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!Theory in a nutshell

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism
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P, �d P 0, �0
d

k

FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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⇢1N Û � ⇢1N '

h
⇢1N, AT̂1 + BT̂2 + CT̂3

i
(5)

T̂1 =
�
~p

02
1

+ ~p
02
2

� ~p
2

1
� ~p

2

2

�
, T̂2 =

�
~p

02
1

+ ~p
02
2

� ~p
2

1
� ~p

2

2

�
(~�1 · ~�2), T̂3 = . . .

Ti �! T
Reg.

i
= Ti e

� [(p01�p02)/2]
2
+[(p1�p2)/2]2

⇤2

Ti �! T
Reg.

i
= Ti exp

 
�
[(~p 0

1
� ~p

0
2
)/2]2 + [(~p1 � ~p2)/2]

2

⇤2

!

⇢1N = eGE(k
2) � e

k
2

8m2
GE(k

2) + ie
2GM(k2) � GE(k2)

4m2
� · k ⇥ p (6)

1

p2 + M2

⇡

!
1

p2 + M2

⇡

exp

✓
�
p
2 + M

2

⇡

⇤2

◆
, (7)

1

~p2 + M2

⇡

!
1

~p2 + M2

⇡

e
� ~p2+M2

⇡
⇤2

1

(~p2 + M2

⇡
)2

!

"
1

(~p2 + M2

⇡
)2

+
1

⇤2(~p2 + M2

⇡
)

#
e
� ~p2+M2

⇡
⇤2

1

(0, ~k)
(P0, �

~k/2), �d

(P0,
~k/2), �0

d

GC(Q
2) =

1

3|e|

1

2P0

�
hP

0
, 1|J0

|P, 1i + hP
0
, 0|J0

|P, 0i + hP
0
,�1|J0

|P,�1i
�

(1)

GQ(Q
2) =

1

2|e|⌘

1

2P0

�
hP

0
, 0|J0

|P, 0i � hP
0
, 1|J0

|P, 1i
�

(2)

GM(Q2) =
1

p
⌘|e|

1

2P0

⌧
P

0
, 1

����
J

x + iJ
y

p
2

����P, 0

�
(3)

U = e
AT̂1+BT̂2+CT̂3 (4)

�⇢2N = Û
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Chiral EFT for the nuclear Hamiltonian 
 and H Jμ



!Theory in a nutshell

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

Vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

Q
2[GeV2]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

Q
2[GeV2]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

p

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

p

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

�
⇤

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

p

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

�
⇤

n

A
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

�
⇤

n

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

�
⇤

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

�
⇤

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

W

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

1

Electroweak probes on nucleons and nuclei can be described by current formalism
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FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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⇢1N Û � ⇢1N '

h
⇢1N, AT̂1 + BT̂2 + CT̂3

i
(5)

T̂1 =
�
~p

02
1

+ ~p
02
2

� ~p
2

1
� ~p

2

2

�
, T̂2 =

�
~p

02
1

+ ~p
02
2

� ~p
2

1
� ~p

2

2

�
(~�1 · ~�2), T̂3 = . . .

Ti �! T
Reg.

i
= Ti e

� [(p01�p02)/2]
2
+[(p1�p2)/2]2

⇤2

Ti �! T
Reg.

i
= Ti exp

 
�
[(~p 0

1
� ~p

0
2
)/2]2 + [(~p1 � ~p2)/2]

2

⇤2

!

⇢1N = eGE(k
2) � e

k
2

8m2
GE(k

2) + ie
2GM(k2) � GE(k2)

4m2
� · k ⇥ p (6)

1

p2 + M2

⇡

!
1

p2 + M2

⇡

exp

✓
�
p
2 + M

2

⇡

⇤2

◆
, (7)

1

~p2 + M2

⇡

!
1

~p2 + M2

⇡

e
� ~p2+M2

⇡
⇤2

1

(~p2 + M2

⇡
)2

!

"
1

(~p2 + M2

⇡
)2

+
1

⇤2(~p2 + M2

⇡
)

#
e
� ~p2+M2

⇡
⇤2

1

(0, ~k)
(P0, �

~k/2), �d

(P0,
~k/2), �0

d

GC(Q
2) =

1

3|e|

1

2P0

�
hP

0
, 1|J0

|P, 1i + hP
0
, 0|J0

|P, 0i + hP
0
,�1|J0

|P,�1i
�

(1)

GQ(Q
2) =

1

2|e|⌘

1

2P0

�
hP

0
, 0|J0

|P, 0i � hP
0
, 1|J0

|P, 1i
�

(2)

GM(Q2) =
1

p
⌘|e|

1

2P0

⌧
P

0
, 1

����
J

x + iJ
y

p
2

����P, 0

�
(3)

U = e
AT̂1+BT̂2+CT̂3 (4)

�⇢2N = Û
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Chiral EFT for the nuclear Hamiltonian 
 and H Jμ

Use 1N FFs to avoid reliance on χEFT 
for  (i.e., re-summations)Jμ

1N

Error analysis (statistical uncertainties of 
few-N LECs, πN LECs, EFT truncation, 
parametrizations of the 1N FFs) 
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

JB0ψλ ψλ’
p
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(a) (b)
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P, �d P 0, �0
d

k

FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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†
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calculated consistently  
in chiral EFT

Chiral EFT for the nuclear Hamiltonian 
 and H Jμ

Use 1N FFs to avoid reliance on χEFT 
for  (i.e., re-summations)Jμ

1N

Error analysis (statistical uncertainties of 
few-N LECs, πN LECs, EFT truncation, 
parametrizations of the 1N FFs) 

Regularization and symmetries… 



!Theory in a nutshell

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism

JB0ψλ ψλ’
p

n

4

(a) (b)

+ +=

(c)

P, �d P 0, �0
d

k

FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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†
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calculated consistently  
in chiral EFT

Chiral EFT for the nuclear Hamiltonian 
 and H Jμ

Use 1N FFs to avoid reliance on χEFT 
for  (i.e., re-summations)Jμ

1N

Error analysis (statistical uncertainties of 
few-N LECs, πN LECs, EFT truncation, 
parametrizations of the 1N FFs) 

Regularization and symmetries… 

Starting from N3LO (Q4), one has to worry about:
— relativistic corrections 
— isospin breaking effects (including neutron-neutron interaction) 
— electromagnetic interactions beyond Coulomb
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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k

FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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calculated consistently  
in chiral EFT

Chiral EFT for the nuclear Hamiltonian 
 and H Jμ

Use 1N FFs to avoid reliance on χEFT 
for  (i.e., re-summations)Jμ

1N

Error analysis (statistical uncertainties of 
few-N LECs, πN LECs, EFT truncation, 
parametrizations of the 1N FFs) 

