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Quark Mixing & CKM Unitarity

CKM unitarity - measure of completeness of the SM:   
Top-row unitarity constraint 

VV† = 1
|Vud |2 + |Vus |2 + |Vub |2 = 1

Cabibbo: mass and flavor eigenstates  
connected by Cabibbo angle  
Strength is distributed among two channels

θC
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Kobayashi & Maskawa: 3 flavors, CP-violation

|GΔS=0
V | = cos θCGμ

|GΔS=1
V | = sin θCGμ
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The CKM matrix

the measured CKM matrix must be unitary!

1963: Cabibbo proposed a 2*2 matrix to mix the DS=0 and DS=1 charged weak 
current

1973: Kobayashi and Maskawa extended the matrix to 3*3 (the CKM matrix), 
introduced the 3rd generation quarks (Nobel Prize 2008)

Starting from a universal charged 
weak coupling:

Beta decays and V
ud

9

mtbtstd

cbcscd

ubusud

f

fd

b

s

d

VVV

VVV

VVV

b

s

d



















































,


The CKM matrix

the measured CKM matrix must be unitary!

1963: Cabibbo proposed a 2*2 matrix to mix the DS=0 and DS=1 charged weak 
current

1973: Kobayashi and Maskawa extended the matrix to 3*3 (the CKM matrix), 
introduced the 3rd generation quarks (Nobel Prize 2008)

Starting from a universal charged 
weak coupling:

Beta decays and V
ud

CKM unitarity is among our best precision tools to test the SM!



Status of Cabibbo unitarity 
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|Vud |2 + |Vus |2 + |Vub |2 = 0.9985(6)Vud
(4)Vus

∼ 10−5∼ 0.95 ∼ 0.05

Inconsistencies: between measurements  
of  and  and SM predictions 

Main reason for Cabibbo-angle anomaly: 
shift in  (and small uncertainties?)

Vud Vus

Vud

with uncertainty entirely dominated by the branching frac-
tion [24] (the subleading errors refer to the pion lifetime ⌧⇡, ra-
diative corrections [25, 27], and the phase-space factor, whose
uncertainty mainly arises from the pion mass di↵erence). A
competitive determination requires a dedicated experimental
campaign, as planned at the PIONEER experiment [28].

The best information on Vus comes from kaon decays, K`2 =
K ! `⌫` and K`3 = K ! ⇡`⌫`. The former is typically ana-
lyzed by normalizing to ⇡`2 decays [29], leading to a constraint
on Vus/Vud, while K`3 decays give direct access to Vus when the
corresponding form factor is provided from lattice QCD [30].
Details of the global fit to kaon decays, as well as the input
for decay constants, form factors, and radiative corrections, are
discussed in Sec. 2, leading to

Vus

Vud

�����
K`2/⇡`2

= 0.23108(23)exp(42)FK/F⇡ (16)IB[51]total,

VK`3
us = 0.22330(35)exp(39) f+ (8)IB[53]total, (7)

where the errors refer to experiment, lattice input for the matrix
elements, and isospin-breaking corrections, respectively. To-
gether with the constraints on Vud, these bands give rise to the
situation depicted in Fig. 1: on the one hand, there is a ten-
sion between the best fit and CKM unitarity, but another ten-
sion, arising entirely from meson decays, is due to the fact that
the K`2 and K`3 constraints intersect away from the unitarity
circle. Additional information on Vus can be derived from ⌧
decays [31, 32], but given the larger errors [33, 34] we will
continue to focus on the kaon sector.

The main point of this Letter is that given the various ten-
sions in the Vud–Vus plane, there is urgent need for additional
information on the compatibility of K`2 and K`3 data, especially
when it comes to interpreting either of the tensions (CKM uni-
tarity and K`2 versus K`3) in terms of physics beyond the SM
(BSM). In particular, the data base for K`2 is completely dom-
inated by a single experiment [35], and at the same time the
global fit to all kaon data displays a relatively poor fit quality.
All these points could be scrutinized by a new measurement of
the Kµ3/Kµ2 branching fraction at the level of a few permil, as
possible at the NA62 experiment. Further, once the experimen-
tal situation is clarified, more robust interpretations of the en-
suing tensions will be possible, especially regarding the role of
right-handed currents both in the strange and non-strange sec-
tor. To make the case for the proposed measurement of the
Kµ3/Kµ2 branching fraction, we first discuss in detail its impact
on the global fit to kaon data and the implications for CKM uni-
tarity in Sec. 2. The consequences for physics beyond the SM
are addressed in Sec. 3, before we conclude in Sec. 4.

2. Global fit to kaon data and implications for CKM uni-
tarity

The current values for Vus and Vus/Vud given in Eq. (7) are
obtained from a global fit to kaon decays [36–39], updated
to include the latest measurements, radiative corrections, and
hadronic matrix elements. In particular, the fit includes data on
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s

Figure 1: Constraints in the Vud–Vus plane. The partially overlapping vertical
bands correspond to V0+!0+

ud (leftmost, red) and Vn, best
ud (rightmost, violet). The

horizontal band (green) corresponds to VK`3
us . The diagonal band (blue) corre-

sponds to (Vus/Vud)K`2/⇡`2 . The unitarity circle is denoted by the black solid
line. The 68% C.L. ellipse from a fit to all four constraints is depicted in yel-
low (Vud = 0.97378(26), Vus = 0.22422(36), �2/dof = 6.4/2, p-value 4.1%),
it deviates from the unitarity line by 2.8�. Note that the significance tends to
increase in case ⌧ decays are included.

