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Introduction  
• State-of-the-art lattice QCD simulations 

 3D structure of  the nucleon 
• First and second Mellin moments 

➡ Charges  
➡ Axial form factors, arXiv: 2309.05774 
➡Spin content of  the nucleon 

• Direct computation of  parton distributions 
Conclusions

Outline
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Quantum ChromoDynamics (QCD)
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Lattice QCD provides an ab initio method to  study a wide class of strong interaction phenomena

Unique properties: 
★Confinement  
★Asymptotic freedom 
★Mass generation via interaction

 Lattice QCD uses  directly               or the action  

Hydrogen atom

QED
Quantum theory of  the electromagnetic force mediated by exchange of  photons

<latexit sha1_base64="/jm82BNjOzr6wcZnOct5JWGLbXQ="></latexit>

mHydrogen = 0.51 MeV| {z }
me�

+938.29 MeV| {z }
mp+

� 13.6 eV| {z }
Ebinding

A. Stodolna et al., PRL  110 (2013) 213001

QCD
Quantum theory of  the strong force mediated by exchange of  gluons 
              Proton

Artist impression

<latexit sha1_base64="bo7G6x0mHPR55Zz/aHlYIxN6c48="></latexit>

mp = 2.3 MeV| {z }
2⇥mu

+4.7 MeV| {z }
md

+929 MeV| {z }
Ebinding

99% of  proton mass from interaction!

Fritzsch, Gell-Mann and Leutwyler, Phys. Lett. 47B (1973) 365 



Lattice QCD

4

Simulation of  gauge 
ensembles {U}

Quark & gluon 
propagators
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Quark & gluon 
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Simulation of  gauge 
ensembles {U}
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Lattice QCD
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Simulations of  lattice QCD
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Simulation of  gauge ensembles {U}:

Wilson-type

Staggered
Domain wall

<latexit sha1_base64="qnRwmnUFqfAG3UhhnFpE9Vl0SPU="></latexit>
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Simulations of  lattice QCD
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Simulation of  gauge ensembles {U}:

Wilson-type

Staggered
Domain wall
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5 ensembles completed and 3 
under production at physical pion mass 

• 5 lattice spacings 0.05<a<0.1 fm      
—> take continuum limit directly at 
the physical point avoiding chiral 
extrapolation removing a major  
systematic error in the baryon sector 

• Two volumes at a=0.08 fm, 0.07 fm 
and 0.06 fm of  Lmπ~3.6 (5.1 fm) and 
Lmπ ~5.4 (7.7 fm) completed 

Gauge ensembles generated by ETMC
Nf=2+1+1 ETMC ensembles

•Analysis completed for 643x128 a~0.08 fm 
•Analysis ongoing for 963x192 a~0.08 fm

•Analysis completed for 803x160, a~0.07 fm 
•Analysis ongoing for 1123x224, a~0.07 fm • Analysis completed for 963x192, a~0.06 fm 

• Simulation ongoing for 1123x224, a~0.06 fm

C. A. et al. (ETMC),  “Simulating twisted 
mass fermions at physical light, strange 
and charm quark masses” Phys. Rev. D98 
(2018) 054518 

Physical point

• Simulation ongoing for 
1123x224, a~0.05 fm

9

• Simulation ongoing  483 x 96  a~0.09 fm
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• B-ensemble: 643 x 128, a~0.08 fm 
• C-ensemble: 803x160, a~0.07 fm 
• D-ensemble:963x192, a~0.06 fm

Results in this talk from the analysis of  3 physical point ensembles 

• Simulation ongoing  483 x 96  a~0.09 fm



 Understanding the 3D-structure of  the nucleon from its fundamental 
constituents, the quarks and the gluons,  is major goal of  nuclear 
physics and a key aim of  on-going experiments and the future EIC 
                                                                           
Lattice QCD can contribute towards this goal - many recent 
developments to compute Mellin moments but also directly parton 
distributions

