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Hyperon-nucleon	and	hyperon-hyperon	interacEons	
• Relevant	for	physics	of	(double)	hypernuclei,	neutron-rich	

maLer,	neutron	stars	
• Does	a	bound	H	dibaryon	exist?

Nucleon-nucleon	interacEons	
• Simplest	systems	to	study	forma$on	of	light	nuclei	from	

first	principles	
• How	does	the	weak	binding	of	the	deuteron	emerge	from	

QCD?
©	AAAS	and	EurekAlert!

[Emiko	Hiyama,	MON	11:15]
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average branching ratio of charmed mesons into
muons. This limit is shown as a dashed curve on
Fig. 2(e). The 2-standard-deviation limit on the
inclusive charmed-meson diffractive pair -pro-
duction cross section times the average branch-
ing ratio is then v„,(B„)=380 nb. The corre-
sponding total cross section for EE diffractive
production is approximately 0.5 mb. ' With the
above assumptions, the ratio of the charmed and
strange total diffractive cross sections is a(DD)
(8„)/o(KE) (10 '.
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In the quark bag model, the same gluon-exchange forces which make the proton lighter
than the 4{1236)bind six quarks to form a stable, flavor-singlet (with strangeness of
—2) J =0+ dihyperon {II) at 2150 MeV. Another isosinglet dihyperon (II*) with J =1+
at 2335 MeV should appear as a bump in AA invariant-mass plots. Production and de-
cay systematics of the 0 are discussed.

The possibility that hadrons may be described
by a confined color gauge theory of quarks and
gluons has attracted great interest recently. ' The
bag model" provides an adaptation of these ideas
to conventional spectroscopy. The S-wave bary-
ons (Q') and many features of the S-wave mesons
(QQ) are remarkably well described by the model
in terms of four parameters of relatively funda-
mental significance. ' Furthermore, the model
may be applied to any S-wave color-singlet multi-

quark system (Q Q", for n+m &3) without addi-
tional parameters. It offers the hope of answer-
ing long-standing questions regarding the nature
and experimental elusiveness of the exotics."
Here I wish to point out that the same model ap-

plied to the Q' system predicts the existence of
certain relatively light dihyperons, one of which
may be stable. Specifically, the model predicts
an S-wave flavor-singlet dihyperon (H) with J=0' at 2150 MeV. With this mass, the H must

• “Nagara	event”:		Observa$on	of	a	 	double-hypernucleus6
ΛΛ He

Binding	energy:
<latexit sha1_base64="qAMFFpnDO9SudiqSfOwsL2FpxE8="></latexit>

B⇤⇤ = 7.25 ± 0.19 (+0.18
�0.11) MeV

Interpreted	as	sequen$al	weak	decay	of	 6
ΛΛ He :
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n, and L baryons [10]. Double-L hypernuclei are closely
related to the existence of the H dibaryon [11]. If the
mass of the H dibaryon, MH , was less than twice the L
hyperon mass in a nucleus, two L hyperons in the nucleus
would be expected to form the H. With this assumption,
the lower limit of the mass of the H dibaryon can be
calculated from the following relation:

MH . 2ML 2 BLL , (2)

where ML is the mass of a L hyperon in free space.
In order to study such systems, an emulsion/

scintillating-fiber hybrid experiment (E373) has been
carried out at the KEK proton synchrotron using the
1.66 GeV!c separated K2 meson beam [12,13]. The
schematic view around the target is given in Fig. 1. J2

hyperons were produced via the quasifree "K2, K1# reac-
tions in a diamond target [14] and brought to rest in Fuji
ET-7C emulsion. The "K2, K1# reactions were tagged
by a spectrometer system. The positions and angles of
entry of the J2 hyperons at the emulsion were measured
with a scintillating microfiber-bundle detector [15] placed
between the diamond target and the emulsion stack. The
tracks of the J2 hyperons were scanned and traced in the
emulsion by a newly developed automatic track scanning
system [16]. An emulsion stack consisted of a thin emul-
sion plate located upstream followed by eleven thick
emulsion plates [17]. The thin plate had 70-mm-thick
emulsion gel on both sides of a 200-mm-thick acrylic base
film, and each thick plate had 500-mm-thick emulsion gel
on both sides of a 50-mm-thick acrylic film.

Although we have analyzed only 11% of the total emul-
sion, we have found an event of seminal importance, a
mesonically decaying double hypernucleus emitted from
a J2 capture at rest [18]. A photograph and schematic
drawing of the event are shown in Fig. 2. We named this
event “NAGARA.” A J2 hyperon came to rest at point

FIG. 1. Schematic view of the experimental setup.

A, from which three charged particles (tracks No. 1, No. 3,
and No. 4) were emitted. One of them decayed into a p2

meson (track No. 6) and two other charged particles (tracks
No. 2 and No. 5) at point B. The particle of track No. 2
decayed again to two charged particles (tracks No. 7 and
No. 8) at point C.

The measured lengths and emission angles of these
tracks are summarized in Table I. The particle of track
No. 7 left the emulsion stack and entered the downstream
scintillating-fiber block detector (D-Block) [19]. Track
No. 5 ended in a 50-mm-thick acrylic base film. The tracks
of the three charged particles emitted from point A are
coplanar within the error as are the three tracks from point
B. The kinetic energy of each charged particle was calcu-
lated from its range, where the range-energy relation was
calibrated using a decays of thorium series in the emul-
sion and m1 decays from p1 meson decays at rest.