KS decays from Refs. [40–46], on KL decays from Refs. [47–
58], and on charged-kaon decays from Refs. [35, 59–72]. Since
we focus on the impact of a new Kµ3/Kµ2 measurement, e.g.,
at NA62, we reproduce the details of the charged kaon fit in
Table 1, where, however, the value for Vus from K`3 decays in-
cludes the results obtained for all decay modes, accounting for
correlations among them. The extraction of Vus from K`3 de-
cays requires further input on the respective form factors, which
are taken in the dispersive parameterization from Ref. [73], con-
strained by data from Refs. [74–80]. This leaves form-factor
normalizations, decay constants, and isospin-breaking correc-
tions in both K`2 and K`3 decays.

For K`2 we follow the established convention to consider the
ratio to ⇡`2 decays [29] (pion lifetime [64, 81–85] and branch-
ing fraction [86–89] are taken from Ref. [3]), since in this ratio
certain structure-dependent radiative corrections [90, 91] cancel
and only the ratio of decay constants FK/F⇡ needs to be pro-
vided. We use the isospin-breaking corrections from Ref. [92]
together with the Nf = 2 + 1 + 1 isospin-limit ratio of de-
cay constants FK/F⇡ = 1.1978(22) [93–96], where this aver-
age accounts for statistical and systematic correlations between
the results, some of which make use of the same lattice en-
sembles. For K`3 decays we use the radiative corrections from
Refs. [97–99] (in line with the earlier calculations [100, 101]),
the strong isospin-breaking correction �SU(2) = 0.0252(11)
from Refs. [100, 102] evaluated with the Nf = 2 + 1 + 1 quark-
mass double ratio Q = 22.5(5) and ratio ms/mud = 27.23(10),

2
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Vus from kaon decays – M. Moulson – ELECTRO 2022 – Mainz Institute for Theoretical Physics, 28 October 2022

Vus/Vud and Kℓ2 decays

27

Inputs from theory:

δEM Long-distance EM corrections

δSU(2) Strong isospin breaking
fK/fπ→ fK±/fπ±

fK/fπ Ratio of decay constants
Cancellation of lattice-scale 
uncertainties from ratio
NB: Most lattice results already 
corrected for SU(2)-breaking: fK±/fπ±

Inputs from experiment:

From K± BR fit:
BR(K±

µ2(γ)) = 0.6358(11)
τK± = 12.384(15) ns

From PDG:
BR(π±

µ2(γ)) = 0.9999
τπ± = 26.033(5) ns

Vus / Vud from Kl2 decays

6

ChPT:		 		Cirigliano	et	al,	2011	
LQCD+EM	 :		 		Gius3	et	al,	2018	
LQCD+EM	 :		 		Di	Carlo	et	al,	2019

δSU(2) + δEM = − 0.0112(21)
(Nf = 2 + 1 + 1) δSU(2) + δEM = − 0.0122(16)
(Nf = 2 + 1 + 1) δSU(2) + δEM = − 0.0126(14)

δSU(2) + δEM

fK /fπ
LQCD	 :		 	
LQCD	 :		

(Nf = 2 + 1) fK /fπ = 1.1946(34)
(Nf = 2 + 1 + 1) fK /fπ = 1.1978(22) FLAG	2021	averages

|Vus /Vud | = 0.23108(23)exp(42)lat(16)IB

(51)tot = 0.22 %
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Vus from Kℓ3

Vus from kaon decays – M. Moulson – ELECTRO 2022 – Mainz Institute for Theoretical Physics, 28 October 2022

Determination of Vus from Kℓ3 data

3

Inputs from theory:
f+

K0π−(0) Hadronic matrix element 
(form factor) at zero 
momentum transfer (t = 0)

ΔK
SU(2) Form-factor correction for 

SU(2) breaking

ΔKℓ
EM Form-factor correction for 

long-distance EM effects

with K ! {K+, K0};  ℓ! {e, µ}, and:
CK2 1/2 for K+, 1 for K0

SEW Universal SD EW correction (1.0232)

Inputs from experiment:
Γ(Kℓ3(γ)) Rates with well-determined 

treatment of radiative decays:
• Branching ratios
• Kaon lifetimes

IKℓ({λ}Kℓ) Integral of form factor over 
phase space: λs parameterize 
evolution in t

• Ke3: Only λ+ (or λ+′, λ+″)
• Kµ3: Need λ+ and λ0

Vus from kaon decays – M. Moulson – ELECTRO 2022 – Mainz Institute for Theoretical Physics, 28 October 2022
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Determination of Vus from Kℓ3 data

3

Inputs from theory:
f+

K0π−(0) Hadronic matrix element 
(form factor) at zero 
momentum transfer (t = 0)

ΔK
SU(2) Form-factor correction for 

SU(2) breaking

ΔKℓ
EM Form-factor correction for 

long-distance EM effects

with K ! {K+, K0};  ℓ! {e, µ}, and:
CK2 1/2 for K+, 1 for K0

SEW Universal SD EW correction (1.0232)

Inputs from experiment:
Γ(Kℓ3(γ)) Rates with well-determined 

treatment of radiative decays:
• Branching ratios
• Kaon lifetimes

IKℓ({λ}Kℓ) Integral of form factor over 
phase space: λs parameterize 
evolution in t

• Ke3: Only λ+ (or λ+′, λ+″)
• Kµ3: Need λ+ and λ0

f+(0)
LQCD	 :		 		
LQCD	 :		 	
ChPT:		 		Ecker	et	al	2015;	Bijnens,	Ecker	2014

(Nf = 2 + 1) f+(0) = 0.9677(27)
(Nf = 2 + 1 + 1) f+(0) = 0.9698(17)
f+(0) = 0.970(8)

FLAG	2021	averages

Kℓ3 : |Vus | = 0.22330(35)exp(39)lat(8)IB

(53)tot = 0.24 %



RC to Kℓ3
Until 2021: best way to compute long-distance EM RC was with ChPT

A series of works reformulated the problem as a hybrid of current algebra and 
ChPT, plus input from lattice QCD calculations of -box for  and γW πe3 Kℓ3

Cirigliano, Gianotti, Neufeld 0807.4507I(0)K!(λi) δK!
EM(D3)(%) δK!