Regularization and symmetries… 

Starting from N3LO (Q4), one has to worry about:
— relativistic corrections 
— isospin breaking effects (including neutron-neutron interaction) 
— electromagnetic interactions beyond Coulomb

Continuity equation & EFT expansion:   (Siegert-like approach?)⃗k ⋅ ̂ ⃗J = [Ĥ, ̂ρ]



!Theory in a nutshell

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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in chiral EFT

Chiral EFT for the nuclear Hamiltonian 
 and H Jμ

Use 1N FFs to avoid reliance on χEFT 
for  (i.e., re-summations)Jμ

1N

Error analysis (statistical uncertainties of 
few-N LECs, πN LECs, EFT truncation, 
parametrizations of the 1N FFs) 

Regularization and symmetries… 

Starting from N3LO (Q4), one has to worry about:
— relativistic corrections 
— isospin breaking effects (including neutron-neutron interaction) 
— electromagnetic interactions beyond Coulomb

Continuity equation & EFT expansion:   (Siegert-like approach?)⃗k ⋅ ̂ ⃗J = [Ĥ, ̂ρ]

Computational limitations for A > 4
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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The newest Bochum NN interactions  Reinert, Krebs, EE, EPJA 54 (2018) 86;  PRL 126 (2021) 092501
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!SMS chiral NN interactions

high-precision „realistic“ potentials Idaho χEFT Bochum SMS χEFT
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Statistically perfect description of mutually consistent NN scattering data 
(own database of 2124 proton-proton + 2935 neutron-proton data below Elab = 290 MeV)

Results for np total cross section and the error budget

Reinert, Krebs, EE, EPJA 54 (18) 86;  PRL 126 (21) 092501

Reinert, Krebs, EE, 2021
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Fig. 4 Neutron-proton total cross section in the range Elab = 0–300 MeV. The left panel shows the
total cross sections divided by the SMS N4LO+ results for L = 450 MeV. The light blue points
are the experimental data of Ref. [33] corrected for an estimated norm of 1.002. Peach-colored
bands represent the truncation uncertainty for the 68% DoB. For the remaining notation of this
panel see Fig 3. The right panel compares the different uncertainties of the SMS N4LO+ result
for L = 450 MeV: Black solid, red dashed and blue dashed-dotted lines denote the truncation
uncertainty and the statistical uncertainties due to the parameters fitted from the NN system and
the pN LECs of Ref. [11], respectively.

Table 5 Deuteron binding energy Bd , asymptotic S-state normalization AS, asymptotic D/S-state
ratio h , matter radius rm, leading contribution to the quadrupole moment Q0 and D-state probability
PD for the SMS potential at N4LO+ for all values of the cutoff. The first error is the statistical
uncertainty with respect to both NN and pN parameters and the second error is the truncation
uncertainty (only provided for the observables AS and h).

L = 400 MeV L = 450 MeV L = 500 MeV L = 550 MeV Empirical

Bd (MeV) 2.2246 ? 2.2246 ? 2.2246 ? 2.2246 ? 2.22456614 (41) [34]
AS (fm�1/2) 0.8842 (3)(5) 0.8846 (3)(5) 0.8848 (3)(5) 0.8851 (3)(6) 0.8845 (8) [35]
h 0.0260 (2)(1) 0.0261 (2)(0) 0.0263 (2)(0) 0.0265 (2)(0) 0.0256 (4) [36]
rm (fm) 1.9647 (7) 1.9662 (6) 1.9674 (6) 1.9686 (6) —
Q0 (fm2) 0.271 (2) 0.275 (2) 0.279 (2) 0.282 (2) —
PD (%) 4.25 4.79 5.29 5.73 —
?The deuteron binding energy has been taken as input in the fit.

The excellent reproduction of experimental data of the SMS N4LO+ interaction
also extends to the deuteron bound state, whose properties are shown in Tab. 5 for all
considered cutoff values. The authors have limited the estimation of the truncation
error to (non-fitted) observables and thus provide them only for AS and h . rm and
Q0 are related to the corresponding moments of the probability density distribution
and thus determined solely by the deuteron wave function. These quantities are not
measurable but constitute the leading contributions to the observable structure radius
and the quadrupole moment, which will be discussed below.
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Fig. 4 Neutron-proton total cross section in the range Elab = 0–300 MeV. The left panel shows the
total cross sections divided by the SMS N4LO+ results for L = 450 MeV. The light blue points
are the experimental data of Ref. [33] corrected for an estimated norm of 1.002. Peach-colored
bands represent the truncation uncertainty for the 68% DoB. For the remaining notation of this
panel see Fig 3. The right panel compares the different uncertainties of the SMS N4LO+ result
for L = 450 MeV: Black solid, red dashed and blue dashed-dotted lines denote the truncation
uncertainty and the statistical uncertainties due to the parameters fitted from the NN system and
the pN LECs of Ref. [11], respectively.
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ratio h , matter radius rm, leading contribution to the quadrupole moment Q0 and D-state probability
PD for the SMS potential at N4LO+ for all values of the cutoff. The first error is the statistical
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h 0.0260 (2)(1) 0.0261 (2)(0) 0.0263 (2)(0) 0.0265 (2)(0) 0.0256 (4) [36]
rm (fm) 1.9647 (7) 1.9662 (6) 1.9674 (6) 1.9686 (6) —
Q0 (fm2) 0.271 (2) 0.275 (2) 0.279 (2) 0.282 (2) —
PD (%) 4.25 4.79 5.29 5.73 —
?The deuteron binding energy has been taken as input in the fit.

The excellent reproduction of experimental data of the SMS N4LO+ interaction
also extends to the deuteron bound state, whose properties are shown in Tab. 5 for all
considered cutoff values. The authors have limited the estimation of the truncation
error to (non-fitted) observables and thus provide them only for AS and h . rm and
Q0 are related to the corresponding moments of the probability density distribution
and thus determined solely by the deuteron wave function. These quantities are not
measurable but constitute the leading contributions to the observable structure radius
and the quadrupole moment, which will be discussed below.
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Fig. 4 Neutron-proton total cross section in the range Elab = 0–300 MeV. The left panel shows the
total cross sections divided by the SMS N4LO+ results for L = 450 MeV. The light blue points
are the experimental data of Ref. [33] corrected for an estimated norm of 1.002. Peach-colored
bands represent the truncation uncertainty for the 68% DoB. For the remaining notation of this
panel see Fig 3. The right panel compares the different uncertainties of the SMS N4LO+ result
for L = 450 MeV: Black solid, red dashed and blue dashed-dotted lines denote the truncation
uncertainty and the statistical uncertainties due to the parameters fitted from the NN system and
the pN LECs of Ref. [11], respectively.