The single hypernucleus (track No. 2) was identified
from event reconstruction of its decay at point C. Mesonic
decay modes of single hypernuclei were rejected because
their Q values are too small. The decay mode of the
single hypernucleus is nonmesonic with neutron emission.
If either track No. 7 or No. 8 has more than unit charge,
the total kinetic energy of the two charged particles is
much larger than the Q value of any possible decay mode
because of the long ranges of tracks No. 7 and No. 8.
Therefore, both tracks No. 7 and No. 8 are singly charged,
and only LHe isotopes are acceptable.

The kinematics of all possible decay modes of the dou-
ble hypernucleus (track No. 1) which decays into LHe
(track No. 2) and p2 (track No. 6) were checked, and
BLL and DBLL were calculated. Since track No. 5 ended
in the base film, only the lower limit of the kinetic energy

FIG. 2. Photograph and schematic drawing of NAGARA
event. See text for detailed explanation.

212502-2 212502-2

<latexit sha1_base64="c4f5chUYaxAzQcaf30j0CZhnKvQ="></latexit>

mH > 2m⇤ � B⇤⇤ = 2223.7 MeV @	90%	CL

[Takahashi	et	al.,	PRL	87	(2001)	212502]
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[G.R.	Farrar,	A.	Strumia	et	al.,…]
Deeply	bound	 	state	(“sexaquark”)	proposed	/	discussed	as	dark	maLer	candidate:udsuds
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<latexit sha1_base64="EgbWzPem1ED7MVS1wfSRuboAwXs="></latexit>

mH < 2(mp + me) = 1877.6 MeV )
		H	dibaryon	absolutely	stable→

Deeply	bound	 	state	(“sexaquark”)	proposed	/	discussed	as	dark	maLer	candidate:udsuds

2(mp + me)
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Recall:
<latexit sha1_base64="UVYcccXmO0rKqzpn6sGWwvJ7Hp8="></latexit>

2m⇤ = 2230 MeV
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Dibaryons	in	Laice	QCD

The	H	dibaryon:	Laice	results

Nucleon-nucleon	scaLering

Charmed	tetraquarks

Summary	—	Conclusions	—	Outlook
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Spectral	informa$on	encoded	in	correla$on	func$ons

<latexit sha1_base64="qfCs2dptjK4bq2ZTSrxN8l/3qTs="></latexit>X

x,y
eip·(y�x)

D
Ohad(y) O

†
had(x)

E
=
X

n

wn(p) e�En(p)(y0�x0)
<latexit sha1_base64="ZrcbGr1wGZ/5esCnBES+4kn83Q8="></latexit>

(y0�x0)!1�! w1(p) e�E1(p)(y0�x0)

<latexit sha1_base64="XXpillSispGaYgzKiKfqF8mmukk="></latexit>

Ohad(x) : interpola$ng	operator
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• Projects	on	all	states	with	the	same	quantum	numbers

e.g.	Nucleon:
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ON = ✏abc

⇣
u

a
C�5 d

b
⌘

u
c



Hartmut	Wittig

Compu$ng	the	hadron	spectrum	in	Laice	QCD

Dibaryons	in	Laice	QCD

6

Spectral	informa$on	encoded	in	correla$on	func$ons

<latexit sha1_base64="qfCs2dptjK4bq2ZTSrxN8l/3qTs="></latexit>X

x,y
eip·(y�x)

D
Ohad(y) O

†
had(x)

E
=
X

n

wn(p) e�En(p)(y0�x0)
<latexit sha1_base64="ZrcbGr1wGZ/5esCnBES+4kn83Q8="></latexit>

(y0�x0)!1�! w1(p) e�E1(p)(y0�x0)

<latexit sha1_base64="XXpillSispGaYgzKiKfqF8mmukk="></latexit>

Ohad(x) : interpola$ng	operator

• Projects	on	all	states	with	the	same	quantum	numbers

e.g.	Nucleon:
<latexit sha1_base64="dnc/xJK5LCAPRmEQwv8Sm6jATnU="></latexit>

ON = ✏abc

⇣
u

a
C�5 d

b
⌘

u
c

Nucleon	2pt	func$on

• Ground	state	dominates	at	large	Euclidean	$mes:

t ≡ y0 − x0 → ∞
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Irreducible	representa$ons
<latexit sha1_base64="BjJXCNxl18/Q82K9jo2/5V3Yiig="></latexit>

8 ⌦ 8 = (1 � 8 � 27)S � (8 � 10 � 10)A

• H	dibaryon	lies	in	1-dimensional	irrep	of	 	
• Upon	SU(3)-symmetry	breaking,	8	and	27	mix	with	singlet	
• Singlet,	octet	and	27plet	operators	constructed	from	linear	combina$ons	of	 	and	 	

operators

SU(3)flavour

ΛΛ, ΣΣ NΞ
<latexit sha1_base64="NN+ICcUkW/Mhup25zOQ3yWowL58="></latexit>

[1] = �
r

1
8

[⇤⇤]I=0 +

r
3
8

[⌃⌃]I=0 +

r
4
8

[N⌅s]I=0e.g.

