GPs world 3.52-20.25 153 fto Im Fy(t)tdt =0
|Gl world 3.52-9.49 32
timelike ¢ > 0 —— .
G2 /GP| BaBar 3.52-9.0 6 (r2) = —0.1055902 fm®> Filin et al. 2020
do /dQ BESIII 3.52-3.8 10




Fitted DR EMFFs of the Nucleon ~ ¥%

YHL, HWH and UGM, PLB 2021,EPJA 2021,PRL 2022

#data=1792,
#fitpara.=4+3%x(N,+ N, )+4X(Ns+ Ny)+31+2-11

G%/\)/f/ (1,Gaip)




Fitted DR EMFFs of the Nucleon ~ ¥%

YHL, HWH and UGM, PLB 2021,EPJA 2021,PRL 2022

#data=1792,

#fitpa ra.#ﬂ*34><§(-1:\-f;{_]-§-f_é)+51 +2}11

The best fit: w.¢ 3+507 343w/l norm.
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Fitted DR EMFFs of the Nucleon ~ ¥%

YHL, HWH and UGM, PLB 2021,EPJA 2021,PRL 2022

#data=1792,

#fitpa ra.#ﬂ*34><§(-1:\-f;{_]-§-f_é)+51 +2}11

The best fit: w.¢ 3+507 343w/l norm.

G%/ Gdip

0.0

XZ/dOf: 1.238 | | | 0 [GeV?]

(e}
[\
IS
o
o
—
o

1.4+
® Errors of data Stat. error .

* Configuration [ Variations > Sys.error ="' /

deip

G/

1.1}

1.0¢

=]
\S]
S
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[ee]
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Proton charge radius

14/16

Tp — 0 84O+0.003—|—0.002 fm ,rp — 0 849+0.003—|—0.001 fm
E : —0.002—-0.002 » M : —0.003—-0.004
ep scattering MAMIF —A— 1Bernauer et al., Al coll. [PRL 105 242001 (2010)]
p pspectroscopy CREMA {Pohl et al., CREMA coll. [Nature 466 213 (2010)]
All ep scattering data, no MAMI —A— 1Zhan et al. [PLB 705 59 (2011)]
p pspectroscopy CREMA {Antognini et al., CREMA coll. [Science 339 417 (2013)]
ep spectroscopyr — 1Beyer et al. [Science 358 6359 (2017)]
ep spectroscopyr ——— {Fleurbaey et al. [PRL 120 183001 (2018)]
CODATA(2018)} ¥ {Tiesinga et al. [RMP 93 025010 (2021)]
ep scattering/ISR MAMI * {Mihovilovi¢ et al. [EPJA 57 107 (2021)]
ep spectroscopyf e {Bezginov et al. [Science 365 1007 (2019)]
ep scattering JLab —_— 1Xiong et al. [Nature 575, 147-150 (2019)]
ep spectroscopyf —e— 1Grinin et al. [Science 370, 1061 (2020)]
ep spectroscopyr —e— 1Brandt et al. [PRL 128 023001 (2022)]
DR analysis to space-like datar —a— 1Lin et al. [EPJA 57 255 (2021)]
DR analysis to space and time-like data| —— 1Lin et al. [PRL 128 052002 (2022)]
0.62 0.84 0.56 0.58 O.QO 0.92



Improved Zemach (A7) and Recoil (Arecon) Corrections

® Zemach radius

B +0.00340.000
rz = 1.05474 002 0 001 IM
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Lin et al 2022, epr
Antognini2013, uHr
Brodsky2005, eH¢
Dupays2003, eH}
Volotka2005, eHt
Distler2011, ep}

Friar2003, ept

1.02

1.04 1.06 1.08 1.10

1.00
* Recoil corrections &
Arecoil pnH(x1079) eH(x1078%)
This work 837.67%% 526.97 17
[O. Tomalak 2017] 844(7) 532.8(4.9)

1.12



Summary 1716

® Dispersion theory provides a model-independent tool to analyze the nucleon
EMFFs

® Simultaneous description of space- and time-like data
* Always a small proton charge radius (0.84 fm), agrees with recent experiments

® Improve the determinations of the Zemach (A7) and recoil (Aw..i) corrections
to HFS

—Bridge the proton polarizability effects to the experimental HFS
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Thanks for your attention!
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Back up
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