EM(D4−3)(%) δK!
EM(%)

K0
e3 0.103070 0.50 0.49 0.99 ± 0.30

K±

e3 0.105972 -0.35 0.45 0.10 ± 0.30
K0

µ3 0.068467 1.38 0.02 1.40 ± 0.30
K±

µ3 0.070324 0.007 0.009 0.016 ± 0.30

Table 1: Summary of phase space integrals and EM corrections to the K!3 decay rates.
The EM corrections are calculated to fixed order in ChPT (O(e2p0)). The phase space
integrals are calculated using slope and curvature parameters from the fit of Ref. [1]. The
uncertainty estimate is discussed in the text.

δK!
EM(D3)(%) δK!

EM(D4−3)(%) δK!
EM(%)

K0
e3 0.41 0.59 1.0

K±

e3 -0.564 0.528 -0.04
K0

µ3 1.57 0.04 1.61
K±

µ3 -0.006 0.011 0.005

Table 2: Summary of EM corrections to the K!3 decay rates calculated according to the
“soft-photon factorization” approach of Ref. [5], which includes incomplete higher order
terms in the chiral expansion. Comparison with the results of Table 1 validates our estimate
of the theoretical uncertainties.

appears to be in the coefficient δ3, where we find δ3 : −0.08% → −0.16% when going from
fixed chiral order to the soft factorization scheme. This can be traced back to the cancel-
lation between the negative contribution from D3 (-0.31%) and the positive contribution
from D4−3 (0.23%). Multiplying these individual pieces by 0.2 gives ∼ 0.06 and ∼ 0.05,
respectively, which is just the order of magnitude of the shift we are seeing (-0.08 → -0.16).

Based on the above discussion, we bound the higher order uncertainties as follows:
|δe

2p2

1 | < 0.13%, |δe
2p2

2 | < 0.11%, |δe
2p2

3 | < 0.08%, |δe
2p2

4 | < 0.025%. Adding these linearly
we estimate the uncertainties quoted in Table 1 for the total corrections. Finally, using the
same bounds on δe

2p2

i we estimate the theoretical uncertainties on the linear combinations
which are relevant for lepton universality and strong isospin-breaking tests:

δK
0e

EM − δK
0µ

EM = −(0.41± 0.20)% , (33)

δK
±e

EM − δK
±µ

EM = (0.08± 0.20)% , (34)

δK
±e

EM − δK
0e

EM = −(0.89± 0.30)% , (35)

δK
±µ

EM − δK
0µ

EM = −(1.38± 0.30)% . (36)

11

δK!
EM ChPT

K0e 11.6(2)inel(1)lat(1)NF(2)e2p4 9.9(1.9)e2p4(1.1)LEC

K+e 2.1(2)inel(1)lat(4)NF(1)e2p4 1.0(1.9)e2p4(1.6)LEC

K0µ 15.4(2)inel(1)lat(1)NF(2)LEC(2)e2p4 14.0(1.9)e2p4(1.1)LEC

K+µ 0.5(2)inel(1)lat(4)NF(2)LEC(2)e2p4 0.2(1.9)e2p4(1.6)LEC

Table IV: Final result for δK!
EM, in units of 10−3. The ChPT result from Ref.[22] is given in the last

column for comparison.

• For (δf−)rem, the independent combinations of LECs are X1, C1 ≡ Xr
2 − Xr

3 , C2 ≡

2Kr
3 −Kr

4 and C3 ≡ Kr
5 +Kr

6 . Among them, X1 = −2.2(4)× 10−3 was fixed to good

precision with the recent lattice calculations [21], and its resulting uncertainty to δK!3

is negligible. Similar calculations are not yet done for C1−3, so we infer their values

at µ = Mρ from resonance models [34–36], and assign a 100% uncertainty to each of

them:

C1 = −1.4(1.4)LEC×10−3 , C2 = 4.0(4.0)LEC×10−3 , C3 = 14.4(14.4)LEC×10−3 . (29)

Meanwhile, the next three uncertainties are estimated as follows:

• The NF uncertainty in (δf+)
b,A
γW is estimated by multiplying !

V A<
γW in each channel by

M2
K/Λ

2
χ;

• TheO(e2p4) chiral uncertainty is obtained by first adding all the columns with asterisks

in Table I–III, and then multiply the sum by M2
K/Λ

2
χ;

• Finally, a conservative uncertainty of 2× 10−4 is assign to each channel to account for

the poorly-constrained contribution from (δf+)inel (see discussions in Sec.III B).

Unlike the first two, these three errors are deduced using näıve power counting and order-

of-magnitude estimations, and it is difficult to identify independent sources of uncertainties

within each type. In fact, we consider it as arbitrary to take these uncertainties to be un-

correlated as to assume any correlation. Therefore, we simply take them to be uncorrelated,

following the same strategy adopted by some of us in Ref. [25].