Flavour	structure	of	two	octet	baryons
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Interpola$ng	operators	for	the	H	dibaryon

Hexaquark	operators	(inspired	by	Jaffe’s	original	bag	model	calcula$on):

<latexit sha1_base64="JV3W5fAObNCSkY1AQgwuSL19HGA="></latexit>

H
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1
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H
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1
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3
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⇣
siC�5P+t j

⌘ ⇣
vlC�5P+wm

⌘ ⇣
rkC�5P+un

⌘

Dibaryons	in	Laice	QCD

8

Interpola$ng	operators	for	the	H	dibaryon

Hexaquark	operators	(inspired	by	Jaffe’s	original	bag	model	calcula$on):

<latexit sha1_base64="JV3W5fAObNCSkY1AQgwuSL19HGA="></latexit>

H
(1) =

1
48

([sudsud] � [udusds] � [dudsus])
<latexit sha1_base64="2pvoYEzSJDnp4laca6gHlSHA3M8="></latexit>

H
(27) =

1
48
p

3
(3[sudsud] + [udusds] � [dudsus])

Momentum-projected	two-baryon	operators:
<latexit sha1_base64="6E+FlKQaudF5gM/UOjY9ANIOkhk="></latexit>

B↵ ⌘ [rst]↵ = ✏i jk
⇣
siC�5P+t j

⌘
rk
↵

<latexit sha1_base64="+YF7i2vx0DpNACadS2XBHATa+3c="></latexit>

(BB)(P; t) =
X

x
e�ip1·xB1(x, t) (C�5P+)

X

y
e�ip2·yB2(y, t), P = p1 + p2

	 		project	onto		→
<latexit sha1_base64="1QnbGqblR6W4KeZeSPUbJ/aOemU="></latexit>

(BB)(1), (BB)(8), (BB)(27)
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Consider	set	on	 	interpola$ng	operators	for	a	given	hadron:Nop

• Varia$onal	method:		solve	Generalised	Eigenvalue	Problem	(GEVP)
<latexit sha1_base64="k/2Es1KHp48O5D+ZWdwb+My4qwE="></latexit>

C(t1) vn(t1, t0) = �n(t1, t0) C(t0) vn(t1, t0)
<latexit sha1_base64="F/2E6pCf4q/OnIcSFpjqlgHeNA4="></latexit>

w†n(t1, t0) C(t1) = �n(t1, t0) w†n(t1, t0) C(t0), n = 1, . . . ,Nop

• Project	onto	approximately	diagonal	correlator:
<latexit sha1_base64="5rKipisas9kFoLz5YPy4Ep2PXu0="></latexit>

⇤mn(t) = w†n C(t) vm

• Compute	the	effec$ve	 	energy	level:		nth
<latexit sha1_base64="8dpHRiXax/oSJot5KJ+n2lCRoTU="></latexit>

Ee↵
n (t) =

1
�t

ln
⇤nn(t)

⇤nn(t + �t)

Correla$on	matrix:
<latexit sha1_base64="iwAP3DzgyczS5GHJl75c3nXvGHs="></latexit>

Ci j(P, ⌧) =
D
Oi(P, t)Oj(P, t0)†

E
, ⌧ = t � t

0, i, j = 1, . . . ,Nop

Correlator	matrices	and	GEVP
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Dis$lla$on	with	Laplace-Heaviside	(LapH)	smearing

Timeslice-to-all	quark	propagator	in	the	subspace	spanned	by	eigenmodes	 	of	smearing	kernelv(n, t)

“Mode	triplets”:
<latexit sha1_base64="2SlneVo2SwKcYXbZl7pfYFpYeAY="></latexit>

Tlnm(t, ~p ) =
X

~x

e�i~p·~x✏ i jk v(l, t)
i (~x ) v(n, t)

j (~x ) v(m, t)
k (~x ) (tensorial	structure	of	

	baryon-baryon	correlators)

<latexit sha1_base64="Bty7FLxLOFEkQVhL/WQ0c8w3TeE="></latexit>

, n, n0 = 1, . . . ,NLapH

<latexit sha1_base64="5hssNci7U3dfZcruPwICPcBi48I="></latexit>

⌧nn0
↵� (t, t0) =

X

i, j, ~x, ~x 0
v(n0, t)⇤

i (~x 0) D�1(~x 0, t; ~x, t0) v(n,t0)
j (~x)“Perambulator”:
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<latexit sha1_base64="YzVteHSELFEgHnETfTZVW3r828w="></latexit>

det
⇣
K̃�1(p2) � B(p2, L)

⌘
= 0

	scaLering	amplitude2 → 2
<latexit sha1_base64="vXtNjhlh5rEU+F8d9vZ4EG5v0U0="></latexit>

K̃(p2) :
<latexit sha1_base64="vcr3z2HWlvB48uU+UMg67JUimK4="></latexit>

B(p2, L) : analy$cally	known	func$on
<latexit sha1_base64="eO44AuKYQ7JnC9DuFyLyf4azhXc="></latexit>

p2 : scaLering	momentum[Lüscher	1990–91,	Rummukainen	&	GoJlieb	1995,….]



Hartmut	Wittig

Finite-volume		quan$sa$on	condi$on

Dibaryons	in	Laice	QCD

11

<latexit sha1_base64="YzVteHSELFEgHnETfTZVW3r828w="></latexit>

det
⇣
K̃�1(p2) � B(p2, L)

⌘
= 0
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<latexit sha1_base64="eO44AuKYQ7JnC9DuFyLyf4azhXc="></latexit>

p2 : scaLering	momentum

S-wave:	

<latexit sha1_base64="KzkiOySoPwp8llMEnHgmn2jhZBY="></latexit>

Z D
00(1, q2) =

1p
4⇡

8>>><
>>>:

⇤nX

q2,n2

1
q2 � n2 � 4⇡⇤n

9>>>=
>>>;

<latexit sha1_base64="qC4ZNQoFSmVZPdvYtpcxf1GZYDA="></latexit>

p cot �(p) =
2

�L
p
⇡

Z D
00(1, q2), q = pL/2⇡ ,

<latexit sha1_base64="FN2yixggLG25UxIE3E2oqQ4W1qo="></latexit>

p2 = 1
4 (E2

L � P · P) � m2
⇤ScaLering	momentum:	

[Lüscher	1990–91,	Rummukainen	&	GoJlieb	1995,….]