3D structure of  the nucleon

11
EIC white paper, arXiv:1212.1701  

Studies in lattice QCD since the 1980s 

1D

3D

both the form factors and 
the PDFs are fully 
encoded  within GPDs 

<latexit sha1_base64="jt37Tx9mtiMsfwOxFGULnljxPk8=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCoz4m0jFty4rGAv0A4lk2ba2EwyJBmhDH0HNy5axK3P4Gu4823MtF1o6w+Bj/8/h5xzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DupaJIrRGJJeqGWBNORO0ZpjhtBkriqOA00YwuMvyxjNVmknxaIYx9SPcEyxkBBtr1W/aBieFTrHklt2p0DJ4cyjdfo4zTaqd4le7K0kSUWEIx1q3PDc2foqVYYTTUaGdaBpjMsA92rIocES1n06nHaET63RRKJV9wqCp+7sjxZHWwyiwlRE2fb2YZeZ/WSsx4bWfMhEnhgoy+yhMODISZaujLlOUGD60gIlidlZE+lhhYuyBsiN4iysvQ/2s7F2WLx7cUuUcZsrDERzDKXhwBRW4hyrUgMATvMAYJo50Xp03531WmnPmPYfwR87HD/kbkyo=</latexit>= ⌧



High energy scattering processes: Factorization into a hard partonic subprocess, calculable in perturbation theory, and 
a universal non-perturbative parton distribution 

Generalised Parton Distributions (GPDs)

• D. Mueller et al., Fortschr. Phys. 42, 101 (1994)  
• A. V. Radyushkin, Phys. Lett. B380, 417 (1996), hep-ph/9604317 
• A. V. Radyushkin, Phys. Lett. B385, 333 (1996), hep-ph/9605431 
• A. V. Radyushkin, Phys. Rev. D56, 5524 (1997), hep-ph/9704207  
• X. Ji, Phys. Rev. Lett. 78, 610 (1997), hep-ph/9603249. 
• X. Ji, Phys. Rev. D55, 7114 (1997), hep-ph/9609381 
• X. Ji, J. Phys. G24, 1181 (1998), hep-ph/9807358

GPDs are light cone matrix elements 

z0z-
z+

z3
Correlator 

along z-

N(p)

e(k)

γ*(q)

γ(q')
e'(k')

N'(p')τ

x+ξ Factorization

Deeply Virtual Compton Scattering

Hard part

Soft part
x-ξ

GPDs

Γ structure defines 3 different types of  GDPs<latexit sha1_base64="wfGSJvhRxxFMwa1wCFBR0jTos6I="></latexit>

• P+ =
p0+ + p

2
• ⌧ = �Q2 = (p0 � p)2

• ⇠ =
p+ � p0+

2P+
: skewness

<latexit sha1_base64="jNKazYPKWSzrFIVdU2M6qEytCVk=">AAACjnicbVHdbtMwFHbC3+j4CXDJTcSElGppSSoYCFQxCQl2hQqi66S6iRzH6aw5P7KdqY3rR+AxeCFuEA+BxCPgJruAjSNZ+s73neNjfyepGBUyCH5a9rXrN27e2rnd271z995958HDY1HWHJMpLlnJTxIkCKMFmUoqGTmpOEF5wsgsOXu31WfnhAtaFl/kuiKLHC0LmlGMpKFi59v7GH5AeY68lQ9X1IcS1f0xzDjCKtRqpC EtZJemTTQwDKyohj6JFF1NIrWvm0gNtIYMFUtG3I9eFcGK05z0NzBBXMFKUO0NmmejfjfInbWZ3zJG9LZgY/r6kLd3bGLVRPvjwIfnBKtGjwMdO3vBMGjDvQrCC7B3GH7+mv74/WsSO99hWuI6J4XEDAkxD4NKLhTikmJGdA/WglQIn6ElmRtYoJyIhWrt1O5Tw6RuVnJzCum27N8dCuVCrPPEVOZInorL2pb8nzavZfZqoWhR1ZIUuBuU1cyVpbvdjZtSTrBkawMQ5tS81cWnyHgvzQZ7xoTw8pevguPRMDwYvvhk3HgOutgBj8ET4IEQvASH4AhMwBRga9cKrdfWG9uxD+yx/bYrta2Lnkfgn7CP/gDQXslU</latexit>

F�(x, ⇠, ⌧) =
1

2

Z
dz�

2⇡
eixP

+z�
hN(p0)| ̄(�z/2)�W (�z/2, z/2) (z/2)|N(p)i|z+=0,~z=0

13



Light-cone matrix elements cannot be computed using a Euclidean lattice formulation of  QCD  