14

[10−3]

8

Seng, Galviz, Meißner 1910.13208
Seng, Galviz, MG, Meißner 2103.04843
Seng, Galviz, MG, Meißner 2203.05217

Feng, MG, Jin, Ma, Seng 2003.09798
Ma, Feng, MG, Jin, Seng 2102.12048

Uncertainties reduced by an o.o.m. 
Long-distance EM RC not responsible for the -  discrepancy!Kℓ2 Kℓ3
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|Vud |2 =
5024.7 s

τn(1 + 3gA2)(1+ΔV
R)Neutron decay: 2 measurements needed

Vud from neutron decay

RC : bo'leneck since 40 years 

Since 2018: DR+data+pQCD+EFT+LQCD 

 uncertainty: factor 2 reducDon

ΔV
R

ΔV
R

C-Y Seng et al., PRL 2018; PRD 2019 
A. Czarnecki, B. Marciano, A. Sirlin, PRD 2018 
K. Shiells et al, PRD 2021; L. Hayen PRD 2021 
P-X Ma, X. Feng, MG, L-C Jin, et al 2308.16755

PERKEO-III B. Märkisch et al, Phys.Rev.Lett. 122 (2019) 24, 242501

Experiment: factor 3-5 uncertainties improvement; discrepancies in  and τn gA

UCN  F. M. Gonzalez et al. Phys. Rev. Lett. 127 (2021) 162501τ

aSPECT M. Beck et al, Phys. Rev. C101 (2020) 5, 055506; 2308.16170

BL1 (NIST) Yue et al, PRL 111 (2013) 222501

gA = − 1.27641(56)

gA = − 1.2677(28)
3.4σ

τn = 877.75(28)+16
−12

τn = 887.7(2.3)
4σ

Pre-2018:	 	Marciano,	Sirlin	PRL	2006	
Post-2018:	 	MG,	Seng	Universe	2023

ΔV
R = 0.02361(38)

ΔV
R = 0.02479(21)

|V free n
ud | = 0.9740 (2)τn

(3)gA
(1)RC[4]total

Single best measurements onlyPDG average
|V free n

ud | = 0.9743 (3)τn
(8)gA

(1)RC[9]total

Future exp coming! RC under control

https://arxiv.org/abs/2308.16755
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7	values:	same	within	~2%	but	not	exactly!	
Reason:	SU(2)	slightly	broken	
a. RC	(e.m.	interacOon	does	not	conserve	isospin)	
b. Nuclear	WF	are	not	SU(2)	symmetric		
						(proton	and	neutron	distribuOon	not	the	same)

Advantages:	
1. Only	conserved	vector	current	
2. 15	measured	to	beXer	than	0.2%	
3. 5	measured	beXer	than	 		
4. Internal	consistency	as	a	check	
5. SU(2)	good	—>	correcOons	~small	
6. We	know	a	lot	about	nuclei	
7. Only	scalar	(or	vector)	BSM	accessible

τn

7

“Superallowed” beta decays of I=1, Jp=0+ nuclei

Provides the best measurement 
of V

ud
 :

➢ 23 measured transitions
➢ 15 with ft-precision better 

than 0.23% 

Hardy and Towner, 2020 PRC

m
I
=+1→m

I
=0 m

I
=0→m

I
=-1 

: ft-precision better than t
n
 in

UCNt

Exp.:	f	-	phase	space	(Q	value)		
t	-	parOal	half-life	(t1/2,	branching	raOo)
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Vud extraction: Universal RC and Universal Ft

12

To obtain Vud —> absorb all decay-specific corrections into universal Ft

ft(1 + RC + ISB) = ℱt(1 + ΔV
R) = ft(1 + δ′ R)(1 − δC + δNS)(1 + ΔV

R)

Outer: QED Isospin-breaking Nuclear structure Universal inner
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Average	of	14	decays Hardy,	Towner	1972	-	2020

|Vud |2 =
2984.43s

ℱt(1+ΔV
R)

~ Measured

|V0+−0+

ud | = 0.9737 (1)exp, nucl (3)NS (1)RC[3]total

Pre-2018:	ℱt = 3072.1 ± 0.7 s

PDG	2022:	ℱt = 3072 ± 2 s
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|Vπℓ3
ud | = 0.9739 (27)exp (1)RC

Pion decay : theoretically cleanest, experimentally toughπ+ → π0e+νe

|Vud |2 =
0.9799
(1+δ)

Γπℓ3

0.3988(23) s−1

Future exp: 1 o.o.m. (PIONEER @ PSI)

RC to semileptonic pion decay  uncertainty: factor 3 reducDonδ

ChPT:		 		Cirigliano	et	al,	2003;	Passera	et	al,	2011	
DR	+	LQCD	+	ChPT:	 	Feng	et	al,	2020;	Yoo	et	al,	2023

δ = − 0.0334(10)LEC(3)HO
δ = 0.0332(1)γW(3)HO

Vud from semileptonic pion decay



RC to beta decay: overall setup



RC to beta decay: overall setup

Tree-level amplitude

15

Electron carries away energy E < Q-value of a decay

i = n, A(0+) f = p, A′ (0+)

e±

νe(ν̄e) ∼ Vud

Radiative corrections to tree-level amplitude ∼ α/2π ≈ 10−3

Precision goal for Vud extraction 1 × 10−4

α
2π ( E

Λ
, ln

E
Λ

, …)E-dep RC:

Nuclear scale

Λhad = 300 MeV
Hadronic scale

MZ, MW ∼ 90 GeV
Weak boson scale

me ≈ 0.5 MeV

Qif = Mi − Mf = 1 − 10 MeV

Electron mass

Decay Q-value (endpoint energy)

Λnuc = 10 − 30 MeV

Λ

Energy scales Λ
Universal 

Nuclear structure dependent  
(QCD)

Nucleus-specific

Nuclear structure independent  
(QED)



RC to beta decay: overall setup
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Generically: only IR and UV extremes feature large logarithms! 
Works by Sirlin (1930-2022) and collaborators: all large logs under control

• Pioneering work by Sirlin (Phys.Rev. 164, 1767 (1967) , before the 
establishment of SM) was to separate RC into two pieces:

1. “Outer” correction: depends critically on the electron spectrum 
but not on the details of strong and weak interaction

2. “Inner” correction: depends on the details of strong and weak 
interaction but not so much on the electron spectrum

• The “outer” contributions are obtained by retaining only the IR-
singular pieces in the loop diagrams

• Bremsstrahlung diagrams are also needed to cancel IR divergence

Radiative Corrections:Pre-SM

5
Diagrams taken from Ando et al, PLB 595 (2004) 250

• Pioneering work by Sirlin (Phys.Rev. 164, 1767 (1967) , before the 
establishment of SM) was to separate RC into two pieces:

1. “Outer” correction: depends critically on the electron spectrum 
but not on the details of strong and weak interaction

2. “Inner” correction: depends on the details of strong and weak 
interaction but not so much on the electron spectrum

• The “outer” contributions are obtained by retaining only the IR-
singular pieces in the loop diagrams

• Bremsstrahlung diagrams are also needed to cancel IR divergence

Radiative Corrections:Pre-SM

5
Diagrams taken from Ando et al, PLB 595 (2004) 250

Sirlin function (outer correction): 
All IR-div. pieces beyond Coulomb distortion

Fermi function: resummation of (Z𝛼)n —> Dirac - Coulomb problem

IR: Fermi function + Sirlin function

9

W

J ,Zb  

Q

e

h 'h

W

W

J , ,WZb  

Q

e

h 'h

Z

Q

e

h 'h

W W

Q

e

h 'h

Z

Contributions of these diagrams are either exactly known (by CA) or depend only on UV 
physics which can be computed perturbatively

Radiative Corrections: Modern Treatment

W,Z - loops 
UV structure of SM

Inner RC:  
energy- and model-independent

UV: large EW logs + pQCD corrections

-box: sensitive to all scalesγW
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The only piece that depends on physics at hadronic scale is the V*A term in the WJ�box 
diagram:

Its contribution to Rec (“m.d”: model-dependent) is:

where the forward Compton amplitude is defined as:

q q

Radiative Corrections: Modern Treatment

New method for computing EW boxes: dispersion theory 
Combine exp. data with pQCD, lattice, EFT, ab-initio nuclear



RC to  decay - scale separationβ
Fermi function (pure Coulomb + nuclear size & recoil + atomic) —> phase-space f 

Soft Bremsstrahlung: universal Sirlin’s function + nucleus specific corrections —>  
All IR-sensitive pieces: recent review

δ′ R

Fermi,	Behrens-Bühring,	Wilkinson…
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Hayen	et	al	RMP	2018

UV-sensitive RC on free neutron : Sirlin, Marciano, Czarnecki 1967 - 2006  ΔV
R

g2
V = |Vud |2 [1 +

α
2π {3 ln

MZ

Mp
+ ln

MZ

MW
+ ãg} + δHO

QED + 2 □γW ]
RC on nuclei: extract the universal (free n) : 

Nuclear structure correction:  

All non-enhanced terms  — only need to ~10% 
Approximations are legitimate (isospin limit, …)

ΔV
R

δNS = 2( □Nucl
γW − □free n

γW )

∼ α/2π ∼ 10−3



-box from DRγW
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4

Single-nucleon radiative correction

Superallowed 0+ → 0+ :  

Experiment + nuclear corrections Single-nucleon radiative correction (RC)

Uncertainty halved but central value shifted!

Major source of theory uncertainty: “gW-box diagram”

Estimate by Marciano and Sirlin, state-of-the-art result
from 2006 to 2018:

Year 2018: new evaluation with dispersion relation (DR) :

CYS, Gorchtein, Patel and
Ramsey-Musolf, 2018 PRL

Confirmed later by independent studies: Czarnecki, Marciano and Sirlin, 2019 PRD
Hayen, 2020
Shiells, Blunden and Melnitchouk, 2020

4

Single-nucleon radiative correction

Superallowed 0+ → 0+ :  

Experiment + nuclear corrections Single-nucleon radiative correction (RC)

Uncertainty halved but central value shifted!

Major source of theory uncertainty: “gW-box diagram”

Estimate by Marciano and Sirlin, state-of-the-art result
from 2006 to 2018:

Year 2018: new evaluation with dispersion relation (DR) :

CYS, Gorchtein, Patel and
Ramsey-Musolf, 2018 PRL

Confirmed later by independent studies: Czarnecki, Marciano and Sirlin, 2019 PRD
Hayen, 2020
Shiells, Blunden and Melnitchouk, 2020

-box from dispersion relationsγW

Generalized Compton tensor  
time-ordered product — complicated!

