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Motivation

Study the pion mass dependence of the nucleon mass
mpn (M) by computing the self self-energy

p p
my = mBare + 2(p2 — m%\f) — mBare+

p2,
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Motivation

Study the pion mass dependence of the nucleon mass
mpn (M) by computing the self self-energy

p p
my = mBare + 2(2?2 — m%\f) — mBare+

Calculate X(p) up to O(¢%) — include two-loop diagrams

—n2
p2*mN
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Motivation

Appendix
oo

Study the pion mass dependence of the nucleon mass
mpn (M) by computing the self self-energy

p p
my = mBare + 2(p2 — m%\f) — mBare+

Calculate X(p) up to O(¢%) — include two-loop diagrams
1999 HBChPT [McGovern and Birse, Phys. Lett. B 446, 1999]
non-relativ., conserves PC, O(¢°) (O(¢°) from below)

—n2
p2*mN

M
my =mg + ki M? + ko M? + ksM*In — + k,M*
o
M M M
+ ks M®In — + kg MP®+k; M In — + kg M®1n? == + kg M®
I Iz j

with k;(m, ga, F\l3,ls, c1-4, di6, dis, €, 1)

2008 IR [Schindler et al., Nuc.Phys.A 803.1, 2008] O(q°)

2024 EOMS: fully covariant, O(¢%") (oco-order 1/m for integrals)
(based on [Fuchs et al., Phys.Rev.D 68, 056005, 2003])
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Chiral perturbation theory

@ Quantum chromodynamics (QCD) = strong interaction
e Chiral perturbation theory (ChPT) = EFT for low energies

Chiral Lagrangian up to chiral order O(q*) in SU(2)
[Fettes and MeiBner., APhy 283.2, 2000]:

L= £<2)+£<4>+L1)+£ + L8 4

£$3>:7 M%7 7 55#7?.3#7? 8§F2 M2(7 72+ + O
I+ 1) M
£;4):,%(7?.*) 4 0(r%)

F2
LY = —Im¥ + i bGv + ;%‘I’%F' PRY + -+ O(n°)
Lel®, e, dec?®, eect?

with M/m <1 (M = O(q'), m = O(A), ¢/A < 1)
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Diagrams — tree level and one-loop

Tree level
IS N &)
2) @) (&)
One-loop
94/ F? ¢ ga/F? ¢° gA/F ¢°
I\/ \\| I\, \\I I\l \\I
(2 W 2
1/F?, ¢* 1/F?, ¢° 1/F*%, ¢°

Appendix
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Diagrams — two-loop
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Reduction to master integrals

[Tarasov, NPhyB 502.1, 1996]

| Tensor integrals |—>| Scalar integrals |—> Master integrals (Mls)

TARCER
[Mertig and Scharf, CPhyC 111.1, 1998]
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Reduction to master integrals

[Tarasov, NPhyB 502.1, 1996]

| Tensor integrals |—>| Scalar integrals |—> Master integrals (Mls)

TARCER
[Mertig and Scharf, CPhyC 111.1, 1998]
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Reduced expression of a diagram

g5 ((2d = 3)m? — (d — 2)M?)
2(3d — 4)F4m

x (8m*—3m?(p* — m?) + 4m® (p — m)=3m(p — m)(p* — m*) + 3(p> = m?)*) (1)’

ig (4(2d —3)m? — (d ~2)M?) + (...) 8ighmM +(..)
* 2(3d — 4)F*m F4

ig% ((8d2 — 32d + 30) m* + (—8d? + 33d — 32) m2M? — (d? — 5d + 6) M*) + (...)

_ @)
(d—2)(3d — 4)Fim T

3ig?