Hartmut	Wittig

Finite-volume		quan$sa$on	condi$on

Dibaryons	in	Laice	QCD

11
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<latexit sha1_base64="KzkiOySoPwp8llMEnHgmn2jhZBY="></latexit>

Z D
00(1, q2) =

1p
4⇡

8>>><
>>>:

⇤nX

q2,n2

1
q2 � n2 � 4⇡⇤n

9>>>=
>>>;

<latexit sha1_base64="qC4ZNQoFSmVZPdvYtpcxf1GZYDA="></latexit>

p cot �(p) =
2

�L
p
⇡

Z D
00(1, q2), q = pL/2⇡ ,

<latexit sha1_base64="MUg6UQpKZPZNsDWKce50daVrOFo="></latexit>

A / 1
p cot �(p) � ip

Pole	of	scaLering	amplitude:

<latexit sha1_base64="FN2yixggLG25UxIE3E2oqQ4W1qo="></latexit>

p2 = 1
4 (E2

L � P · P) � m2
⇤ScaLering	momentum:	

[Lüscher	1990–91,	Rummukainen	&	GoJlieb	1995,….]
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4⇡
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q2,n2
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>>>;

<latexit sha1_base64="qC4ZNQoFSmVZPdvYtpcxf1GZYDA="></latexit>

p cot �(p) =
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�L
p
⇡

Z D
00(1, q2), q = pL/2⇡ ,

<latexit sha1_base64="MUg6UQpKZPZNsDWKce50daVrOFo="></latexit>

A / 1
p cot �(p) � ip

Pole	of	scaLering	amplitude:

<latexit sha1_base64="aFJlP2IHSWcFVCWEIGUvkuFTJD4="></latexit>

) p cot �0(p) = A + Bp2 + . . .
!
= �
q
�p2

Fit	to	effec$ve	range	expansion:

<latexit sha1_base64="FN2yixggLG25UxIE3E2oqQ4W1qo="></latexit>

p2 = 1
4 (E2

L � P · P) � m2
⇤ScaLering	momentum:	

[Lüscher	1990–91,	Rummukainen	&	GoJlieb	1995,….]
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Baryon-baryon	poten$al	from	Nambu-Bethe-Salpeter	amplitude	computed	on	the	laice
<latexit sha1_base64="cG02jwawcd4AjSOi2ectCh1hTdc="></latexit>

G4(r, t � t0) =
D
0
���(BB)(↵)(r, t) (BB)(↵)(r, t0)

��� 0
E
= �(r, t) e�2M(t�t0)

<latexit sha1_base64="9hFUTYdhT9aZIIk7TqQ/TSSNrwM="></latexit>

(BB)(↵)(r, t) :			2-baryon	interpola$ng	operator;	flavour	irrep.	α
<latexit sha1_base64="jXkMmhFmMsE8s+Z5pxURNuMgwnc="></latexit>

�(r, t) :			NBS	wave	func$on
<latexit sha1_base64="teS/OvinX7nh0KaSjQBnDf4SWU8=">AAACXXicbVHLSsNAFJ3Gd6z1tXDhJhgFVyURX0tBFDeCgm2FJpTJ5NYOnUfITNUy5Avc6se58lec1CraemHgcO45517uJBmjSgfBe8WZmZ2bX1hccperK7XVtfWNppKDnECDSCbz+wQrYFRAQ1PN4D7LAfOEQSvpn5f91iPkikpxp4cZxBw/CNqlBGtL3V531vygHozK+wHhJPDRuG4665XLKJVkwEFowrBS7TDIdGxwrilhULjRQEGGSR8/QNtCgTmo2Iw2Lbw9y6ReV+b2Ce2N2N8Og7lSQ55YJce6pyZ7JflvTz+XgerPeFPKkkSyiaV09zQ2VGQDDYLYNNLDOSbaXsmNBDwRyTkWqYl40lW8aIdxCeWziWxUWmbuRorkNNNKDxkYPyx2i2LK+q/xW+x6nr381J2nQfOgHh7Xj24P/bOL8R8som20g/ZRiE7QGbpCN6iBCAL0gl7RW+XDmXOqTu1L6lTGnk30p5ytTzSxt9I=</latexit>

M :			single	baryon	mass

<latexit sha1_base64="NegvyD4UDLVLP3gKNRQ69TE/aCI="></latexit>

V(r) =
[�H0 � (@/@t)] �(r, t)

�(r, t)• Determine	poten$al	via

• Solve	Schrödinger	equa$on			→			determine	binding	energies	and	scaLering	phase	shits

[Takashi	Inoue,	MON	17:30]
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Use	CLS	ensembles	with	 	flavours	of	 	improved	Wilson	quarks	

• Six	laice	spacings:		 ;		pion	masses		 	
• Timeslice-to-all	propagators;	chiral	trajectory:				

Nf = 2 + 1 O(a)
a = 0.099 − 0.039 fm mπ = 130 − 420 MeV

Tr Mq = const. , 1
2 m2
⇡ + m2

K ⇡ const.

