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1. Introduction (1)

• Geometrical structure of low-energy excited states the 12C nucleus in 
terms of 3-alpha configuration is interesting subject to study properties 
(transition strength, etc.) of these states.
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1. Introduction (2)

Content of the talk:

2. Density functions

3. 3𝛼 model (Hamiltonian)

4. Transition Strength Function 𝑆𝜆 𝐸 for 12C 01
+ → 3𝛼(𝜆)

5. 12C 𝛼, 𝛼′ 3𝛼 reaction in 𝟑𝛼-model

6. 3𝛼 density

7. Summary
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2. Density functions

• 3𝛼 density function          ρ 𝑥, 𝑦 = 𝑥2𝑦2 𝑑 ො𝑥𝑑 ො𝑦 Ψ Ԧ𝑥, Ԧ𝑦 2

• Bound states [12C 01
+ , 12C 21

+ ]       𝐻3𝛼 ൿหΨ𝑏 =E ൿหΨ𝑏 (as Faddeev eq.)

• Continuum state function for to 12C → 3𝛼 by  multipole operators: 

ൿหΨ𝜆 =
1

𝐸+𝑖𝜀−𝐻3𝛼
𝑂𝜆ห ൿΨ 12C 𝑂𝜆= 𝑟2, 𝑟3𝑌1 Ƹ𝑟 , 𝑟𝜆𝑌𝜆 Ƹ𝑟 𝜆 = 0, 𝜆 = 1, 𝜆 ≥ 2

• Multipole strength functions:  𝑆𝜆 𝐸 = −
1

𝜋
Im Ψ𝑏

𝑂𝜆
†
Ψ𝜆

• For continuum state:  Ψ Ԧ𝑥, Ԧ𝑦 = Im ൿหΨ𝜆 ∝ 𝑑𝑐 ȁ ۧΨ𝑐 Ψ𝑐
𝑂𝜆 Ψ𝑏

1

𝐸+𝑖𝜀−𝐻3𝛼
= P

1

𝐸+𝑖𝜀−𝐻3𝛼
− 𝑖π𝛿 𝐸 − 𝐻3𝛼

• Normalization: 1 = 0
𝑥max 𝑑𝑥 0

𝑦max 𝑑𝑦 ρ 𝑥, 𝑦 ,       𝑥max = 𝑦max = 12 fm

• References: Faddeev calculations for 3𝛼(0+) systems:

S. I. : PRC 87 (2013) 055804, PRC 90 (2014) 061604, PRC 94 (2016) 0616034



3. 3𝛼 model - Hamiltonian

• 3𝛼 Hamiltonian 𝐻3𝛼 = 𝐾 + 𝑉12 + 𝑉23 + 𝑉31 + 𝑉3𝛼

• Phenomenological 𝛼𝛼 potential: Ali-Bodmer Model D  (L=0,2,4)

Ref.: NP80 (1966) 99

𝑉𝛼𝛼 𝑥 = 𝑉𝑅
0 𝑃𝐿=0 + 𝑉𝑅

2 𝑃𝐿=20 𝑒− Τ𝑥 𝑎𝑅
2
+ 𝑉𝐴𝑒

− Τ𝑥 𝑎𝐴
2

• Gaussian 3𝛼 potential 𝑉3𝛼 = 𝑊3exp −
𝑟12

2+𝑟23
2+𝑟31

2

𝑎2

Fitted to      𝐸 02
+ = 0.379 MeV, 𝐸 11

− = 3.569MeV

𝐸 21
+ = −2.836 MeV, 𝐸 31

− = 2.336 MeV
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𝑟12

𝑟23

𝑟31
𝒂 [fm] 𝑾𝟑

[𝟎]
[MeV] 𝑾𝟑

[𝟏]
[MeV] 𝑾𝟑

[𝟐]
[MeV] 𝑾𝟑

[𝟑]
[MeV]

3.0 -156.9 -79 -78.3 25.0

𝑳𝜶𝜶 Er(MeV) 𝚪 (MeV)

0 0.0918 6.8e-6

2 3.132 1.5

4 11.49 3.5

𝑎𝑅 (fm) 𝑉𝑅
0

(MeV) 𝑉𝑅
𝑅

(MeV) 𝑎𝐴 (fm) 𝑉𝐴 (MeV)

1.40 500.0 320.0 2.11 -130.0



4. Transition Strength Function 𝑆𝜆 𝐸 for 12C 01
+ → 3𝛼(𝜆)
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• Spectrum of inelastic scattering 12C 𝛼, 𝛼′ 3𝛼

𝑑2𝜎

𝑑Ω𝑑𝐸
= σ𝜆=0

3 𝑎𝜆
𝑐𝜆 𝑄

𝑄4
𝑆𝜆 𝐸 𝑄：Momentum transfer

• Gauss convolution FWHM=100keV

• Fitting parameters 𝑎0, 𝑎1, 𝑎2, 𝑎3

5. 12C 𝛼, 𝛼′ 3𝛼 reaction in 3𝛼-model

77

𝛼

12C 01
+

Ψ3𝛼
(−)

𝐸; 𝑞, 𝑝

𝛼′

p q

𝑄

𝐸𝛼 = 386 MeV 𝜃Lab = 0°

--- Total

--- 0+

--- 1−

--- 2+

--- 3−

S.I.,paper in preparation



6. 3𝛼 density (1) 
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(1) Equilateral triangle configuration

12C 01
+ ground state 12C 21

+ 1st excited state 12C 31
− resonance

y =
3

2
𝑥



6. 3𝛼 density (2)
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(2) Obtuse isosceles triangle configuration 

𝑥

𝑦 𝑥′

𝑦′

𝑥, 𝑦

𝑥′, 𝑦′

A peak 𝑥, 𝑦 corresponding to an 

obtuse isosceles triangle

→
Associated peak at 𝑥′, 𝑦′ in double 

strength

12C 11
−



6. 3𝛼 density (3)

10

Refs.
[1] S.I. PRC 90 (2014) 061604(R).

[2] N.B. Nguyen, et al., PRC 87 (2013) 054615. 
https://doi.org/10.1103/PhysRevC.87.054615

[3] H. Moriya, et al. FBS 62 (2021) 46;  EPJA 59 (2023) 1. 

(3)Hoyle state 02
+

y =
3

2
𝑥

In addition to the equilateral 

triangle configuration, some 

peaks exist.

https://doi.org/10.1103/PhysRevC.87.054615


A:

Equilateral triangle

B and B’,  C and C’,   D and D’

Obtuse isosceles triangles

Density of Hoyle state
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7. Summary

• Geometric structure of bound- and low energy resonance 
states of 12C nucleus is studied in 3𝛼 model.

• Equilateral triangle: 12C 01
+ , 12C 21

+ , 12C 31
−

• Obtuse  isosceles triangle: 12C 11
−

• Mixture of equilateral- and obtuse isosceles triangles: 12C 02
+
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