Commutator (Im part) - only on-shell  
hadronic states — related to data

∫ dxeiqx⟨Hf(p) | [Jμ
em(x), Jν,±

W (0)] |Hi(p)⟩∫ dxeiqx⟨Hf(p) |T{Jμ
em(x)Jν,±

W (0)} |Hi(p)⟩

Model-dependent part or RC: -boxγW

Physics of taming model dependence with dispersion relations:  

virtual photon polarizes the nucleon/nucleus;  
Long- and intermediate-range part of the box sensitive to hadronic polarizabilities 
Polarizabilities related to the excitation spectrum via dispersion relation  
(Cf. Kramers-Kronig)

Generalized (non-diagonal) Compton amplitudes Interference structure functions
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Universal RC from dispersion relations
ImTμν

γW = … +
iεμναβpαqβ

2(pq)
FγW

3 (x, Q2)Interference  structure functionsγW

Figure 4: (Color online) Blue curve: The Wick rotation contour of the ⌫-integral. Red lines and

dots: Cuts and poles at ⌫ = ⌫ 0. Green dot: The pole ⌫ = Ee + |~pe � ~q|� i". Purple dots: Possible

positions of the pole ⌫ = Ee � |~pe � ~q|+ i".

combining the Wick and residue contributions we obtain

Re⇤b,even
�W (Ee) =

↵

2⇡Ee

1

Mf+(0)

Z 1

0

dQ2 M2
W

M2
W +Q2

Z 1

⌫thr

d⌫ 0

⌫ 0 F3,�(⌫
0, Q2)

⇥

⇢
ln

����
Ee + Emin

Ee � Emin

����+
⌫ 0

2Ee
ln

����1�
E2

e

E2
min

����

�

Re⇤b,odd
�W (Ee) = �

↵

2⇡Ee

1

Mf+(0)

Z 1

0

dQ2 M2
W

M2
W +Q2

Z 1

⌫thr

d⌫ 0

⌫ 0 F3,+(⌫
0, Q2)

⇥

⇢
ln

����1�
E2

e

E2
min

����+
⌫ 0

2Ee
ln

����
Ee + Emin

Ee � Emin

�����
⌫ 0

Emin

�
, (41)

where Emin ⌘ (⌫ 0 +
p
⌫ 02 +Q2)/2. One finds that the even piece is associated to F3,� and

the odd piece to F3,+. Finally, a small-Ee expansion gives:

Re⇤b,e
�W (Ee) =

↵

⇡

Z 1

0

dQ2 M2
W

M2
W +Q2

Z 1

⌫thr

d⌫ 0

⌫ 0
⌫ 0 + 2

p
⌫ 02 +Q2

(⌫ 0 +
p
⌫ 02 +Q2)2

F3,�(⌫ 0, Q2)

Mf+(0)
+O(E2

e )

Re⇤b,o
�W (Ee) =

2↵Ee

3⇡

Z 1

0

dQ2

Z 1

⌫thr

d⌫ 0

⌫ 0
⌫ 0 + 3

p
⌫ 02 +Q2

(⌫ 0 +
p
⌫ 02 +Q2)3

F3,+(⌫ 0, Q2)

Mf+(0)
+O(E3

e )

(42)

which recovers Eq.(10) in Ref.[73] upon correcting the typos in the latter. Notice that

we removed the factor M2
W/(M2

W + Q2) in ⇤b,odd
�W because the integral does not probe the

Q2
⇠ M2

W region.

Next we study ⇤a
�W , with Eq.(26) as the starting point. Rather than giving the dispersive

representation of T1,± and T2,± with the full Ee-dependence, we retain only the O(Ee) terms
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After some algebra (isospin decomposition, loop integration)

Advantage to previous approach (Marciano & Sirlin):  
- Explicit 2-fold integral, isospin decomposition and energy dependence

M3(n, Q2) =
n + 1
n + 2 ∫

1

0

dxξn

x2

2x(n + 1) − nξ
n + 1

F3(x, Q2), ξ =
2x

1 + 1 + 4M2x2 /Q2

Nachtmann moments 
play a role in DIS

moment,

M 0
1,+(2, Q

2) ⌘

✓
Q2

M

◆2 Z 1

⌫thr

d⌫ 0

⌫ 0
2⌫ 0

(⌫ 0 +
p
⌫ 02 +Q2)3

F1,+(xB, Q2)

f+(0)
, (48)

which reduces to the respective Mellin moment at large Q2, M 0
1,+(2, Q

2) ! M̃1,+(2, Q2). In

terms of these Nachtmann moments, Eqs.(42), (45) become

Re⇤b
�W (Ee) =

3↵

2⇡

Z 1

0

dQ2

Q2

M2
W

M2
W +Q2


M3,�(1, Q

2) +
8EeM

9Q2
M3,+(2, Q

2)

�
+O(E2

e )

Re⇤a
�W (Ee) = �

4↵

3⇡
⌘

Z 1

0

dQ2

Q2

✓
EeM

Q2

◆
M 0

1,+(2, Q
2) +

3

2
M2,�(1, Q

2)

�
+O(E2

e ) . (49)

Assuming these two pieces together give a precise enough description of the nuclear �W -box

diagram (which needs to be checked by studying its convergence speed), we write,

Re⇤nucl
�W �⇤n

�W ⇡
3↵

2⇡

Z 1

0

dQ2

Q2

n⇥
Mnucl

3,� (1, Q2)�Mn
3,�(1, Q

2)
⇤

+
8EeM

9Q2


Mnucl

3,+ (2, Q2)� ⌘M 0nucl
1,+ (2, Q2)�

3

2
⌘Mnucl

2,� (1, Q2)

�o
. (50)

Above, the factor M2
W/(M2

W + Q2) was removed because the physics at Q2
⇠ M2

W is not

probed. As is well-known, the asymptotic contribution to ⇤�W is process-independent and

cancels between Mnucl
3,� and Mn

3,�. Plugging this into Eq.(30) gives us a closed expression for

�NS. Below we discuss some aspects important for evaluating it.