Expansion of  light-cone operator leads to a tower of  local twist-2 operators —> connected to moments that                                   
can be computed in lattice QCD

Computation of  Mellin moments of  GPDs

13

<latexit sha1_base64="dbMfy+jmP2KemYZYHakSYZm1/w0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuEfUiFLx4rGBboV1KNs22oUl2TbJiWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVtHiSK0RSIeqfsAa8qZpC3DDKf3saJYBJx2gvF15nceqdIskndmElNf4KFkISPYZNJD9em0X664NXcGtEy8nFQgR7Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KKXif953cSEl37KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2RC8xZeXSbte885r9duzSuMqj6MIR3AMVfDgAhpwA01oAYERPMMrvDnCeXHenY95a8HJZw7hD5zPH331jd4=</latexit>

q(x)f1(x,μ2)

g1(x,μ2)

h1(x,μ2)

Twist-2 PDFs

Forward matrix elements give moments of  PDFs
<latexit sha1_base64="ERZ/IA8ox64pFBWVxoNlagz298M=">AAAFZ3icnZRbb9MwFMezrYURLtsYQki8GFam3VolY1xehiaxB94Y0m5S3Uau47bWHCexnW3F8pfkjXde+BY4Sbut7QRoliKdHP+Pz/mdY7mTMCqV5/2cmZ2rVO/dn3/gPnz0+MnC4tLTYxlnApMjHLNYnHaQJIxycqSoYuQ0EQRFHUZOOmef8/2TcyIkjfmhGiSkFaEep12KkbKuYGnOANghPco1STkSAg02jAuKpSFGDHw1bQ </latexit>

O
µ1...µn =  ̄�{µ1iDµ2 . . . iDµn} 

unpolarized
! hxn

iq =

Z 1

0
dx xn [q(x)� (�1)nq̄(x)]

Õ
µ1...µn =  ̄�5�

{µ1iDµ2 . . . iDµn} 
helicity
! hxn

i�q =

Z 1

0
dx xn [�q(x) + (�1)n�q̄(x)]

O
⇢µ1...µn

T =  ̄�⇢{µ1iDµ2 . . . iDµn} 
transversity

! hxn
i�q =

Z 1

0
dx xn [�q(x)� (�1)n�q̄(x)]

q = q# + q", �q = q# � q", �q = q| + q?
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q(x)

Off-diagonal matrix elements yield moments of  GPDs or the generalised form factors (GFFs)
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<latexit sha1_base64="kfNKwJYq7/kp1T3Fcjk4/kXKiEY="></latexit>

hxiq = A20(0), hxi�q = Ã20(0), hxi�q = AT
20(0)

<latexit sha1_base64="jD/4yuYh9KRZ9CKAE3a9fqGoAA8="></latexit>

and Jq = 1
2 [A20(0) +B20(0)] =

1
2�⌃q + Lq

Spin and momentum sums:
<latexit sha1_base64="LEMWDvIMb/W5BMFou2VzIy4aUsE="></latexit>P

q

⇥
1
2�⌃q + Lq

⇤
+ Jg = 1

2 ,
P

qhxiq + hxig = 1
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q(x)

Special cases: n=1,2 for the nucleon 
‣ n=1: τ=0 —> charges gV,   gA,  gT 
                        —> form factors:  
‣ n=2: generalised form factors: 

<latexit sha1_base64="KrzmAWDwslHpjdFCXSu6IPZaLUA="></latexit>

A10(⌧) = F1(⌧), B10(⌧) = F2(⌧), Ã10(⌧) = GA(⌧), B̃10(⌧) = Gp(⌧)
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A20(⌧), B20(⌧), C20(⌧), Ã20(⌧), B̃20(⌧)
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⌧ 6= 0

For off-diagonal matrix elements we obtain moments of  GPDs or the generalised form factors (GFFs)
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Ph. Hagler,  Phys. Rept. 490 (2010) 49 



Continuum results 

16

• Axial charges extracted directly from the forward matrix element 

Strange
Charm

Isovector Isoscalar including disconnected

<latexit sha1_base64="seKh+g6z/2s93uLa58UGh/iGObo="></latexit>

a=0.080 fm a=0.068 fm a=0.057 fm a! 0
gu�d
A 1.253(21) 1.228(14) 1.255(20) 1.244(45)
gu+d
A 0.467(14) 0.480(23) 0.455(20) 0.449(41)
gsA -0.0355(53) -0.0307(52) -0.0336(86) -0.027(16)
gcA -0.0075(32) -0.0052(34) -0.0039(53) 0.0003(99)