(1)y2
Tr —
( ) 8F4m3

=iz =

1)
N

1 1 1
TV — (M1l

+4ig§,M2 (m? — M?2) ((4d — 6)m2 + (d —2)M?) + (.. .)T<2)
(d—2)(3d — 4)F4m "
- - v VI

2(d — 2)(3d — 4)F4 v P4 F4
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Renormalization

Extended-on-mass-shell (EOMS) renormalization:
divergent + only power-counting breaking (PCB)
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Renormalization

Extended-on-mass-shell (EOMS) renormalization:
divergent + only power-counting breaking (PCB)

Dressed propagator (with contact terms %) ‘ N

m=m+ Y. =m—4e,M? — e M* + 1M (D21
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Renormalization

Extended-on-mass-shell (EOMS) renormalization:
divergent + only power-counting breaking (PCB)

Dressed propagator (with contact terms %) K N
m=m+ Y. =m—4e,M? — e M* + 1M (D21
Renormalization corrections:

o One-loop: mBare = mg + LR — n()divHPCB 1 0 (7;2)

@ Two-loop: dga, dd;, dc;, de;, 6Zn from
[Siemens et al., PhyRevC 94, 014620, 2016] with main changes:

° mN—>m0+ECR
e chiral limit

pOZN p
@ One-loop off-shell: ;Q_L A (}” _ mR)
e No two-loop off-shell: p> —m? = O(M3,h)
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1/m solution of the master integrals

Strategy of regions [Beneke and Smirnov, Nucl.Phys.B 522 321-344, 1998]:
Loop momenta [; ~ q or [; > ¢ then Taylor series in small scale T},

Ty [/f(ll,l27Q)dlldl2:| =/Tq [f(l1, 12, @)1 ~q dl1dlz+/Tq [f(l1,12,9)]1; >q dl1dl2
1

2r~vq la>q

+ </ Ty 111,12, )] 1y ~q dlndlla + /Tq ). dlldza)

l2>q la~gq

— purely infrared singular, regular and mixed parts (IRS, IRR, M)
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1/m solution of the master integrals

Strategy of regions [Beneke and Smirnov, Nucl.Phys.B 522 321-344, 1998]:
Loop momenta [; ~ q or [; > ¢ then Taylor series in small scale T},

Ty [/f(ll,l27Q)dlldl2:| =/Tq [f(l1, 12, @)1 ~q dl1dlz+/Tq [f(l1,12,9)]1; >q dl1dl2

la~gq l2>q

+ </ Ty 111,12, )] 1y ~q dlndlla + /Tq ). dlldza)

l2>q la~gq

— purely infrared singular, regular and mixed parts (IRS, IRR, M)

&d-exp. sol.
Ty

[Huber and Maitre, CPhyC 175, 2006]
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1/m solution of the master integrals

Strategy of regions [Beneke and Smirnov, Nucl.Phys.B 522 321-344, 1998]:
Loop momenta [; ~ q or [; > ¢ then Taylor series in small scale T},

Ty [/f(ll,l27Q)dlldl2:| =/Tq [f(l1, 12, @)1 ~q dl1dlz+/Tq [f(l1,12,9)]1; >q dl1dl2
1

2r~vq la>q

+ </ Ty 111,12, )] 1y ~q dlndlla + /Tq ). dlldza)

l2>q la~gq

— purely infrared singular, regular and mixed parts (IRS, IRR, M)

&d-exp. sol.
Ty

[Huber and Maitre, CPhyC 175, 2006]

The infrared regular part
e is analytic in M2 (no M3 or In(M/m))
@ contains PCB terms
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1/m solution of the master integrals

Strategy of regions [Beneke and Smirnov, Nucl.Phys.B 522 321-344, 1998]:
Loop momenta [; ~ q or [; > ¢ then Taylor series in small scale T},

Ty [/f(ll,l27Q)dlldl2:| =/Tq [f(l1, 12, @)1 ~q dl1d12+/Tq [f(l1,12,9)]1; >q dl1dl2

la~g la>q

+ </ Ty 111,12, )] 1y ~q dlndlla + /Tq ). dlldza)

l2>q la~gq

— purely infrared singular, regular and mixed parts (IRS, IRR, M)

&d-exp. sol.
Ty

[Huber and Maitre, CPhyC 175, 2006]

The infrared regular part
e is analytic in M2 (no M3 or In(M/m))
@ contains PCB terms
—mpy =mg+ ki1 M? + - + k, M% with k;(LECs)
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Numeric solution of the master integrals

Numerical calculation of the integrals via sector decomposition
SecDec [Binoth and Heinrich, Nucl. Phys. B 585, 741-759, 2000]
pySecDec [Borowka et al., Comput. Phys. Commun. 222, 313-326, 2018]

@ Result computed in powers of ¢ with d =4 — 2¢
0

one-loop: % e”, e
two-loop: s% 1e

@ Double Mls: uncertainty/result =5 x 107° (=~ 1h)