Relevant region of the Q2-integral:

While the integral in Eq.(50) is insensitive to asymptotically high Q2, we need to find out,

starting from which value of Q2 = Q2
nucl the cancellation between the nuclear and nucleon

boxes is at such a level that a precise enough determination of �NS can already be obtained

with Q2
nucl as an upper limit. The first Nachtmann moment for a free nucleon, Mn

3,�(1, Q
2),

has been studied recently as a function of Q2 using phenomenological [15, 16, 19, 20] and

indirect lattice inputs [18]. It was found that by Q2
⇡ 2GeV2 the perturbative description

sets in, and we can expect that Q2
nucl < 2GeV2. A trial calculation of Mnucl

3,+ (1, Q2) at

Q ⇠ 100 � 300 MeV may already provide a useful hint. As evidenced by the entries in

Table I, even a ⇠ 10% determination of Mnucl
3,+ (1, Q2) will significantly improve the precision

of �NS for most nuclei.
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Hiding the nu-integration in the Nachtmann moments:



Input into dispersion integral

5

FIG. 3: Idealized structure of virtual photoabsorption on the nucleon (upper panel) and nuclei (lower panel). Plot taken from
the web but we’d need to make one ourselves.

Caution: We need to put back the superscript V A to ⇤�W because ⇤�W 6= ⇤V A
�W !! (i.e. V ⇥ A is NOT the only

non-zero piece in �W box diagram)
Compared to the old result by MS

⇤V A
�W =

↵

8⇡

Z 1

0

dQ2M2
W

M2
W +Q2

F (Q2), (17)

which only explicitly considered Q2 as a dynamical variable, our result allows for a greater detalization as we provide
a dispersion representation of that function,

F (Q2) =

Z 1

0
d⌫

8(⌫ + 2q)

M⌫(⌫ + q)2
F (0)
3 (⌫, Q2). (18)

This is the first essentially new result of our work. Armed with this new dispersive representation we can address
model dependence of the box graph calculation on a qualitatively new level. In doing so we can also rely on experi-
mental data: while F �W

3 (⌫, Q2) itself is not directly observable, its weak isospin partners F �Z
3 (⌫, Q2), FZZ

3 (⌫, Q2) and
FWW
3 (⌫, Q2) enter observables in inclusive electron and neutrino scattering.

IV. PHYSICS INPUT INTO THE DISPERSION RELATION FOR F
�W
3

It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig.
3. For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak
at Q2/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting
from the pion threshold [Q2 + (M +m⇡)2 �M2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy
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Dispersive Approach: Formalism

Dispersion in energy:  
scanning hadronic intermediate states

Dispersion in Q2:  
scanning dominant physics pictures

Boundaries between regions - approximate 

Input in DR related (directly or indirectly) 
to experimentally accessible data 
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Input into dispersion integral -  dataν/ν̄

22

Isospin symmetry: vector-isoscalar current related to vector-isovector current

Mixed CC-NC  SF (no data) <—> Purely CC WW SF (inclusive neutrino data)γW

6

Single-nucleon radiative correction

Major limitating factor in the DR treatment:  low quality of the neutrino data in the most 
interesting region: Q2 ~ 1GeV2

Neutrino scattering data Free neutron gW box

Better-quality data may come from the Deep Underground Neutrino Experiment (DUNE),
which is however not in reach in the near future.

The next major breakthrough has to come from first-principles calculations!

6

Single-nucleon radiative correction

Major limitating factor in the DR treatment:  low quality of the neutrino data in the most 
interesting region: Q2 ~ 1GeV2

Neutrino scattering data Free neutron gW box

Better-quality data may come from the Deep Underground Neutrino Experiment (DUNE),
which is however not in reach in the near future.

The next major breakthrough has to come from first-principles calculations!

Marciano, Sirlin 2006:  —> ΔV
R = 0.02361(38) |Vud | = 0.97420(10)Ft(18)RC

DR (Seng et al. 2018):  —> ΔV
R = 0.02467(22) |Vud | = 0.97370(10)Ft(10)RC

Only useful if we know the physical mechanism (Born, DIS, Regge, Resonance,…)
Were able to identify the missing part with Regge (multiparticle continuum)



-box from DR + Lattice QCD inputγW
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Currently available neutrino data at low  - low quality; 
Look for alternative input — compute Compton amplitude on the lattice

Q2

17

First-principles calculation of the pion axial gW-box diagram
Feng, Gorchtein, Jin, Ma and CYS, 2020 PRL

Pion beta decay

p- p0
Integral sensitive to all values of Q2

Large Q2 (> 2 GeV2): perturbative QCD Baikov, Chetyrkin and Kuhn, 2010 PRL

At low Q2 (< 2 GeV2): lattice QCD computation of the generalized Compton tensor

Direct LQCD computation for π− → π0e−νe Feng, MG, Jin, Ma, Seng 2003.09798

9

At low Q2 (< 2 GeV2): direct lattice computation of the generalized Compton tensor

First lattice QCD calculation

Lattice setup:
Five lattice QCD gauge ensembles
at the physical pion mass, generated 
by RBC and UKQCD Collaborations using
2+1 flavor domain wall fermion.