Table 5 Deuteron binding energy Bd , asymptotic S-state normalization AS, asymptotic D/S-state
ratio h , matter radius rm, leading contribution to the quadrupole moment Q0 and D-state probability
PD for the SMS potential at N4LO+ for all values of the cutoff. The first error is the statistical
uncertainty with respect to both NN and pN parameters and the second error is the truncation
uncertainty (only provided for the observables AS and h).
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Bd (MeV) 2.2246 ? 2.2246 ? 2.2246 ? 2.2246 ? 2.22456614 (41) [34]
AS (fm�1/2) 0.8842 (3)(5) 0.8846 (3)(5) 0.8848 (3)(5) 0.8851 (3)(6) 0.8845 (8) [35]
h 0.0260 (2)(1) 0.0261 (2)(0) 0.0263 (2)(0) 0.0265 (2)(0) 0.0256 (4) [36]
rm (fm) 1.9647 (7) 1.9662 (6) 1.9674 (6) 1.9686 (6) —
Q0 (fm2) 0.271 (2) 0.275 (2) 0.279 (2) 0.282 (2) —
PD (%) 4.25 4.79 5.29 5.73 —
?The deuteron binding energy has been taken as input in the fit.

The excellent reproduction of experimental data of the SMS N4LO+ interaction
also extends to the deuteron bound state, whose properties are shown in Tab. 5 for all
considered cutoff values. The authors have limited the estimation of the truncation
error to (non-fitted) observables and thus provide them only for AS and h . rm and
Q0 are related to the corresponding moments of the probability density distribution
and thus determined solely by the deuteron wave function. These quantities are not
measurable but constitute the leading contributions to the observable structure radius
and the quadrupole moment, which will be discussed below.
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Fig. 4 Neutron-proton total cross section in the range Elab = 0–300 MeV. The left panel shows the
total cross sections divided by the SMS N4LO+ results for L = 450 MeV. The light blue points
are the experimental data of Ref. [33] corrected for an estimated norm of 1.002. Peach-colored
bands represent the truncation uncertainty for the 68% DoB. For the remaining notation of this
panel see Fig 3. The right panel compares the different uncertainties of the SMS N4LO+ result
for L = 450 MeV: Black solid, red dashed and blue dashed-dotted lines denote the truncation
uncertainty and the statistical uncertainties due to the parameters fitted from the NN system and
the pN LECs of Ref. [11], respectively.

Table 5 Deuteron binding energy Bd , asymptotic S-state normalization AS, asymptotic D/S-state
ratio h , matter radius rm, leading contribution to the quadrupole moment Q0 and D-state probability
PD for the SMS potential at N4LO+ for all values of the cutoff. The first error is the statistical
uncertainty with respect to both NN and pN parameters and the second error is the truncation
uncertainty (only provided for the observables AS and h).

L = 400 MeV L = 450 MeV L = 500 MeV L = 550 MeV Empirical

Bd (MeV) 2.2246 ? 2.2246 ? 2.2246 ? 2.2246 ? 2.22456614 (41) [34]
AS (fm�1/2) 0.8842 (3)(5) 0.8846 (3)(5) 0.8848 (3)(5) 0.8851 (3)(6) 0.8845 (8) [35]
h 0.0260 (2)(1) 0.0261 (2)(0) 0.0263 (2)(0) 0.0265 (2)(0) 0.0256 (4) [36]
rm (fm) 1.9647 (7) 1.9662 (6) 1.9674 (6) 1.9686 (6) —
Q0 (fm2) 0.271 (2) 0.275 (2) 0.279 (2) 0.282 (2) —
PD (%) 4.25 4.79 5.29 5.73 —
?The deuteron binding energy has been taken as input in the fit.

The excellent reproduction of experimental data of the SMS N4LO+ interaction
also extends to the deuteron bound state, whose properties are shown in Tab. 5 for all
considered cutoff values. The authors have limited the estimation of the truncation
error to (non-fitted) observables and thus provide them only for AS and h . rm and
Q0 are related to the corresponding moments of the probability density distribution
and thus determined solely by the deuteron wave function. These quantities are not
measurable but constitute the leading contributions to the observable structure radius
and the quadrupole moment, which will be discussed below.

Semi-local nuclear forces from chiral EFT: State-of-the-art & challenges 13

●

●

●

●

●

●

●
●

●

●
●

●
●

●

●

●

●

●

●●
●

●

●
●
●

●

●
●●

●

●

●

●

●
●

●

●
●

●

●

●●

●

●

●

●

●

●
●
●
●

●●

●

●

● ●
● ●

●

●

●

●

● ●

●
●

● ● ● ●
●

● ● ● ● ● ● ● ● ● ●
●

●

●

●

●

0 100 200 300
0.97

0.98

0.99

1

1.01

1.02

1.03

Elab [MeV]

σ
to

t
σ

to
t,S

M
S

● Nijmegen PWA
EMN N4LO+

CD−Bonn

0 100 200 300
0.001

0.01

0.1

1

10

Elab [MeV]

Δ
σ

to
t [
%

]

truncation
NN stat
πN stat

Fig. 4 Neutron-proton total cross section in the range Elab = 0–300 MeV. The left panel shows the
total cross sections divided by the SMS N4LO+ results for L = 450 MeV. The light blue points
are the experimental data of Ref. [33] corrected for an estimated norm of 1.002. Peach-colored
bands represent the truncation uncertainty for the 68% DoB. For the remaining notation of this
panel see Fig 3. The right panel compares the different uncertainties of the SMS N4LO+ result
for L = 450 MeV: Black solid, red dashed and blue dashed-dotted lines denote the truncation
uncertainty and the statistical uncertainties due to the parameters fitted from the NN system and
the pN LECs of Ref. [11], respectively.

Table 5 Deuteron binding energy Bd , asymptotic S-state normalization AS, asymptotic D/S-state
ratio h , matter radius rm, leading contribution to the quadrupole moment Q0 and D-state probability
PD for the SMS potential at N4LO+ for all values of the cutoff. The first error is the statistical
uncertainty with respect to both NN and pN parameters and the second error is the truncation
uncertainty (only provided for the observables AS and h).

L = 400 MeV L = 450 MeV L = 500 MeV L = 550 MeV Empirical

Bd (MeV) 2.2246 ? 2.2246 ? 2.2246 ? 2.2246 ? 2.22456614 (41) [34]
AS (fm�1/2) 0.8842 (3)(5) 0.8846 (3)(5) 0.8848 (3)(5) 0.8851 (3)(6) 0.8845 (8) [35]
h 0.0260 (2)(1) 0.0261 (2)(0) 0.0263 (2)(0) 0.0265 (2)(0) 0.0256 (4) [36]
rm (fm) 1.9647 (7) 1.9662 (6) 1.9674 (6) 1.9686 (6) —
Q0 (fm2) 0.271 (2) 0.275 (2) 0.279 (2) 0.282 (2) —
PD (%) 4.25 4.79 5.29 5.73 —
?The deuteron binding energy has been taken as input in the fit.

