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Outline of talk

* Introduction
* Formalism: Overview
-- Cluster EFT for radiative a capture on 1%C
* Numerical results:
-- Elastic a-1%C scattering for /=0,1,2,3,4,5,6
-- ANCs of 07, 03, 17, 2f, 37 states of 10 for a-1%C system
« Results and discussion



Introduction

» Radiative alpha capture on carbon-12, %C(a, )0, is a
fundamental reaction in nuclear-astrophysics

* [t determines C/O ratio after helium burning in red giant stars
* The core Is exploded as supernova explosion type la

« Supernova type la is used as a standard candle to measure
the size and expansion speed of the universe

» Our universe is expanding and consists of 72% dark energy



Elastic alpha-cabon-12 scattering

* Precise phase shift data for 1=0,1,2,3,4,56 in 2.6 < E, < 6.62

MeV from University of Notre Dame by Tischhauser et al.
(2009)

« Construct S matrices from the amplitudes of subthreshold
and resonant states of oxygen-16, which are represented in
terms of effective range parameters

* The parameters are fixed by using the binding energies,
resonant energies, and widths and fit to the phase shift data

 The fitted parameters are used to extrapolate the reaction
rate of 12C(a,y)1°0 to very low energy



44

25
N [ ~ 7169 _, -
TLbe_sﬂro 7 ACE = -2
°N+*He-d N\ \_5__@496.&99 ot 3
o]! N
B \‘\
4.6939 \
IEC"’.?U —1 \‘\ 8
72 \
T » =
52 P .,
T 127022 \
72.1136 2C+B-°L
"0+d-t \\
e O Toob 1o
a8 ™~ . 5k iGO JT=0%T=0
[;_ S~ 7-15018
~-3.1104 ERSI=

Frp-a T
699771
BC a6 -
%
41
49208 1
TS ; 40954 7
+ B-"Be
°F +°He-°Li
35 e
2428 T
Igé%ic?_en I2C+2DN8" IGO
160
T
-0.2047
“c+*C-®Be . ———""31

L= ' ,a
- % -1.9191 ]

|TO+p_d



Cluster EFT for radiative alpha capture on carbon-12

-- The relevant degrees of freedom:
a and 12C; nonrelativistic point-like scalar fields
-- The separation scale:
p-1°N breakup energy; AE = 5MeV, Ay = 160 MeV
-- Momentum expansion at Gamow-peak energy,
E; = 0.3 MeV; Q =40 MeV, thus Q/Ay = 0.25
-- Typical length scale of the reaction; 1/Q =5 fm
-- Coulomb interaction; included non-pertabatively
-- Introducing the composite fields for resonant states
Expanding around unitary limit; effective range expansion



Formalism for the elastic scattering
ematix g 2 G =1+ 2ipA,.
£ = 5l(bs) n 5l(rs1) n 55(;”52)?
2% = 14 2ipAl

P~

A = Al(bs) © 28 }i}rsl) L 206487 Al(mz)'



« Amplitudes



« Amplitude for bound states
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ANCs, Asymptotic Normalization Coefficients

 Wave function normalization factor
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« Amplitudes for resonant states
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S matrices

K;(p) — 2«kReH,;(p) + ipC;W;(p)

210 __
€ o .,
Ki(p) — 2«ReH;(p) — ipC; Wi(p)

E — Egagiy + Ruiy(E) — i3y (E)

X \
4 E — Eggiy + Rui(E) + i5T i (E)
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Numerical results

» Chi-square per # of data

[ 0 1 2 3 - 3 6

x?/N 0013 008 066 0.87 047 0.094 0.026
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ANCs of b.s. of 10 for a-14C clusters

TABLE IV. Values of ANC, |C,|, for the subthreshold I'J;f, I, 2?,
3, states of '°Q.