<latexit sha1_base64="qLCdHwEfTLLKmMymfHsYq7xn6xw="></latexit>
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physical	value	(published)
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overlap with only that operator, allowing for a simple
identification of the spin-one dominated states.
Figure 2 shows the effective energy difference

ΔEeffðtÞ≡ −ðd=dtÞ logRðtÞ and the extracted ΔE for
the ground state in frame (0,0,1) on four ensembles that
differ primarily in their lattice spacing. This level is
particularly important because it is the closest to the
bound-state pole determined in the phase shift analysis.

An overview of the finite-volume spectrum is shown in
Fig. 3, where the energy shifts are transformed to the
center-of-mass momentum p. For every level, these two
figures show a clear increasing trend as the lattice spac-
ing is reduced, indicating that discretization effects are
significant.
Given the two-particle scattering amplitude, Lüscher’s

finite-volume quantization condition [55] and its genera-
lizations [56–58] determine the finite-volume spectrum,
up to exponentially suppressed corrections, between the
t-channel cut (p2 > −m2

π=4) and the three-particle thresh-
old (Ec:m: < 2mB þmπ). Since the quantization condition
is diagonal in spin [57,58], the spin-one part of the
scattering amplitude does not affect the spin-zero finite-
volume spectrum, and we choose to ignore the spin-one
states. In addition, we neglect higher partial waves starting
from 1D2. In this case, the quantization condition yields the
1S0 phase shift δðpÞ at the momentum corresponding to
each finite-volume energy level:

p cot δðpÞ ¼ 2ffiffiffi
π

p
Lγ

ZP⃗L=ð2πÞ
00

"
1;
"
pL
2π

#
2
#
; ð1Þ

where γ ¼ E=Ec:m: and ZD⃗
00 is a generalized zeta function.

In addition to excluding levels with too-low or too-high p2

from our analysis, we must also exclude the first excited
levels in frames (0,1,1) and (1,1,1), as the 1D2 partial wave

FIG. 2. Effective energy difference obtained from R0ðtÞ for the
ground state in frame (0,0,1) on four ensembles with similar
volumes. The bands showΔE determined from a single-exponential
fit to R0ðtÞ and also indicate the range of t used for the fit. The
dashed lines show the alternative fit used to estimate systematic
uncertainty.

FIG. 3. Finite-volume spectrum: center-of-mass scattering momentum p2 versus lattice extent L. The five different frames are shown
separately and are labeled with D⃗≡ P⃗L=ð2πÞ. Colored points show spin-zero levels, and gray points (offset horizontally) show levels
identified as spin-one. Solid horizontal lines show the two- and three-particle thresholds, while dashed horizontal lines represent the
t-channel cut. The noninteracting spectrum is denoted by red dashed curves, and solid blue curves show the interacting spectrum
determined in the continuum (see main text); the pale curves correspond to levels that have not been determined in the lattice calculation.
The inset serves as a legend showing L and a2 for the ensembles used in this Letter.
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Con$nuum	extrapola$on

Finite-volume	quan$sa$on	condi$on	only	valid	in	con$nuum	limit

Perform	combined	fit	of	 	in	both	 	and	p cot δ(p) p2 a :
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Ensembles	with	 	flavours	of	 	RG-improved	Wilson	quarks	

• Three	laice	spacings:		 ;		Volume:	 ;		Pion	mass		

Nf = 3 O(a)
a = 0.121, 0.098, 0.069 fm L ≳ 4 fm mπ = 420 MeV

  

V ( r⃗ ) =
1

2μ
∇2 ψ( r⃗ , t )
ψ( r⃗ , t )

−

∂
∂ t

ψ( r⃗ , t)

ψ( r⃗ , t )
−2MB

Flavor singlet BB potential  
Total Laplacian

Time derivative

Laplacian Time derivative

Compute	flavour-singlet	 	poten$al:BB
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Finite-volume	energy	levels	at	decreasing	pion	mass: [M.	Padmanath	et	al.,	arXiv:2111.11541]

� dibaryon away from the (* (3) 5 symmetric point M. Padmanath

Figure 3: Energy spectrum of � = 0, ( = �2 dibaryons in the trivial finite-volume irreps (�1) in the
ensembles with <c ⇠ 350 MeV. Half-filled (unfilled) markers refer to the H102 (U102) ensemble.

of two-baryon scattering channels also increases. Larger energy splittings between the scattering
channels are evident in the finite-volume spectrum for the ensemble with <c = 200 MeV, which is
shown in Figure 5.

Following the reliable extraction of the finite-volume energy spectra, the next thing to do is
to extract the infinite-volume physics. We follow a procedure to extract the two-particle scattering
amplitudes from the finite-volume spectrum through the quantization condition [11]

det( �1
� ⌫) = 0, (4)

first derived by Lüscher for elastic scattering of two spinless particles in the rest frame [12]. With
three low lying 2-baryon scattering channels (⇤⇤, #⌅ and ⌃⌃) in the broken (* (3) 5 symmetry
scenario, one has to deal with a scattering matrix of dimension >3. Assuming that higher partial
wave contributions do not influence the B-wave scattering in the moving frames, one could work
with a 3x3 scattering matrix. One could further simplify the problem by assuming that e�ects from
the ⌃⌃ channel are negligible. However, the applicability of this assumption is limited to lighter
<c scenarios, owing to the greater extent of (* (3) 5 symmetry breaking. #⌅, being a channel with
nonidentical particles, allows mixing of spin sectors (( = 0 and ( = 1), which in turn allows for
physical mixing of higher partial waves unlike in the (* (3) 5 symmetric case. Note that in moving
frames, the first higher partial wave that can contribute to the finite-volume spectra is the ?-wave.
Relaxing the assumptions on neglecting higher partial wave e�ects complicates the problem of
quantization further due to an enlarged scattering matrix.