The excellent reproduction of experimental data of the SMS N4LO+ interaction
also extends to the deuteron bound state, whose properties are shown in Tab. 5 for all
considered cutoff values. The authors have limited the estimation of the truncation
error to (non-fitted) observables and thus provide them only for AS and h . rm and
Q0 are related to the corresponding moments of the probability density distribution
and thus determined solely by the deuteron wave function. These quantities are not
measurable but constitute the leading contributions to the observable structure radius
and the quadrupole moment, which will be discussed below.
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Fig. 4 Neutron-proton total cross section in the range Elab = 0–300 MeV. The left panel shows the
total cross sections divided by the SMS N4LO+ results for L = 450 MeV. The light blue points
are the experimental data of Ref. [33] corrected for an estimated norm of 1.002. Peach-colored
bands represent the truncation uncertainty for the 68% DoB. For the remaining notation of this
panel see Fig 3. The right panel compares the different uncertainties of the SMS N4LO+ result
for L = 450 MeV: Black solid, red dashed and blue dashed-dotted lines denote the truncation
uncertainty and the statistical uncertainties due to the parameters fitted from the NN system and
the pN LECs of Ref. [11], respectively.

Table 5 Deuteron binding energy Bd , asymptotic S-state normalization AS, asymptotic D/S-state
ratio h , matter radius rm, leading contribution to the quadrupole moment Q0 and D-state probability
PD for the SMS potential at N4LO+ for all values of the cutoff. The first error is the statistical
uncertainty with respect to both NN and pN parameters and the second error is the truncation
uncertainty (only provided for the observables AS and h).

L = 400 MeV L = 450 MeV L = 500 MeV L = 550 MeV Empirical

Bd (MeV) 2.2246 ? 2.2246 ? 2.2246 ? 2.2246 ? 2.22456614 (41) [34]
AS (fm�1/2) 0.8842 (3)(5) 0.8846 (3)(5) 0.8848 (3)(5) 0.8851 (3)(6) 0.8845 (8) [35]
h 0.0260 (2)(1) 0.0261 (2)(0) 0.0263 (2)(0) 0.0265 (2)(0) 0.0256 (4) [36]
rm (fm) 1.9647 (7) 1.9662 (6) 1.9674 (6) 1.9686 (6) —
Q0 (fm2) 0.271 (2) 0.275 (2) 0.279 (2) 0.282 (2) —
PD (%) 4.25 4.79 5.29 5.73 —
?The deuteron binding energy has been taken as input in the fit.

The excellent reproduction of experimental data of the SMS N4LO+ interaction
also extends to the deuteron bound state, whose properties are shown in Tab. 5 for all
considered cutoff values. The authors have limited the estimation of the truncation
error to (non-fitted) observables and thus provide them only for AS and h . rm and
Q0 are related to the corresponding moments of the probability density distribution
and thus determined solely by the deuteron wave function. These quantities are not
measurable but constitute the leading contributions to the observable structure radius
and the quadrupole moment, which will be discussed below.

EFT truncation error (68% DoB)



!Residual cutoff dependence
Resummation of non-renormalizable interactions (e.g., ) in the LS equation requires 
keeping Λ finite, Λ ~ Λb Lepage 97; EE, Gegelia ’09; EE, Gasparyan, Gegelia, Meißner ’18

V1π(r) ∼ 1/r3

Implicit renormalization (express bare LECs Ci(Λ) in terms of observable quantities)

Renormalizability in the EFT sense (  all power-counting breaking terms absorbable into the 
available counter terms) has been proven to NLO  Gasparyan, EE, PRC 105 (2022), PRC 107 (2023)

≡

Residual cutoff dependence at a given finite order as a tool to check consistency
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  The 2N interaction is in a good shape⇒



!Regularization and symmetry

calculated using DimReg

Faddeev equation for 3N scattering:

V3N
2π G0 V1N

1π V3N
2π

Nuclear potentials are derived using dim. reg. and supplied with an additional cutoff prior 
to solving the Schrödinger equation. Consistent?
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Nuclear potentials are derived using dim. reg. and supplied with an additional cutoff prior 
to solving the Schrödinger equation. Consistent?



!Regularization and symmetry

calculated using DimReg

Faddeev equation for 3N scattering:
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(τ2 ⋅ τ3 − τ1 ⋅ τ3)( ⃗q 2 ⋅ ⃗σ 3)] ⃗q 3 ⋅ ⃗σ 3
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π
+ …

If  were calculated with a cutoff, the problematic divergence would cancel exactly.  This 
issue affects all loop contributions beyond N2LO to 3NF and exchange currents. In contrast, 
NN forces are not affected (at a fixed ).

V3N
2π

Mπ

Nuclear potentials are derived using dim. reg. and supplied with an additional cutoff prior 
to solving the Schrödinger equation. Consistent?



!Gradient flow regularization

  Re-derive nuclear forces & currents using SYMMETRY PRESERVING cutoff regularization⇒

Hermann Krebs, EE, in preparation

An attractive option is the gradient flow method: 
— successfully applied to Yang-Mills theories (QCD) Martin Lüscher ’14

— proposed as a regulator for chiral EFT in several talks by David Kaplan
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  Re-derive nuclear forces & currents using SYMMETRY PRESERVING cutoff regularization⇒

Hermann Krebs, EE, in preparation

An attractive option is the gradient flow method: 
— successfully applied to Yang-Mills theories (QCD) Martin Lüscher ’14

— proposed as a regulator for chiral EFT in several talks by David Kaplan

Idea: let pion fields evolve in the flow „time“ τ by replacing the pion field  by the smoothened  
         one , , which fulfills the (covariant) gradient flow equation:

U
W(τ) W(0) = U

,  where   and  ∂τW = iw EOM(τ) w w = W EOM = [Dμ, wμ] +
i
2

χi −
i
4

Tr(χ−)

wμ |τ=0 = uμ

The flow „time“  acts as a regulator (smearing), the choice  matches the 
employed regularization of the OPEP: 

τ τ = (2Λ)−1

V1π(q) =
α

⃗q 2 + M2
π

e− ⃗q 2 + M2π
Λ2
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An attractive option is the gradient flow method: 
— successfully applied to Yang-Mills theories (QCD) Martin Lüscher ’14

— proposed as a regulator for chiral EFT in several talks by David Kaplan

Idea: let pion fields evolve in the flow „time“ τ by replacing the pion field  by the smoothened  
         one , , which fulfills the (covariant) gradient flow equation:

U
W(τ) W(0) = U

,  where   and  ∂τW = iw EOM(τ) w w = W EOM = [Dμ, wμ] +
i
2

χi −
i
4

Tr(χ−)

wμ |τ=0 = uμ

The flow „time“  acts as a regulator (smearing), the choice  matches the 
employed regularization of the OPEP: 