L5 0 17

]

ICy| (fm™ %) 370(25) 1.727(3) x 10"  3.1(6) x 10* 113(8)




ANC (7.12 MeV, 17)

» This work 1.723(3) x 10 fm1/?
« The a transfer reaction, 12C(°Li, d)°0
Brune et al. (1999) 2.08(20) x 1014
Belhout et al.(2007) 1.87(54) x 10
Oulebsir et al. (2012) 2.00(35) x 10
Avila et al. (2015) 2.09(14) x 1014



Reanalysis: Hebborn et al. arXiv:2307.05636

* Analysis of the a transfer reaction, 2C(°Li, d)°0

-- Three-body system: d+a+1%C clusters

-- DWBA + ANC_d(1%,°Li) > ANC_a(J™,°0)

-- The value of ANC_d(17%,°Li) is updated and increased:

ab initio calculation of a(d,y)°Li, PRL129, 042503 (2022)
-- Values of ANCs of the bound states of 10 are decreased.



Results and discussion

* The simple and transparent expression of the S matrix to
describe some sub-threshold and resonant states is discussed.

« The formalism of the S matrix is applied to the study of
elastic a-1%C scattering at low energies. We find that the
precise phase shift data are descried very well by using the
method.

* | am now working on fitting the S factors of 12C(a,y)°0.

e [t is interesting to apply the present method to the study of
other nuclear/hadronic reactions, e.g., 1*C-1“C fusion reaction.







Effective range exp. vs Wood-Saxson pot.

* Appendix in 2208.02404v2
* What to do
1) Fix V, from the binding energy of the second 0+ state
2) Calculate the ANC
3) Calculate the phase shift from the WS potential
4) Fit the phase shift by using the ER parameters
5) Calculate the ANC from the fitted ER parameters
6) Compare the ANCs from WS and ER



Wood-Saxon Potential

4

c V(r) = — R =R,AY3 =2976, R, = 1.3, a = 0.7 fm

1+exp (T)

*V, = 131.1V for 0+ state, B = 1112.5 keV
* I, = 130.8V for 2+ state, B = 244.8 keV

« Wave functions (next two pages): norm. fooo dru;(r)? =1
* ANCs definition
uo(r) = [CploW_x 1(2yor),
Yo0'2
u,(r) = |Cy|, W «s(2y,r) atr > R

Y22
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3) Fit the effective range parameters

e S-wave;:

1) Include the 0.20 degrees errors of the phase shifts
2) the shapes of curves are different
3) Use the different maximum energies of the data sets

Ey max(MeV) 4.0 4.5 5.0 5.5 WSP
ICylo (Fm~1/2)|  1.1x 103 2.2 x 103 3.7 x 103 5.8 x 103 2.6 x 103
x2/N 0.05 0.16 0.43 1.18




3) Fit the ER parameters (2)

* D-wave
|Cp|, = 3.4(54.4) x 10° fm~1/2 (ERP fit)
|Cy], = 1.9 X 10° fm~1/2 (WSP)



Results and discussion

 About 2 times difference between the ERPF and WSP

* In the ERPF, when ANCs become large, sensitive to the fit; the
error bar becomes large.

* The ERPF is not ideal to deduce large ANCs from the phase
shift data for s-wave and d-wave.

* [t may indicate a size of the model dependence of the ANCs
from different methods.






o |:O (O+; O+; 01-)

vis,  Ko(p) —2«ReHo(p) + ipC?
e’ = —
Ko(p) — 2kReHy(p) — ”JCE

4 E — Egoi + Rooh(E) — i%l_'m;}(E)

X 3 , (28)
3 E — ERi) + Roi)(E) + 15 0)(E)

with

I X
Ko(p) = Ef’n(]’(i? +77) + iRy — P*) + Qo(vs + P°)
+ 2k Hy(iyp). (29)
pCiWo(p)
Con(E) = Troiy—— , (30)
prcﬁrwﬂ(pr}

Ri(E) = api(E — Er@iy)* + boiy(E — Eriy)’s i =3,4,
(31)
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=, p" order P p p
07 ay (fm) ry (fm) P, (fm?) Q, (rm’)
0.26847(1) —0.0363(4) 0.0011(1)
D;r Emuaj (MeV) FR{l}aj (keV)
4.8884(1) 1.34(3)
0 Erioay (MeV) [ rios) (keV) agay (MeV™) by (MeV™?)