The extracted finite-volume energy spectra are very dense, and several energy levels are nearly
degenerate. Standard procedures such as minimizing the Determinant Residual [13] or a j

2

defined from the extracted finite-volume energy spectrum and the reconstructed energy spectrum
from the zeros of the quantization determinant [14] are reaching their limits with such a dense
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:		non-interac$ng	levels

a = 0.0642, 0.0762 fm
mπ ∼ 280 MeV, L = 3.1, 3.6 fm
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Finite-volume	energy	levels	at	decreasing	pion	mass: [M.	Padmanath	et	al.,	arXiv:2111.11541]
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a = 0.0642 fm
mπ ∼ 200 MeV, L = 4.2 fm
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Finite-volume	energy	levels	at	decreasing	pion	mass: [M.	Padmanath	et	al.,	arXiv:2111.11541]

� dibaryon away from the (* (3) 5 symmetric point M. Padmanath

Figure 3: Energy spectrum of � = 0, ( = �2 dibaryons in the trivial finite-volume irreps (�1) in the
ensembles with <c ⇠ 350 MeV. Half-filled (unfilled) markers refer to the H102 (U102) ensemble.

of two-baryon scattering channels also increases. Larger energy splittings between the scattering
channels are evident in the finite-volume spectrum for the ensemble with <c = 200 MeV, which is
shown in Figure 5.

Following the reliable extraction of the finite-volume energy spectra, the next thing to do is
to extract the infinite-volume physics. We follow a procedure to extract the two-particle scattering
amplitudes from the finite-volume spectrum through the quantization condition [11]

det( �1
� ⌫) = 0, (4)

first derived by Lüscher for elastic scattering of two spinless particles in the rest frame [12]. With
three low lying 2-baryon scattering channels (⇤⇤, #⌅ and ⌃⌃) in the broken (* (3) 5 symmetry
scenario, one has to deal with a scattering matrix of dimension >3. Assuming that higher partial
wave contributions do not influence the B-wave scattering in the moving frames, one could work
with a 3x3 scattering matrix. One could further simplify the problem by assuming that e�ects from
the ⌃⌃ channel are negligible. However, the applicability of this assumption is limited to lighter
<c scenarios, owing to the greater extent of (* (3) 5 symmetry breaking. #⌅, being a channel with
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:		non-interac$ng	levels

a = 0.0642 fm
mπ ∼ 200 MeV, L = 4.2 fm

• Resolve	a	dense	spectrum	of	energy	
levels	at	several	pion	masses	

• To	be	done:		amplitude	analysis
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Ensemble	with	 	flavours	of	 	RG-improved	Wilson	quarks	

• Single	laice	spacing:		 ;		Volume:	 ;			
• Near-physical	pion	mass:	

Nf = 2 + 1 O(a)
a = 0.0846 fm L ≈ 8.1 fm

mπ = 146 MeV, mK = 525 MeV

The	H	Dibaryon	at	the	physical	pion	mass:	HAL	QCD

19

• 	interac$on	weakly	aLrac$ve	
• No	bound	or	resonant	dihyperon	near	 	

threshold	observed	at	the	physical	point

ΛΛ
ΛΛ

[Sasaki	et	al.,	Nucl	Phys	A998	(2020)	121737,	arXiv:1912.08630]
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Inconclusive	results	on	existence	of	bound	states	at	unphysical	pion	masses:

[Green,	Hanlon,	Junnarkar,	HW	(BaSc),	arXiv:2212.09587]

Study	the	dineutron	and	deuteron	channels	at	SU(3)-symmetric	point
• Employ	dis$lla$on	and	symmetric	GEVP	
• Study	dependence	on	laice	spacing

Status: nucleon-nucleon sca�ering from LQCD

Controversy over presence of bound states at heavy quark masses.
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Deuteron
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27-plet (NN I = 1): spin 0 spectrum
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:		non-interac$ng	levels• Spin-1	states	(grey)	iden$fied	by	overlaps	
• Quan$sa$on	condi$on	factorises	in	spin;		 		and	 		are	relevant1S0

1D2
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Phase	shit	analysis:		1S0
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• Observe	virtual	bound	state	
• Phase	shit	decreases	towards	con$nuum	limit		

			 		Discre$sa$on	effects	enhance	baryon-baryon	interac$ons→

• Levels	from	rest	frame	and	first	moving	
frame	

• Fit	to	ra$onal	func$on:
<latexit sha1_base64="mv4fvFy+9S3Nti2aXcKK0apth8w="></latexit>

p cot �(p) =
c0 + c1 p2

1 + c2 p2
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An$-decuplet	( ):	spin-1	spectrumNN, I = 0
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:		non-interac$ng	levels
• Resolve	≈	300	energy	levels	
• 		and	 		can	be	relevant3S1, 3D1, 3D2

3D3

(thickness	propor$onal	to	degeneracy)
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:		non-interac$ng	levels
• Resolve	≈	300	energy	levels	
• 		and	 		can	be	relevant3S1, 3D1, 3D2

3D3

(thickness	propor$onal	to	degeneracy)

(Spin-0	states	(grey)	iden$fied	by	overlaps)
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Phase	shit	analysis:		3S1