τ τ = (2Λ)−1

V1π(q) =
α

⃗q 2 + M2
π

e− ⃗q 2 + M2π
Λ2

Complication: the regularized Lagrangian involves arbitrary powers of time derivatives   
  cannot use Hamiltonian-based methods (like MUT) to derive nuclear forces/currents⇒

  new path-integral method to derive nuclear interactions  Hermann Krebs, EE, in preparation⇒



!Example: gradient flow reg. of the 4NF

Consider e.g. the contribution to the 4NF at N3LO involving a 4π-vertex:

10

FIG. 5: Class-II contributions to the 4NF. For notation, see Figs. 1 and 2.

and pion-nucleon interactions H04 and H23, respectively. Using Eqs. (2.14)-(2.17) one obtains the following
contributions to the class-II effective Hamilton operator:
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Similar to the previously considered class-I contributions, we employ additional η-space unitary transformations
with the operator S in Eq. (3.24) given by S = α3S3 + α4S4 + α5S5 where αi are real constants and
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The operators S3, S4 and S5 are the only time-reversal invariant anti-hermitian operators that can be constructed
out of two vertices H1

21 and one Weinberg-Tomozawa vertex H2
22 with Eπ ’s appearing only in the denominators.
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!Example: gradient flow reg. of the 4NF

Consider e.g. the contribution to the 4NF at N3LO involving a 4π-vertex:

10

FIG. 5: Class-II contributions to the 4NF. For notation, see Figs. 1 and 2.

and pion-nucleon interactions H04 and H23, respectively. Using Eqs. (2.14)-(2.17) one obtains the following
contributions to the class-II effective Hamilton operator:

V (4) = η

[

−
1

2
H1

21
λ1

Eπ
H1

21 ηH
1
21

λ1

Eπ
H1

21
λ2

E2
π
H2

22 −
1

2
H1

21
λ1

Eπ
H1

21 ηH
1
21

λ1

Eπ
H2

22
λ1

E2
π
H1

21

−
1

2
H1

21
λ1

Eπ
H1

21 ηH
2
22

λ2

Eπ
H1

21
λ1

E2
π

H1
21 −

1

2
H1

21
λ1

Eπ
H1

21 ηH
1
21

λ1

E2
π

H1
21

λ2

Eπ
H2

22

−
1

2
H1

21
λ1

Eπ
H1

21 ηH
1
21

λ1

E2
π

H2
22

λ1

Eπ
H1

21 −
1

2
H1

21
λ1

Eπ
H1

21 ηH
2
22

λ2

E2
π

H1
21

λ1

Eπ
H1

21

−
1

2
H1

21
λ1

E2
π

H1
21 ηH

1
21

λ1

Eπ
H1

21
λ2

Eπ
H2

22 −
1

2
H1

21
λ1

E2
π

H1
21 ηH

1
21

λ1

Eπ
H2

22
λ1

Eπ
H1

21

−
1

2
H1

21
λ1

E2
π
H1

21 ηH
2
22

λ2

Eπ
H1

21
λ1

Eπ
H1

21 +
1

2
H1

21
λ1

Eπ
H1

21
λ2

Eπ
H2

22
λ2

Eπ
H1

21
λ1

Eπ
H1

21

+H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ1

Eπ
H1

21
λ2

Eπ
H2

22 + H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ1

Eπ
H2

22
λ1

Eπ
H1

21

+H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ3

Eπ
H1

21
λ2

Eπ
H2

22 + H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ3

Eπ
H2

22
λ1

Eπ
H1

21

−H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ3

Eπ
H3

23 − H1
21

λ1

Eπ
H1

21
λ2

Eπ
H3

23
λ1

Eπ
H1

21

+H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ3

Eπ
H1

21
λ4

Eπ
H2

04 + H1
21

λ1

Eπ
H1

21
λ2

Eπ
H1

21
λ3

Eπ
H2

04
λ1

Eπ
H1

21 (3.34)

+
1

2
H1

21
λ1

Eπ
H1

21
λ2

Eπ
H2

04
λ2

Eπ
H1

21
λ1

Eπ
H1

21

]

η + h.c. .

Similar to the previously considered class-I contributions, we employ additional η-space unitary transformations
with the operator S in Eq. (3.24) given by S = α3S3 + α4S4 + α5S5 where αi are real constants and
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The operators S3, S4 and S5 are the only time-reversal invariant anti-hermitian operators that can be constructed
out of two vertices H1

21 and one Weinberg-Tomozawa vertex H2
22 with Eπ ’s appearing only in the denominators.
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!
The charge and quadrupole FFs of 2H

Arseniy Filin, Vadim Baru, EE, Hermann Krebs, Daniel Möller, Patrick Reinert, Phys. Rev. Lett. 124 (2020) 082501; 

Phys. Rev. C103 (2021) 024313

— Both the nuclear force and the 2N charge density are available to N4LO 
— Simple numerics

G(Q2) = GMain(Q2) + GDF(Q2) + GSO(Q2) + GBoost(Q2) + G1π(Q2) + GCont(Q2)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)

 
3X

i=0

ai exp(�biQ
2)

!�1

, (63)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)

 
3X

i=0

ai exp(�biQ
2)

!�1

, (63)

N4LO, Λ = 500 MeV

Arseniy Filin, Vadim Baru, EE, Hermann Krebs, Daniel Möller, Patrick Reinert, PRL 124 (2020) 082501; PRC 103 (2021) 024313
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled
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(Q) = GC(Q)
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FIG. 6. (Color online) Convergence of the chiral expansion for the charge (upper panel) and quadrupole (lower panel) deuteron
FFs for the cuto↵ ⇤ = 500 MeV. The curves correspond to di↵erent chiral orders, namely, black dotted (LO), yellow dashed
(NLO), green dot-dashed (N2LO), blue long-dashed (N3LO) and red solid (N4LO). For remaining notation see Fig. 5.

quantity M
e↵
⇡ in Eq. (69) serves to model the expansion of few-nucleon observables around the chiral limit, while ⇤b

denotes the breakdown scale of chiral EFT.

In Fig. 5, we show the charge and quadrupole FFs calculated at N4LO for the cuto↵ ⇤ = 500 MeV along with the
truncation error corresponding to the 68% degree-of-belief (DOB) interval estimated using Eq. (21) from [32] with
h = 10, c< = 0.5 and c> = 10 and assuming ⇤b = 650 MeV and M

e↵
⇡ = 200 MeV [121].

