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Tow particles in an infinite well: Preamble

Wavefunction of two

Eigenvalues and degeneracy

71.2 h2
K =
2ml?

gs:n,n,=1-E; =2k

Kind of Particles Statistical particles in a one

dimensional box

Distinguished particles

Maxwell-Boltzmann fes: (1,2),2,1) > E, =5k 2

No need to arrange the

wavefunction

ses:1(22) — E,=8k 1

| on,n,=1-E;, =2k 1

(12).2.1) > E, =5k 1

Bose-Einstein the same function

' Bosons (with integer spin)

22) — E,=8k

(192)9 (291) — E12 — Sk

22) — E><8k

Wir # Wr; = phase different
0

' Fermions (with half-integer
| spin) |

Fermi-Dirac




Dunkl operator

® From the experimental view: ' - Four Dunkl-momentum operator:
- Time reversal makes the transformation r - — ¢ 7 7
- for the reaction: a+b — c+ d the total cross section is ¢ ! ——D =—1|{ 90 — l 1 — R
. b U 8
- for thereaction: .~ 7 _5 g4 b the total cross section is o, | K
- If the 0,/ 0, goes to 1, then this reaction is reversible and the time _.' - The operator R is called a reflection operator
reversal |s. valid fo.r it. | : R f(x) = f(—x)
- The operation of time reversal changes the sign of momentum p |
and of the direction of the total angular momentumJ : - The Wigner parameter v should be v > —1/2
T T -
P— P =-P J— J = —J | - For the even function: R f.(x) = f(%)

- Charge canjugate

- For the odd function: R f(x)=—1(x)
- Particle-antiparticle Claa) = (— 1)L+S | aa) xJo 0

® From the historical view:

% Eugene Paul Wignher (1950)
I|H,x] =x ilH,v]=V

. ® Dunkl derivative - one dimension
% Shuji Watanabe (1987) - The square of the Dunkl derivative:
| Yang — self adjoint ,i 2 wd v

: DY)? = : 1 —R
| (D) dx2 x dx x2( 2

* Lee Yang (1951) , Dunkl operator

p_lpYang  Yang_ , V| ;
i . * x| % Charles F. Dunkl (1989) ¢ - Then the Heisenberg relation is deformed as

% Francesco Calogero (1969)

Wigner — (two) particle

[x,p] =i(1 + 2VR)
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Particle in a well by Dunkl operator

@ For a particle in a box:
0 —-L<x<L
Vix) = { ( x <L)
o elsewhere
@® The Dunkl-Schrédinger equation is:

1 2
——DXy =Ey  or

2m 2m X x?

| 5 2V %
——\|0i+—0,—— ({1 —-R) |y =Ey

- For the even parity solution by v, we get

1 2V

™ (5)26 + 7@) Wy =k,

- For the odd parity solution by V- we get

1 2V PAY,

—— |+ —0,—— |y_=E_y_
2m<x X X x2>l// l/j

W=y, Ty

- For the even parity solution, If we set
o0

wi= ) afx™| x|
n=0
- with insert it into the Schrodinger equation, we have the

relation:
ZmEJr

an = — at
n+l n
Cn+2+4+A1)2n+14+ 414+ 2v)
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recurrence
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with a characteristic equation:
AA—=14+20)=0

Thus we obtain the wave function and energy for an even
parity solution as:

For the odd parity solution, If we set

o0

— Zan—xznﬂ |x|’1
n=0
with insert it into the Schrodinger equation, we have the

recurrence relation:
2mE_ B

a
Cn+2+H2n+3+1+20) "

with a characteristic equation:

AA+1420) =0

an+1 —

- Thus we obtain the wave function and energy for an odd parity

solution as:

1
W_ = N_x%—VJH%(\/ZmE_ X) E- = 612 n=12,...

no— Yml2 v+%n
4 /10




Symmetry and antisymmetry states of two particles

® For two bosons:
- the wavefunction:

W o) = =0 ) v ) + 0 () v 1))
- and the energy :
B =E+E;
-1‘orv=l s;=x1, 1=1,2
2
2 E =k Xy—Ln
Ei= k(o) = :
E =k Xyl
- also . oy = 2.4
a1, <y, = EF<E; = o, =338
av+%n<av L el = En_<li;"_|_1 E Zo,zig.g
- Therefore : |
W= —= (i () i (32) + () v ()} We don’t have
| \/15 degenerate cases. In
l//b_’l_l:l = —{1/11‘ (xl) A (xz) + Yy (Xz) VA (x1)} fact, for two bosons

V2

L
Y1 =¥

there is not any
degenerate case for

the composite cases. |

B g < Y S = B g < \E B a < — 3 < BB S = — 3 <
— e O A - P — e P e e - ’ S e - " Lo e N g — - ” ot el DPR
3

Values (k)
(2.4)* + (2.4)?

(2.4)* + (3.8)?
(2.4)” + (3.8)?
(3.8)* + (3.8)°
(2.4)* + (5.5)°
(2.4)* + (5.5)*
(5.5)* + (3.8)*
(5.5)* + (3.8)*
(7.0)% + (2.4)*
(2.4)* + (7.0)°
(5.5)* + (5.5)°
(3.8)* + (7.0)°
(3.8)* + (7.0)°
(5.5)* + (7.0)°
(5.5)* + (7.0)?

. 80

(7.0)* + (7.0)?