• Helicity-averaged	levels	from	first	two	
moving	frames	

• Neglect	mixing	with	3D1

• Observe	virtual	bound	state		 		Deuteron	not	bound	at	 	

• Phase	shit	decreases	towards	con$nuum	limit		 		 	interac$on	enhanced	by	laice	artefacts

→ mπ = mK ∼ 420 MeV
→ NN
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Charmed	tetraquarks
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LHCb:	observa$on	of	doubly	charmed	tetraquark	 	with	T+
cc I = 0, JP = 1+

<latexit sha1_base64="/0DK8PRYdFQ9ikR+yj600VhbF8M="></latexit>

�mBW = �273 ± 61 keV below	 	thresholdD*+D0

<latexit sha1_base64="UpuIJWySkT5hldLozhDS5kGeugw="></latexit>

�BW = 410 ± 165 keV

• Laice	QCD:	discre$sa$on	effects	may	be	large	
for	heavy	quark	systems	

• Perform	scaling	test	for	different	laice	spacings
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

[LHCb,	Nature	Phys.	18	(2022)	751]
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Use	same	set	of	CLS	ensembles	at	the	SU(3)-symmetric	point	with	 	at	the	physical	value	mu + md + ms

		 		 	and	 	all	stable	→ D, D* D*0
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e
�ip2·y(q̄�1q)(y, t), P = p1 + p2

Apply	dis$lla$on	approach	to	momentum-projected	meson-meson	operators:
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Fi�ing JJ
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Solve GEVP and fit to ratio of diagonalized
correlator,
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Estimate systematic error using earlier fit range;
assume 50% correlated.
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“Correct” to continuum dispersion relation when reconstructing energy:
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q
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2
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q
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2
2

Obtain ?2cm using<⇡ and<⇡⇤ from same ensemble.
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[J.	Green	@	La[ce	2023	—	Work	in	Progress]
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O = 0 JJ
⇤ spectrum
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:		non-interac$ng	levelsAmplitude	analysis:		Neglect	D-wave	and	higher

Fit		 	S-wave,		 	and	 	P-wave	phase	shits1+ 0− 2−

Preliminary
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:		non-interac$ng	levels

O = 0 JJ
⇤ spectrum, Fit 1: a < 0.08 fm, neglect a2 e�ects, 6 2/dof = 26/34
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Fit	1:			 ,	neglect	 	laice	artefactsa < 0.08 fm a2

(dashed:	no	P	waves;			doLed:	no	S	wave;				grey	points	not	fiLed)

Preliminary
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:		non-interac$ng	levels

O = 0 JJ
⇤ spectrum, Fit 2: a < 0.09 fm, including a

2 e�ects, 6 2/dof = 34/41
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Fit	2:	Con$nuum	limit:		 ,	including		 	laice	artefactsa < 0.09 fm a2

(other	colours:	non-zero	laice	spacing;				grey	points	not	fiLed)

Preliminary
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Fit 1: JJ
⇤
O = 0 Y wave
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Fit	1

Fit	2

• ALrac$ve	 	interac$on	but	no	bound	state	at	SU(3)-symmetric	point	
• Very	small	discre$sa$on	effects	for	 	but	significant	artefacts	for	coarser	laice	spacings

DD*
a < 0.08 fm

Preliminary Preliminary
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Charmed	tetraquarks	away	from	the	SU(3)-symmetric	point
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[Padmanath	&	Prelovšek,	PRL	129	(2022)	032002]

Finite-volume	quan$sa$on

CLS	 	ensemble	with	 	

• Single	laice	spacing:		 	
• Virtual	bound	state	observed

Nf = 2 + 1 mπ ∼ 280 MeV

a = 0.0864 fm
• 	 ,		 	
• “Loosely	bound	state”	observed

mπ ∼ 146 MeV a = 0.0846 fm

HAL	QCD

[Lyu	et	al.,	arXiv:2302.04505]
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Summary	—	Conclusions	—	Outlook
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Dis$lla$on,	GEVP	and	Finite-volume	Quan$sa$on:	
Detailed	and	precise	studies	of	two-par$cle	interac$ons	

Discre$sa$on	effects	in	binding	energies	and	scaLering	lengths	can	be	sizeable:		
• Binding	energy	of	H	dibaryon	much	smaller	in	con$nuum	limit:		 	
• Laice	artefacts	enhance	strength	of	hadron-hadron	interac$ons	
• Confirmed	using	different	laice	ac$ons	and	formalisms	

No	bound	states	in	dineutron	and	deuteron	channels	observed	at	 	

SU(3)-flavour	breaking	makes	amplitude	analysis	much	more	complicated	

Mixing	with	higher	par$al	waves	under	study	

Charmed	tetraquarks:		Virtual	bound	state	observed	at	non-zero	laice	spacings

O(5 MeV)

mπ = mK ∼ 420 MeV
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Dibaryons	in	Laice	QCD
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Building	block:
<latexit sha1_base64="6E+FlKQaudF5gM/UOjY9ANIOkhk="></latexit>
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Spin-1	interpolator:

Deuteron:		
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Interpola$ng	operators	for	other	dibaryon	channels
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The	Mainz	dibaryon	project

33

Based	on	CLS	ensembles	with	 	and	 	flavours	of	 	improved	Wilson	quarksNf = 2 Nf = 2 + 1 O(a)

Past	and	present	members:	
Anthony	Francis,	Jeremy	Green,	Andrew	Hanlon,	Parikshit	Junnarkar,	M.	Padmanath,	Chuan	Miao,	
Srijit	Paul,	Tom	Rae,	H.W.
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Methodology:	