0.75(1)

0.18(1)
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- 1=1(17; 135 13)

i _ Ki(p) — 2kReH (p) + ipC;Wi(p) E — Era3) + Ras)(E) — i3 (13)(E)
K\(p) — 2cReH,(p) — ipC;W1(p) E — Ega3) + Ras)(E) +isT a3 (E)

15 a; (fm?) ri (fm™) P, (fm) Q: (fm?)
0.415314(7) —0.57428(7) 0.02032(2)
Eraz (MeV) g3y (keV) a3 (MeV™) bi13y (Mﬂv_z]

0.43(25) 3.8(7)



e |=2 (27; 23, 23; 21)

K>(p) + 2kReH, (p) + ipC; W (p)

EE{'E;

~ Kx(p) + 2kReHx(p) — ipC2Ws(p)

4

<] 1
i=2

a; (fm”)

Eg22) (MeV)
2.68308(3)
Eg23)(MeV)
4.3545(2)
Eg4y (MeV)

E — Erqi) + Roi(E) — i5Ti)(E)
E — Erpiy + R (E) + -’f%r(zf}(E}j

r, (fm™) P (fm™ "
0.149(4) —1.19(5)
[re22y (keV)
0.75(2)
[g23)(keV) aps (MeV™)
74.61(3) 0.46(12)
FR{}:L} (keV)

Q, (fm)
0.081(16)

b(23) (MeV )
0.49(9)



+1=3 (37; 33; 33)

ss.  K3(p) —2kReH;3(p) + ipC;Ws(p)
© 7 Ki(p) — 2kReH;(p) — ipCsWs(p)
E — Er33) + Ra3)(E) — i5T33)(E)
E — Er@3) + Ra3)(E) + i3T3)(E)

X

ay (fm’) ry (fm™) Py (fm™) Q; (fm™)
0.0335(2) —0.446(9) 0.311(5)
Egi3zy (MeV) k33 (keV) a(33) (MeV™') b(33) (MeV?)

32(32) 3.2(32) x 102

Rs (fm)
—0.152(3)



=4 (;47,43; 43)

3

2 =T E — Erai) + Ruai(E) — i53Tai(E)

i=1

Ega1(MeV)
3.19606(1)
Eg12)(MeV)
3.93655(2)
qu,j, (MﬂV)

E — Epuiy + Ruin(E) + f% [y (E) ’

[gany(keV) a41) (MeV ™)
25.91(1) 0.740(3)
Fﬁ{azj(kﬁv]
0.425(4)
gz (keV) a(43) (MeV™)

0.889(6)

buiy MeV™?)
0.304(5)

b3y (MeV™?)
0.216(3)



*|1=5(;; 57)

- |
sis.  E — Egity + Risiy(E) — i3 s1)(E)
& —
. 1 1
E — Egs1y + Ris1)(E) + i35 51)(E)
Egisiy (MeV) Crisiy (keV) aisiy MeV) bisiy MeV—2)

0.572(6) 0.104(2)



» L=6( (bg); ; 61)

sis,  Ke(p) —2kReHs(p) + ipC;Ws(p)
) Ke(p) — 2kReHq(p) — ipC;We(p)
E — Eget) + Ren(E) — izT61)(E)
E — Er1) + Ren(E) + i5T 61 (E)

X

(bg) re (fm™') Py (fm™)
—0.3(2) 2(1)
6, Erer) (MeV) [reery (keV) aey MeV ™) b1, (MeV %)

0.8(1) 0.18(4)






Effective Lagrangian

L p? : D’
L=a¢,|iDoA ba + P | Do + Pc
2m,, 2me

6 3 i 2 1"
+ 3 Y Y Cuindyy, | iDo 2(mg + mc) “ap
I=0 i k=0 _ ’ -

6
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Formalism: overview

* Cluster effective field theory (EFT)

-- Choose a large scale Ay to separate relevant degrees of
freedom at low energy from irrelevant degrees of freedom at
high energy

-- Construct an effective Lagrangian in powers of the number
of derivatives

-- Perturbative expansion in powers of Q/Ay where Q is a
typical momentum scale of a reaction

--- Coefficients of the Lagrangian should be fixed by
experimental data