'f 60

- 40

20

L §
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Symmetry and antisymmetry states of two particles

® For two fermions:

E Values (k)

J nyny
e, A
- the wavefunction: f ning Ef-=E
+o+ 2 ’ ’
1 E* 227 4)
1,8 . S S S S ¥ _
w2 (%, x,) = % vt (1) w (x2) =t (3) v (1) § ;; E; 2472 +3.8)?2 | |
: —+ 9 0 7oL | |
i E 2.4)°+ (3.8 |} E
- and the energy : ; ’ i 0
51,8 s s s 2 .”t El_,i_ GBM)Z | - -~ ¥
Eni:nzz — Eni + Eng =k <av—s—1,n1) + <av—s—2,n2> | E++ V 9 9 ,‘ L E1’2 B E2’1 — 1T T
2 2 f 1.2 (24) + (55) 5L | |
| El+ 2472+ (55?2 |§ |
- and the energy : 2’1+ A7+ 06)
= 2 2
l//SpSz — () This is a quite general result and is known | E1,2 (5.5)" +(3.8) E |
n,n -, :
o as the Pauli exclusion principle. E2+i_ (5.5)” + (3.8)? | 50
- also: 1 ,ﬁ E;t (1.0 + (247
i ) = = () v () =07 () () | B cerraor || | Q,
o Fre = Ft , so] | | B
+ n) = () vt ) v Gt ey AR e . B
Vel XX) = —=w1 (0) ¥ () = () ¥ (X | — - f [ 12 2]
1 NG 1 1 E; (387 + (107 | |
- Although the above states have the same energy, they are not Ez_,i_ (3.8)° + (7.0)° ’ 30 |
degenerate. In fact b im.—t E;é_ (5.5)2 - (7.0)2 ¢ |
l/jfl 1 € '7”f1 1 ; ’ - ...
} 5,55 (5.5 + (7.0 |}
- such phase factors are very important in the interference ’ ol —t — p v
—,— 2 L 20 | = [ e—
phenomenon o E2,2 U'MO) .i o o
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Harmonic oscillator by Dunkl operator ZVS

EFB

® Now let us consider the harmonic oscillator problem e

with reflection symmetry. The Schrédinger equation ;' Ul 7 [Zn] +1+2v—e, 7 Hy (x) =1 Hy (x) =1 - sz
reads b Gy = ; - P a, v
Lo L 5 ' 2n+2] [2n+1] 2 [4] 22 [4] ([4] —[2])
——Dx + —mw-Xx W = EW ! n — 1 ) V % V 4
2m 2 i - Requiring that the series be terminated, Hy (x)=1- [2] | 475 [4] | .
- If we set mw x = ¢ we have: 1z TERE : v v
‘ (€+)N _ 9 [ZN]V +1+2v : ® Even solution
_D§2W+ Ey = ey ' . ' - For the odd solution, we set
- where .;; [N]V =N+v (1 o (_1) ) N = 0,1,2,-.- ,c; - 2k+1
o — 2_E i - Thus the energy level for the even i Y= 2 b,&
. 0, :  solution is f - Then k=0
- if we set , : . o , [2 ] {49 X ) [2 1] { _9
_g By == (2[2M, +1+2v) n +1-2v—c
() =7 (&) Y2 ’ by = , b
' ¥ n n
- we have . - Then we have the polynomial solution i [Zn T 3]V [271 T Z]V
Dgz)’ — D, (5)’) — Dy +ey =0 .  whose recurrence relation is 4
or . - Requiring that the series be terminated,
D2y —2ED.y + (e — 1 —2vP)y = 0 2([2r], - 201, | we have
Y = ytre—-1l—-2vh)y= a, | = - ~la, | — _
¢ 3 1= Ts T (e.)y =2 2N+ 1]v +1—=2v
® Even solution - Thus the energy level for the odd solution

- Let us denote the functiony corresponding |

o0 i .

y = Z a ézk . toN byH; . The first few Hy’s are '
v 3
k=0 t

- For the even solution, we set

EZ§=%(2 [2N+1]v+1_2")
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Two harmonic oscillator

- Then we have the polynomial solution whose recurrence a
relation is b nyn; Values (@) 4’ if it alues ()
| [, =1 ] 4 Foo 1+2v | Eo Pl
2([n+1], - 2N +1] ) e | -
E+ E 242
bn+1 _ 1% v bn O_, ()+ 24+ 2v EO_, (,)+ V
[27’1 + 3] ) [271 = 2] ) j EO,(,) 24+ 2v j 0.0 2+ 2v
Eyy 342 '. Foo o>
- Let us. denote tt‘? function y corresponding to N by H. E(;l,_i_l_ 3490 ' E(;l:,l—l_ 340
The first fewH,, 's are _ i -
] 2([3,-11,) . | E' 3+2v Eg 3+2v
Hy () = o) =x = gt 4420 Ely 4420
=y j 1,0 ; ’
2([),-10,) | 2(6),-B1)(5,-01,) } & v | B 4420
H_ (x) — y — 1% Vv x3 + % Vv 1% % xS > : .
’ 3] | 5] | | E 4+2v | E1o 2
L1y - Y ’ - ' b
+,— _ 1 = - = - | Eg-l T i EO,l e
Y10 (x1.%) = ﬁ{wl (1) 5 (x2) =i (x2) w5 (1) } Eyi 549y e 5+2v
1 | E~ 5+ 2v E 5+ 2v
—+ N (P -+ o -+ { 1,0 i 1,0
7 (21 x2) NG wo () i (%) — vy (x2) vy (%) } £ 519 E*+ >‘|<&
1 B .f —
p o (%) = 7 wi () i () =i (%) g (1) § | E 6 + 2v E; 6 +2v
| E ’ 6 + 2v El: i:r 6+ 2v
l//({i_ (prz) = ﬁ A (x1) Wi (xz) A (XZ) Wi (x1)} J’ El_l_ 7 19y ’ El,i M
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