• Varia$onal	method:		point-to-all	( )	and	$meslice-to-all	propagators	

• Exact	dis$lla$on:	$meslice-to-all	propagators	
• Finite-volume	quan$sa$on	
• Various	dibaryon	channels	—	extension	to	charmed	tetraquarks

Nf = 2

[Peardon	et	al.,	PRD	80	(2009)	054506]
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[Peardon	et	al.,	PRD	80	(2009)	054506]

CollaboraEon	within	“Baryon	ScaLering”	(BaSc)	Collabora$on	
• Stochas$c	LapH	on	large	physical	volumes	
• Alterna$ve	discre$sa$ons:	exponen$ated	Clover,	domain	wall

[Morningstar	et	al.,	PRD	83	(2011)	114505]
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Mainz	Dibaryon	project:	Pilot	study	in	2-flavour	QCD
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• Pion	masses	match	earlier	calcula$ons	by	NPLQCD	and	HALQCD	
• Point-to-all	propagators:	asymmetric	GEVP	
• Hexaquark	operators	have	poor	overlap	onto	ground	state	
• Dis$lla$on:	much	beLer	signal	
• Finite-volume	quan$sa$on	yields	smaller	binding	energy

D
H(t)H†(0)

E
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BB(t)H†(0)
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[Francis	et	al.,	PRD	99	(2019)	074505]
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Antidecuplet (NN I = 0) spin 0 spectrum
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Fit 70 levels with 4 parameters:

p3 cotX1P1 = c0 + c1p2, p7 cotX1F3 = c2 + c3p8.

Good fit quality assuming no discretization e�ects.

La�ice 2022 Jeremy R. Green — Nucleon-nucleon sca�ering from distillation 14

An$-decuplet	( ):	spin-0	spectrumNN, I = 0

35

:		non-interac$ng	levels:		4-parameter	fit	to	70	energy	levels
<latexit sha1_base64="4EcQN+NG4H+pAKpekKllZ+tWFF4="></latexit>

p3 cot �1P1 = c0 + c1 p2, p3 cot �1F3 = c2 + c3 p8 (good	fit	quality	without	terms	describing	laice	artefacts)
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Coupled	par$al	waves	 [Green,	Hanlon,	Junnarkar,	HW	(BaSc),	arXiv:2212.09587]
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p cot �1↵ =
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1 + p4x2 , x = p�2 tan ✏1
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✏1 = 0 , ↵ ⇠ 3S 1 , � ⇠ 3D1
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�1� = 0 : energy	levels	impose	constraints

Fit	spectrum	on	N202	to	
<latexit sha1_base64="ejzuKwI1to+jr8eIuwSlkD8WJUY="></latexit>

p cot �1↵ = c1 + c2 p2 , p�2 tan ✏1 = c3
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The	H	Dibaryon	in	3-flavour	QCD
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Source	posi$ons	on	ensembles	with	SU(3)	symmetry

5

FIG. S3. Left: E�ective energies for an octet baryon correlator on U103 with #LapH = 20, 40, 60. Right: The e�ective energies shifted such
that their plateaux start at C � C0 = 0.
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FIG. S4. Location of source times on all ensembles. Triangles
indicate sources used for only forward-propgating or backward-
propagating states, and squares indicate sources used for both. When
present, green line segments indicate the range over which sources
were randomly shifted on each gauge configuration.

and only solve for the eigenvectors and eigenvalues at a single
time separation g⇡ > g0. The resulting eigenvectors can be
used to rotate ⇠̂ (C) for all other time separations

⇠̃ (C) ⌘ +
†
(g⇡)⇠

�1/2
(g0)⇠ (C)⇠

�1/2
(g0)+ (g⇡), (S34)

where the columns of + (g⇡) contain the orthonormal eigen-
vectors of ⇠̂ (g⇡). Then the diagonal elements of ⇠̃ (C) ap-
proximate the generalized eigenvalues _= (C). It can be seen in
Fig. S6 that the scattering momenta derived from the spectrum
show very little dependence on the chosen GEVP parameters
g0 and g⇡ . The rotated correlators are inspected by eye to en-
sure they remain statistically diagonal for all time separations.

Finally, extraction of the leading exponential terms for the
diagonal elements of ⇠̃ (C) gives the lowest # levels that overlap
with the states created by the operators used in the correlation
matrix, and the overlaps themselves are given by

/
(=)

9
⌘ h0| O 9 |=i ⇡ ⇠

1/2
9:

(g0)+:= (g⇡)�=. (S35)

FIG. S5. E�ective energy for the octet baryon with total momentum
zero on four ensembles with similar volumes. The bands show the
value of the octet-baryon mass obtained from single-exponential fits
to a single-octet-baryon correlator projected to zero momentum and
also indicate the range of C used for the fit.

These overlaps are used to identify states as being predomi-
nantly spin-zero or spin-one.

C. Ratio fits

In a final step before fitting the correlators, we form a ratio
of each diagonal element of the rotated correlator matrix to
the product of two single-baryon correlators,

'= (C) ⌘
⇠̃== (C)

⇠
Æ?1
⇤ (C)⇠

Æ?2
⇤ (C)

. (S36)

The momenta Æ?1,2 are chosen to correspond to the constituent
momenta of the individual baryons appearing in the opera-
tor that has dominant overlap with state =. The advantage
of forming this ratio is the possibility for partial cancellation
of correlations and residual contributions from excited states.
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