The truncation errors for the structure radius and the quadrupole moment given in Table I are estimated in exactly
the same way. To make this uncertainty estimate conservatively the truncation error in these quantities is, like in
the deuteron FFs, included twice: (i) by performing the Bayesian analysis for r2

str
and Qd explicitly and (ii) through

the statistical uncertainty in the short-range charge density extracted from the fit to G
exp

C
(Q2) and G

exp

Q
(Q2) using

Eqs. (58) and (59). We also provide in Table II the results for the deuteron structure radius and the quadrupole
moment at di↵erent orders of the chiral expansion along with the corresponding truncation errors, which show a
rather natural pattern of convergence for the considered cuto↵ value of ⇤ = 500 MeV.

2. Uncertainty from parametrizations of the nucleon form factors

In Fig. 7, we demonstrate the e↵ect of the uncertainties from the nucleon FFs on the deuteron charge and quadrupole
FFs. Our central results, as given by red bands (between solid lines) in Fig. 7, rely on the nucleon FFs extracted
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FIG. 6. (Color online) Convergence of the chiral expansion for the charge (upper panel) and quadrupole (lower panel) deuteron
FFs for the cuto↵ ⇤ = 500 MeV. The curves correspond to di↵erent chiral orders, namely, black dotted (LO), yellow dashed
(NLO), green dot-dashed (N2LO), blue long-dashed (N3LO) and red solid (N4LO). For remaining notation see Fig. 5.

quantity M
e↵
⇡ in Eq. (69) serves to model the expansion of few-nucleon observables around the chiral limit, while ⇤b

denotes the breakdown scale of chiral EFT.

In Fig. 5, we show the charge and quadrupole FFs calculated at N4LO for the cuto↵ ⇤ = 500 MeV along with the
truncation error corresponding to the 68% degree-of-belief (DOB) interval estimated using Eq. (21) from [32] with
h = 10, c< = 0.5 and c> = 10 and assuming ⇤b = 650 MeV and M

e↵
⇡ = 200 MeV [121].

The truncation errors for the structure radius and the quadrupole moment given in Table I are estimated in exactly
the same way. To make this uncertainty estimate conservatively the truncation error in these quantities is, like in
the deuteron FFs, included twice: (i) by performing the Bayesian analysis for r2

str
and Qd explicitly and (ii) through

the statistical uncertainty in the short-range charge density extracted from the fit to G
exp

C
(Q2) and G

exp

Q
(Q2) using

Eqs. (58) and (59). We also provide in Table II the results for the deuteron structure radius and the quadrupole
moment at di↵erent orders of the chiral expansion along with the corresponding truncation errors, which show a
rather natural pattern of convergence for the considered cuto↵ value of ⇤ = 500 MeV.

2. Uncertainty from parametrizations of the nucleon form factors

In Fig. 7, we demonstrate the e↵ect of the uncertainties from the nucleon FFs on the deuteron charge and quadrupole
FFs. Our central results, as given by red bands (between solid lines) in Fig. 7, rely on the nucleon FFs extracted

Convergence Convergence 

27

�����

�����

�����

�

|�
�
(�

)|

���

���

���

���

�
�
(�

) ��
��
��

� � �����

����

� � � 	 
 � �

���

�

��

���

� [�-�]

�
�
(�

)

� � � 	 


���

���

���

� [�-�]

�
�
(�

) ��
��
��

FIG. 8. (Color online) Residual cuto↵ dependence versus the truncation error for the deuteron charge and quadrupole FFs at
N4LO. Light-shaded blue bands between two solid lines correspond to the cuto↵ variation in the range of ⇤ = 400 . . . 550 MeV.
For remaining notation see Fig. 5.

5. Consistency checks

We are now in the position to perform several consistency checks of our calculations.

As already pointed out in Sec. III C, the two-body charge density from OPE is proportional to unobservable unitary-
transformation parameters �̄8 and �̄9. The observables must be independent of these parameters at least approx-
imately, i.e. up to higher order e↵ects. The results presented above are based on the minimal nonlocality choice,
Eq. (27), which is consistent with the employed chiral NN potentials of Ref. [18] and also with their predecessors from
Ref. [7]. To check the sensitivity of the deuteron FFs to �̄8 and �̄9, we developed an approximately phase-equivalent
version of the 2N potential using a di↵erent choice of the unobservable phases, namely �̄8 = �̄9 = 1/2, by re-doing
the fit of NN data using exactly the same protocol as in Ref. [18]. For this particular choice of �̄8, �̄9, the OPE
contribution to the charge density vanishes exactly: ⇢

1⇡
2N

= 0. Repeating the fits of the calculated deuteron FFs to
the world data, we find for the central values

r
2

str
= 3.8926 fm2

, Qd = 0.2849 fm2
, (70)

which should be compared with the values in Table I. As expected, the dependence on �̄8 and �̄9 for r2
str

turns out to
be very small, that is much smaller than the truncation error of the chiral expansion at N4LO. For the quadrupole
moment, the dependence on these parameters is also consistent with the truncation error. Note that to achieve the
independence of �̄8, �̄9 to such a high degree, we found it to be crucial for the nucleon FFs to be included not only

Residual Λ-dependence
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TABLE I. Deuteron structure radius squared and deuteron quadrupole moment predicted at N4LO in �EFT (2nd column)
and the individual contributions to the corresponding uncertainties from the truncation of the chiral expansion (3rd column),
the statistical error in the short-range charge density operator extracted from GC(Q

2) (4th column), the statistical uncertainty
in ⇡N LECs from the Roy-Steiner analysis (RSA) of Ref. [16, 17] propagated through the variation of the deuteron wave
functions (5th column), the statistical uncertainty in 2N LECs and ⇡N coupling constants f2

i from the analysis of the 2N data
of Ref. [7, 18] (6th column) and the choice of the maximal energy in the fit (7th column). The total uncertainties evaluated as
a sum of presented uncertainties in quadrature are quoted in the 8th column.

central truncation ⇢regCont ⇡N LECs RSA 2N LECs and f2
i Q-range total

r2str [fm2] 3.8925 ±0.0030 ±0.0024 ±0.0003 ±0.0025 +0.0035
�0.0005

+0.0058
�0.0046

Qd [fm2] 0.2854 ±0.0005 ±0.0007 ±0.0003 ±0.0016 +0.0035
�0.0005

+0.0038
�0.0017

with a1 = 0.295, a2 = 0.637, a3 = 0.010, b0 = 3.149 fm2, b1 = 1.183 fm2, b2 = 0.346 fm2, b3 = 0.036 fm2 and
a0 = 1� a1 � a2 � a3 and

G
scaled

Q
(Q) =

GQ(Q)

m2

d Qd

 
3X

i=0

ai exp(�biQ
2)

!�1

, (64)

with Qd = 0.2859 fm2, a1 = 0.344, a2 = 0.275, a3 = 0.035, b0 = 1.483 fm2, b1 = 0.475 fm2, b2 = 0.222 fm2,
b3 = 0.085 fm2 and a0 = 1�a1�a2�a3. In these plots, along with the comparison of our theoretical results with the
experimental data, we also show the results of the parametrization of the deuteron FFs provided in Refs. [35, 119].
While the results for G

th

C
(Q) and G

th

Q
(Q) are generally quite consistent with this parametrization within errors, a

more close look in G
scaled

C
(Q) reveals a discrepancy in the range of intermediate Q’s from 1 fm�1 to 2 fm�1, where the

uncertainty from the chiral expansion is still very small. Meanwhile, as will be discussed in Sec. VII E 2, this range of
the transferred momentum is especially sensitive to the choice of a parametrization of the nucleon FFs. In particular,
the inclusion of the uncertainty for the parametrization from Ref. [78] results in the reduction of the discrepancy with
Refs. [35, 119]. Nevertheless, the shape of Gth

C
(Q) in the range of Q’s from 1 fm�1 to 3.5 fm�1 appears to change

more rapidly as compared to the parametrization by Sick et al.