With our two additional lattice spacings we expect more stability in the results and reduced errors at the continuum limit



gV = h1iu�d

gA = h1i�u��d

gT = h1i�u��d

Nucleon isovector charges
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• gV= 1 
• gA= 1.2723     0.0023          reproduce 
• gT= 0.53    0.25   M. Radici and A. Bacchetta. PRL 120 (2018) 192001

± ☞
±

Lattice QCD results on gA consistent with experimental value
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Nucleon isovector (u-d) tensor charge

Continuum limit 
directly at physical 
pion mass

Precision results on the isovector tensor charge - input for phenomenology e.g. JAM3D-22 analysis 

Phys.Rev.D 106 (2022) 3, 034014, arXiv:2205.00999 

18

Only connected contributions

https://arxiv.org/abs/2205.00999


Evaluate both connected and  disconnected contributions 
Obtain flavor diagonal  tensor charge for the first time in the continuum 
using only physical point ensembles - input for phenomenology

Flavor diagonal tensor charge

19
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Only calculation in the continuum limit directly at the physical point

Precision era of lattice QCD for first Mellin moments including flavor diagonal



20

Electromagnetic form factors

Only one ensemble at 
physical pion mass —> 
chiral extrapolation needed 

However, impressive 
accuracy 

Mainz results: D. Djukanovic et al., arXiv:2309.06590



 Sea quark effects can be accurately determined for EM form factors —> 
provide precise input to experiments

Strangeness of  the nucleon

21
C. A. et al., Phys. Rev. D 101 (2020) 031501, arXiv:1909.10744 

Nega!ve  magne!c moment
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Significant input # experimental searches 
e.g Q-Weak, SolID, etc

B-ensemble: 643 x 128, a~0.08 fm

https://arxiv.org/abs/1909.10744


Axial and pseudoscalar form factors
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Extract from 
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@µAµ = 2mqP, mq = mu = md

 Chiral symmetry breaking leads to:
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@µAµ = F⇡m⇡ ⇡

Axial Ward-Takahashi identity leads to PCAC :
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⇡

<latexit sha1_base64="7hFP671WhANGsYQdFddTmYf8UAE="></latexit>

GA(Q
2)-

Q2

4m2
N

GP(Q
2) =

mq

mN
G5(Q

2)

<latexit sha1_base64="0pEwZZJqbbg/1CEdiDaVrKoF7OY="></latexit>

G5(Q
2) =

F⇡m
2
⇡

mq

G⇡NN(Q2)

m2
⇡ +Q2 Goldberger-Treiman relation 

 Take nucleon matrix elements :



Background
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⇡ +Q2 Goldberger-Treiman relation 
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Pion pole dominance:

 Chiral symmetry breaking leads to:
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@µAµ = F⇡m⇡ ⇡

Axial Ward-Takahashi identity leads to PCAC :
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 ⇡ =
2mqP

F⇡m2
⇡

 Take nucleon matrix elements :

 At the pion pole we get the pion nucleon coupling: 
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 Dipole and z-expansion fits, various ranges ⟶ model average using AIC

Results

24

• Axial and induced pseudoscalar form factors

•  Pseudoscalar form factor
<latexit sha1_base64="rcB9lpbzQk+egL0ghRnafjRJO2w="></latexit>
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2
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 Check PCAC and PPD relations

PCAC and pion pole dominance (PPD)
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Continuum extrapolation using: 
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Continuum extrapolation 

c1 ~1/4mN2  
c0 ~mπ2/4 mN2 
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Q2  dependent deviation among from pion pole 

From the slope ε we can compute GT deviation:

Low energy constant

2% in ChPT
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Agreement between our results and those of  Mainz

Recent results on GA(Q2) and GP(Q2)

26

D. Djukanovic et al. PRD 106, 074503 (2022), arXiv: 2207.03440 

 PCAC satisfied in the continuum limit 
Pion pole dominance satisfied for induced pseudoscalar 
Lattice QCD results closer to the new Minerva antineutrino-hydrogen data