@ Significant differences to analytics for Tl(llz) T\(/?) and T\(/?I)I
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Numeric solution of the master integrals

Numerical calculation of the integrals via sector decomposition
SecDec [Binoth and Heinrich, Nucl. Phys. B 585, 741-759, 2000]
pySecDec [Borowka et al., Comput. Phys. Commun. 222, 313-326, 2018]

@ Result computed in powers of ¢ with d =4 — 2¢

one-loop: % el e
two-loop: %, 1, &°

@ Double Mls: uncertainty/result =5 x 107° (=~ 1h)

@ Significant differences to analytics for T|(||2) T\(/?) and T\(/?I)I
Renormalized result:

@ Subtract the (finite) PCB terms

o Leading order removed — less relative accuracy
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Comparison — 1/m: EOMS vs. IR

Differences EOMS < IR:

@ Renormalization corrections: different finite parts
@ One-loop
o IR= Whole IRR part — EOMS = onIy the PCB

9@*@*@{2»@* D@D M
e Two-loop
e Analytic differences from purely IRR and mixed

(] / 4o e e

Appendix
oo

o Non-analytic: mixed parts in EOMS give In(M/u) In(m/ 1)
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Comparison — 1/m: EOMS vs. IR

Differences EOMS < IR:

@ Renormalization corrections: different finite parts
@ One-loop

o IR= Whole IRR part — EOMS = onIy the PCB

»@>@>@{2>>®* SO @D M
e Two-loop

e Analytic differences from purely IRR and mixed

(] / 4o e e

o Non-analytic: mixed parts in EOMS give In(M/u) In(m/ 1)

m — mEOMS by

aPRIR = pREOMS L Ap(mg, LECs), 2 € {d;,é1,é2,01}

Appendix
oo
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Z(CZ),renorm [MeV]
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Comparison — 1/m vs. numeric
PR 6 M
@ / \ 2(2)’R _ 5M6 3 3M In (mO)
—is? = A0~ : ‘ 204874 F4mo 51274 Fmg
50
— Analytic O(q®)
40 * Numeric O(g®") Error/result:
single: 5 x 1079,
30 ) -5
double: 5 x 10
Runtimes:
20 .
TT(rl): max 10 min
10 TI(Z): max 50 min
TI(?): max 25 min
0 VP2 = mg = 900 MeV,

100 200 300
M [MeV]

400

500

F =75MeV, p = 1MeV
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Summary and Outlook

Summary
@ Expressed the self-energy in terms of Mls (including IRR)

@ Applied strategy of regions for two-loop calculation

e Calculated my(M;) as 1/m result

e in EOMS
e and confirmed HB and IR

@ Numerical computation of all Mls

o First numerical computation of the h?/F* part of my

Appendix

[e]e]
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Summary and Outlook

Summary
@ Expressed the self-energy in terms of Mls (including IRR)

@ Applied strategy of regions for two-loop calculation
Calculated my(M;) as 1/m result

e in EOMS

e and confirmed HB and IR

@ Numerical computation of all Mls

o First numerical computation of the h?/F* part of my

Outlook:
@ Derive the full numerical result for my

@ Comparison with lattice results

Appendix

[e]e]
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Appendix: Overview

my = mBare + Z(pz —_ m?\f)

Basics
methods, self-energy— m v,
SU(2) ChPT, diagrams

Renormal|zat|on

mBare — mg + 6m, ...

Reduction

small set of integrals

1/m solution
strategy of regions, solve
integrals, d-expansion

Numeric solution

in powers of d — 4

Comparison
EOMS +» HB «++ IR
1/m <> numeric
(numeric <> lattice)

— mN(Mm mo, LECS)

Appendix
®0
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Appendix: LECs
*)—@—H C1 *)—@—H él = 16638+26115+26115 4’_@—% §1

—O——0— F. 94 —@—>G— F.ga, 2dig — dis
9% /F? ¢ 9a/F? ¢
JoR ®,

—O——0— F.9a,l3 U e F,eio3, 13, 1

g% /F% ¢° 1/F4, o8
— F, ci_3

) F, e, €2 = 2e14 + 2e19 — e36 — 4dess,

\ /
@ €3 = e15 +e20 + €35

- )— F,ga, c1-4

Appendix
oe
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