C. Prediction for structure radius and quadrupole moment. Extraction of neutron charge radius.

Using the fitted values of the LECs from Eq. (61) and the theoretical expressions for rstr and Qd collected in Ap-
pendix A, we make a parameter-free prediction for the deuteron structure radius and the quadrupole moment, which
read

rstr = 1.9729+0.0015
�0.0012 fm, Qd = 0.2854+0.0038

�0.0017 fm2
, (65)

where the uncertainties are obtained as a sum of all individual uncertainties given in Table I taken in quadrature, see
Sec. VII E for discussion. As advocated in Ref. [45], the knowledge of the deuteron structure radius provides access to
the neutron charge radius, which measures the charge distribution inside the neutron. Using Eqs. (52), (53) and (65),
we find

r
2

n = �0.105+0.005
�0.006 fm2

, (66)

which is consistent with our previous determination in Ref. [45]. In Section VIID we discuss some di↵erences between
the current result and the result of Ref. [45].

D. Comparison to PRL 124, 082501 (2020) (Ref. [45])

While this study is performed along the lines with Ref. [45], there are several updates incorporated in the current
analysis. These updates can be summarized as follows: (i) the updated SMS potentials of Ref. [18] that include isospin

Error budget:

EFT truncation, choice of fitting range, NN, N and γNN LECsπ

!Charge radius and quadrupole moment
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the statistical error in the short-range charge density operator extracted from GC(Q
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in ⇡N LECs from the Roy-Steiner analysis (RSA) of Ref. [16, 17] propagated through the variation of the deuteron wave
functions (5th column), the statistical uncertainty in 2N LECs and ⇡N coupling constants f2

i from the analysis of the 2N data
of Ref. [7, 18] (6th column) and the choice of the maximal energy in the fit (7th column). The total uncertainties evaluated as
a sum of presented uncertainties in quadrature are quoted in the 8th column.
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with Qd = 0.2859 fm2, a1 = 0.344, a2 = 0.275, a3 = 0.035, b0 = 1.483 fm2, b1 = 0.475 fm2, b2 = 0.222 fm2,
b3 = 0.085 fm2 and a0 = 1�a1�a2�a3. In these plots, along with the comparison of our theoretical results with the
experimental data, we also show the results of the parametrization of the deuteron FFs provided in Refs. [35, 119].
While the results for G

th

C
(Q) and G

th

Q
(Q) are generally quite consistent with this parametrization within errors, a

more close look in G
scaled

C
(Q) reveals a discrepancy in the range of intermediate Q’s from 1 fm�1 to 2 fm�1, where the

uncertainty from the chiral expansion is still very small. Meanwhile, as will be discussed in Sec. VII E 2, this range of
the transferred momentum is especially sensitive to the choice of a parametrization of the nucleon FFs. In particular,
the inclusion of the uncertainty for the parametrization from Ref. [78] results in the reduction of the discrepancy with
Refs. [35, 119]. Nevertheless, the shape of Gth

C
(Q) in the range of Q’s from 1 fm�1 to 3.5 fm�1 appears to change

more rapidly as compared to the parametrization by Sick et al.

C. Prediction for structure radius and quadrupole moment. Extraction of neutron charge radius.

Using the fitted values of the LECs from Eq. (61) and the theoretical expressions for rstr and Qd collected in Ap-
pendix A, we make a parameter-free prediction for the deuteron structure radius and the quadrupole moment, which
read

rstr = 1.9729+0.0015
�0.0012 fm, Qd = 0.2854+0.0038

�0.0017 fm2
, (65)

where the uncertainties are obtained as a sum of all individual uncertainties given in Table I taken in quadrature, see
Sec. VII E for discussion. As advocated in Ref. [45], the knowledge of the deuteron structure radius provides access to
the neutron charge radius, which measures the charge distribution inside the neutron. Using Eqs. (52), (53) and (65),
we find

r
2

n = �0.105+0.005
�0.006 fm2

, (66)

which is consistent with our previous determination in Ref. [45]. In Section VIID we discuss some di↵erences between
the current result and the result of Ref. [45].

D. Comparison to PRL 124, 082501 (2020) (Ref. [45])

While this study is performed along the lines with Ref. [45], there are several updates incorporated in the current
analysis. These updates can be summarized as follows: (i) the updated SMS potentials of Ref. [18] that include isospin
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leads to the prediction for the neutron radius:
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TABLE I. Deuteron structure radius squared and deuteron quadrupole moment predicted at N4LO in �EFT (2nd column)
and the individual contributions to the corresponding uncertainties from the truncation of the chiral expansion (3rd column),
the statistical error in the short-range charge density operator extracted from GC(Q

2) (4th column), the statistical uncertainty
in ⇡N LECs from the Roy-Steiner analysis (RSA) of Ref. [16, 17] propagated through the variation of the deuteron wave
functions (5th column), the statistical uncertainty in 2N LECs and ⇡N coupling constants f2

i from the analysis of the 2N data
of Ref. [7, 18] (6th column) and the choice of the maximal energy in the fit (7th column). The total uncertainties evaluated as
a sum of presented uncertainties in quadrature are quoted in the 8th column.
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, (64)

with Qd = 0.2859 fm2, a1 = 0.344, a2 = 0.275, a3 = 0.035, b0 = 1.483 fm2, b1 = 0.475 fm2, b2 = 0.222 fm2,
b3 = 0.085 fm2 and a0 = 1�a1�a2�a3. In these plots, along with the comparison of our theoretical results with the
experimental data, we also show the results of the parametrization of the deuteron FFs provided in Refs. [35, 119].
While the results for G

th
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th
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(Q) are generally quite consistent with this parametrization within errors, a

more close look in G
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C
(Q) reveals a discrepancy in the range of intermediate Q’s from 1 fm�1 to 2 fm�1, where the