Blue: DSDR  
Red : Iwasaki

Quark contraction diagrams

5 LQCD gauge ensembles at physical pion mass 
Generated by RBC/UKQCD collaboration  
w. 2+1 flavor domain wall fermion

9

At low Q2 (< 2 GeV2): direct lattice computation of the generalized Compton tensor

First lattice QCD calculation

Lattice setup:
Five lattice QCD gauge ensembles
at the physical pion mass, generated 
by RBC and UKQCD Collaborations using
2+1 flavor domain wall fermion.

Blue: DSDR  
Red : Iwasaki

Quark contraction diagrams
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Implications for the free nucleon -boxγW

Indirectly constrains the free neutron -boxγW

12

Implications of the study

2. On free neutron and superallowed nuclear decays:

The “asymptotic” contribution is extracted 
from the pion lattice curve; result consistent

 with 2018 but much more solid

2018

2020 pQCD

It provides an independent assessment 
of the single-nucleon RC:

CYS, Feng, Gorchtein and Jin,
2020 PRD

Seng, MG, Feng, Jin, 2003.11264

Independent confirmation of the  
empirical DR result AND uncertainty 

ΔV
R = 0.02467(22)DR → 0.02477(24)LQCD+DR

Shiells, Blunden, Melnitchouk, Phys.Rev.D 104 (2021) 3, 033003

Free-n RC in agreement by several groups & methods

26

Neutron beta decay

Different evaluations of the inner RC:

CYS, Gorchtein, Patel and Ramsey-Musolf, 2018 PRL

Shiells, Blunden and Melnitchouk, 2021 PRD

CYS, Feng, Gorchtein and Jin, 2020 PRD

Czarnecki, Marciano and Sirlin, 2019 PRD

Hayen, 2021 PRD 

All systematically larger than the 
pre-2018 state-of-the-art determination:

Marciano and Sirlin, 2006 PRL 

from R. Gupta, LANL

Future: Compute the neutron box diagram with lattice QCD

Hayen, Phys.Rev.D 103 (2021) 11, 113001
Czarnecki, Marciano, Sirlin, Phys.Rev. D 100 (2019) 7, 073008
Seng, MG, Feng, Jin, 2003.11264

C-Y Seng et al., Phys.Rev.Lett. 121 (2018) 24, 241804; 
C-Y Seng, MG, M.J. Ramsey-Musolf, Phys.Rev. D 100 (2019) 

P-X Ma, X. Feng, MG, L-C Jin, et al 2308.16755Recently: first direct LQCD calculation on free neutron
ΔV

R = 0.02439(19)LQCD Discrepancy and uncertainty to be understood!

https://arxiv.org/abs/2308.16755


EffecOve	Field	Theory:	in	principle,	the	proper	tool	to	separate	scales!	
SM	—>	LEFT	—>	CHPT	—>	 EFT	
Formal	consistency	built	in,	RGE,	transparent	error	esOmaOon…	
Precision	limited	by	matching	(LEC)	and	HO	—	relies	on	inputs	(e.g.	 -box	from	DR!)	
To	improve:	need	to	go	to	higher	order	—	new	LECs,	sOll	tractable?

/π

γW

RC to neutron decay in EFT

  
[no logs]

!(α)  !(me /mN)
 

Extract from  
Experiment

λ = gA/gV

Matrix element 

1 MeV ℒ = − 2GFVud gV(me) ēLγμνL N̄vμτ+N
pn

eνe

 
Enhanced
π2,1/βvector 

coupling

Cirigliano	et	al,	2306.03138
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Total	RC:	 	

Total	RC	from	DR:

1 + ΔTOT = 1.07761(27) %

1 + ΔTOT = 1.07735(27) %

At	present:	order	 	—	consistent	with	matching	input?	realisOc	to	go	beyond?	Nuclear	
structure	doable?

O(α, ααs, α2)



Interpretation of Cabibbo Angle Anomaly
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Status of first-row unitarity

29

= −0.00176(56) −3.1σ

= −0.00098(58) −1.7σ

= −0.0174(73) −2.4σ

3 observables: |Vus|Kℓ3, |Vus/Vud|Kμ2, Vud
2 quantities to determine: Vus, Vud

3 ways to test unitarity

Kμ2 result shows better agreement with unitarity than Kℓ3 result 
when  |Vud| obtained from beta decays:

= −0.0164(63) −2.6σ

Δ(3)CKM uses no information from β decays:

27

CAA summary - 3 anomalies!
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Constraints on right-handed currents

30

• In SM, W couples only to LH chiral fermion states
• New physics with couplings to RH currents could explain          

both unitarity deficit and Kℓ3-Kμ2 difference
• Define ϵR = admixture of RH currents in non-strange sector

  ϵR + ΔϵR = admixture of RH currents in strange sector

From current fit:
ϵR = −0.69(27)×10−3 (2.5σ)
ΔϵR = −3.9(1.6)×10−3 (2.4σ)
ϵR = ΔϵR = 0 excluded at 3.1σ

Cirigliano et al.
PLB 838 (2023)

CAA in presence of RH currents
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Summary and Outlook



Summary & Outlook
Cabibbo unitarity deficit at 2-3  observed 

Great improvement in theory of RC in past 5 years 
EFT formulation of free-n RC - promising avenue 

Great improvement in free-n decay exp., more coming! 
Barely any improvement in  nuclear decays 

Nuclear uncertainties under scrutiny 

Meson decays: future more precise experiments 

Cabibbo anomaly interpretable in terms of BSM  
(e.g. flavor-dependent RH currents) 

Keep tuned!

σ

0+ − 0+

30