Systematic error 
due to excited states

deuterium bubble-chamber data, 
Phys. Rev. D 93, 113015 (2016)

T. Cai et al., Nature 614, 48 (2023)



Very good agreement among lattice QCD results

Comparison

27

C.A., S. Bacchio,  M. Constantinou, J. Finkenrath, R. Frezzotti, B. Kostrzewa, G. Koutsou, G. Spanoudes, C. Urbach, arXiv:2309.05774  



Second Mellin moments
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Momentum fraction carried by quark - 
best measured 
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Second Mellin moments
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Momentum fraction carried by quark - 
best measured 
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2
[Aq

20(0) +Bq
20(0)]

 Quark unpolarised moment 

Gluon unpolarised moment

 Equivalent expression for gluon 

Matrix elements of  helicity and transversity one derivative operators yield 

Field strength tensor 

 Momentum sum:
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Second Mellin moments
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Momentum fraction carried by quark - 
best measured 
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 Quark unpolarised moment 

Gluon unpolarised moment

 Equivalent expression for gluon 

Field strength tensor 

Nucleon momentum sum verified
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qhxiq + hxig = 1.04(12)



Momentum and spin sums
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Z 1

0
dx

⇥
�q(x, µ2) +�q̄(x, µ2)

⇤
= gqA

 Axial charge determines intrinsic spin carried by each quark

C. A. et al. (ETMC) Phys. Rev. Lett. 119, 142002, 1909.00485  
C. A. et al. (ETMC) Phys.Rev.D 101 (2020) 9, 094513, 2003.08486 

Nucleon spin sum verified - lattice QCD 
solves a 30 year puzzle
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https://arxiv.org/abs/1909.00485
https://arxiv.org/abs/2003.08486


Direct computation of  parton distributions

• PDFs light-cone correlation matrix elements - cannot be computed on a Euclidean lattice
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X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Define spatial correlators e.g. along z3 and boost nucleon state to large 
momentum 

z0=tz- z+

z3
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• Match to the infinite momentum frame using the matching kernel computed in 
perturbation theory (large momentum effective theory - LaMET) 

• Allow momentum transfer —> generalised parton distributions 

32



Computation of  quasi-PDFs
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X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Renormalise non-perturbatively, Z(z,μ) 
Need to eliminate both UV and exponential divergences 

• Match using LaMET Perturbative kernel
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Direct computation of  PDFs (and  GPDs)
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X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Isovector (u-d)
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�0 unpolarised

� = �5�3 helicity

�3i, i = 1, 2 transversity

Renormalise non-perturbatively, Z(z,μ) 
Need to eliminate both UV and exponential divergences 

• Match using LaMET Perturbative kernel
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State-of-the-art results on helicity

JAM-17

C.A. et al. (ETMC) Phys. Rev. Lett. 121, 112001 (2018)  

 Parton distribution functions can be computed directly in lattice QCD
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Helicity distributions

C.A., G. Iannelli, K. Jansen, F. Manigrasso, Phys. Rev. D 102 (2020) 9, 094508, arXiv:2007.13800
C. A., M. Constantinou, K. Jansen, F. Manigrasso, Phys. Rev. Lett. 126 (2021) 10, 102003, arXiv:2009.13061 

• Computation at the physical point is currently on-going



Calculate the matrix elements of  a spin-averaged nucleon for two gluon fields connected by a Wilson line 

Use Wilson flow to reduce ultraviolet fluctuations  

Pseudo-PDF approach with pion mass 358 MeV

Unpolarized gluon PDF

36

T. Khan, et al.  (HadStruc Collaboration) Phys. Rev. D 101 (2021) 094516, 2107.08960

μ=2 GeV

- Preliminary



(1) Lattice QCD results produces known experimental values of  e.g. nucleon axial charge, EM form 
factors, etc —> predict tensor charge, axial form factors  

(2) Lattice QCD provides accurate results on second Mellin moments that probe the distribution of  spin 
among the quarks and gluons  

(3) Direct computation of  PDFs, GPDs and TMDs providing a more complete picture of  hadron 
structure is a very active field

Conclusions
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Computational resources
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Summit, OLCF 

Marconi100, CINECA 

Piz Daint, CSCS 

HAWK, HLRS 

SuperMUC, LRZ 

JSC

Stampede,TACC

USA