uncertainty from the chiral expansion is still very small. Meanwhile, as will be discussed in Sec. VII E 2, this range of
the transferred momentum is especially sensitive to the choice of a parametrization of the nucleon FFs. In particular,
the inclusion of the uncertainty for the parametrization from Ref. [78] results in the reduction of the discrepancy with
Refs. [35, 119]. Nevertheless, the shape of Gth
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(Q) in the range of Q’s from 1 fm�1 to 3.5 fm�1 appears to change

more rapidly as compared to the parametrization by Sick et al.
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Using the fitted values of the LECs from Eq. (61) and the theoretical expressions for rstr and Qd collected in Ap-
pendix A, we make a parameter-free prediction for the deuteron structure radius and the quadrupole moment, which
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where the uncertainties are obtained as a sum of all individual uncertainties given in Table I taken in quadrature, see
Sec. VII E for discussion. As advocated in Ref. [45], the knowledge of the deuteron structure radius provides access to
the neutron charge radius, which measures the charge distribution inside the neutron. Using Eqs. (52), (53) and (65),
we find
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which is consistent with our previous determination in Ref. [45]. In Section VIID we discuss some di↵erences between
the current result and the result of Ref. [45].
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Results for Λ = 500 MeV: r(4)
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Truncation (N4LO): ,  πN LECs: ,  NN LECs: ,  other errors negligible±0.035 ±0.005 ±0.04

(very preliminary, likely to change)
0.215



!4th moment of the charge distribution
Arseniy Filin et al., in preparation

The fourth-order moment  is being measured in the ULQ2 exp Toshimi Suda et al. ⟨r4
d⟩ := 60 G′ ′ C(0)

⟨r4
d⟩ = r(4)

str +
10
3

r(2)
str (r(2)

n + r(2)
p +

3
4m2 ) + (r(4)

n +
5

2m2
r(2)
n ) + (r(4)

p +
5

2m2
r(2)
p +

45
16m4 )

As an application, one can predict ⟨r4
d⟩ = 64.62 ± 0.05χEFT ± 0.05r(2)

N
± 0.36r(4)

N
fm4

CODATA + PDG r(4)
p = 1.3 ± 0.3 fm4

r(4)
n = − 0.5 ± 0.2 fm4

(very preliminary, likely to change)

Results for Λ = 500 MeV: r(4)
str = r(4)

matter + r(4)
boost + r(4)

SO + r(4)
2N,OPE + r(4)

2N,CT = 55.68(5) fm4

55.442 −0.007 0.025 0.008

Error budget (preliminary):

Truncation (N4LO): ,  πN LECs: ,  NN LECs: ,  other errors negligible±0.035 ±0.005 ±0.04

(very preliminary, likely to change)
0.215



!4th moment of the charge distribution
Arseniy Filin et al., in preparation

The fourth-order moment  is being measured in the ULQ2 exp Toshimi Suda et al. ⟨r4
d⟩ := 60 G′ ′ C(0)

⟨r4
d⟩ = r(4)

str +
10
3

r(2)
str (r(2)

n + r(2)
p +

3
4m2 ) + (r(4)

n +
5

2m2
r(2)
n ) + (r(4)

p +
5

2m2
r(2)
p +

45
16m4 )

As an application, one can predict ⟨r4
d⟩ = 64.62 ± 0.05χEFT ± 0.05r(2)

N
± 0.36r(4)

N
fm4

CODATA + PDG r(4)
p = 1.3 ± 0.3 fm4

r(4)
n = − 0.5 ± 0.2 fm4

(very preliminary, likely to change)

Alternative determination of the 
nucleon isoscalar radius? r(2)

p + r(2)
n =

[⟨r4
d⟩ − r(4)

p − r(4)
n ] − r(4)

str − 15
16m4

10
3 r(2)

str + 5
2m2

−
3

4m2

1% accuracy    8% accuracy for  …⇒ r(2)
n + r(2)

p

Results for Λ = 500 MeV: r(4)
str = r(4)

matter + r(4)
boost + r(4)

SO + r(4)
2N,OPE + r(4)

2N,CT = 55.68(5) fm4

55.442 −0.007 0.025 0.008

Error budget (preliminary):

Truncation (N4LO): ,  πN LECs: ,  NN LECs: ,  other errors negligible±0.035 ±0.005 ±0.04

(very preliminary, likely to change)
0.215



!

Towards charge FFs of A = 3,4 nuclei
Arseniy Filin, Vadim Baru, EE, Hermann Krebs, Daniel Möller, Andreas Nogga, Patrick Reinert, in progress

Goal: precise determination of  & prediction for rstr, 4He rstr, A=3 = 1/3r2
str, 3H + 2/3r2

str, 3He



!Towards charge FFs of A = 3,4 nuclei
Arseniy Filin, Vadim Baru, EE, Christopher Körber, Hermann Krebs, Daniel Möller, Andreas Nogga, Patrick Reinert, in progress

NN interactions available at N4LO✅

3NF beyond N2LO not yet available (but can use correlation between radii and BEs)☑

Isovector  not available beyond N2LO    can only calculate 4He & 3H(e)isoscalar; 
the last remaining γNN LEC (1S0  1S0) fixed from the 4He FF data

ρ2N ⇒
→

☑

Isospin-breaking corrections, EM interactions (also beyond point-Coulomb)✅

Propagation of uncertainties and error analysis (expect ~ 2‰ accuracy)🚧

Relativistic corrections from boosting 3H(e), 4He to the Breit frame✅

Relativistic corrections to the BEs and WFs🚧

(2 ̂p2 + m2+Ṽ) Ψ = 2 k2 + m2 Ψ ⇒ ( ̂p2

m
+ V) Ψ =

k2

m
Ψ

χEFT NN potential

1.  Reconstruct   from  (nonlinear eq., solved by iterations)Ṽ V

2.  Use  to construct few-N irreps. of the Poincaré group by employing the   
     dynamical mass operator (  boost effects, …)  Polyzou et al., Few Body Syst. 49 (2011)

Ṽ
⇒

3.  Solve the relativistic Faddeev / Faddeev-Yakubovsky equations



!Summary and conclusions
Charge & quadrupole FFs of 2H are in good shape (N4LO, high-precision)

Other systems and processes are limited to N2LO accuracy due to unavailability of 
(consistently regularized) many-body forces & exchange currents 

  symmetry-preserving gradient flow regularization⇒

Ashot Gasparyan Vadim Baru

Ashot Gasparyan Vadim Baru

Ashot Gasparyan Vadim Baru Ashot Gasparyan Vadim Baru

Ashot Gasparyan Vadim Baru

Ashot Gasparyan Vadim Baru

Hermann Krebs, EE, in progress

Correlations between BEs and radii can be employed to obtain precise results for 
the charge FFs of 4He & 3H(e)isoscalar already at this stage Arseniy Filin et al., in progress

Thanks to my collaborators!


