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Context
Ø cold atoms;
Ø short-range potentials (rangeà0);
Ø scatt. lengthsà  infinity (unitarity limit);
Ø weakly bound systems;
Ø noninteger dim./squeezed traps 3Dà2D
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3-Bosons
3Dà2D

Efimov-Thomasà No E.-T.

Discrete Scale Symmetry à No DScS

limit cycles à scaling with two-body energy

How that happens?
Start with what we know...
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What do we know in 3D for three-bosons:
Scaling function as a limit cycle for the trimer bound-state 
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In EFT 4-body scale @ NLO 
- Bazak et al. PRL 122 (2019) 143001

What do we know in 3D for four-bosons:
Scaling function (limit cycle) for the bound-state & Interwoven cycles
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TF & M. Gattobigio, arXiv:2303.14952 [physics.atm-clus]

Gaussian two, three and four-body potentials @ unitarity

Limit Cycle in potential models

- - - Hadizadeh et al PRL 107, 135304 (2011)
       Deltuva PRA82 (2010) & arXiv 1202.0167

Universal tetramer limit-cycle at the unitary limit
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mH >> mL L-H interaction only

Born-Oppenheimer approx.
Fonseca,  Redish, Shanley, Nucl. Phys. A320 (1979) 273
Bhaduri,  Chatterjee, van Zyl, Am. J. Phys. 79 (2011) 274-281; Am. J. Phys. 80 (2012) 94.
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where BN ⌘ �m↵
~2 EN and u ⌘ u(R) ⌘ R�(R). In the

present adiabatic approximation, with m↵ >> m� , we
have µ(2↵)� ⇠ m� , such that µ(2↵)�/m↵ gives approxi-
mately the light to heavy mass ratio. In the following,
the mass-ratio will be defined by A ⌘ m�/m↵ ⌧ 1.

For a radial potential ⇤/R2, where ⇤ is dimensionless,
the system has no bound-state for ⇤ > �1/4, and is
anomalous for ⇤ < �1/4 due to the singularity at R ! 0.
There is no lower limit in the energy spectrum, which
requires a regularization, such that R > rc, where rc is
a radial short-range cut-o↵. Therefore, for a boundary
condition we fix the wave function to zero at R = rc. It
is important to note that the geometric scaling property
is independent on the value of rc. So, in the unitary limit
(a ! 1), we can rewrite Eq. (9) as


d
2

dR2
+

s
2
N + 1

4

R2
� BN

�
u = 0 (N � 3), (10)

where sN ⌘ sN (A) ⌘
q�

2+A
4A

�
(N � 2)�2 � 1

4 (function

of the mass ratio) is defining the adiabatic scaling fac-
tor. For the corresponding three-body system ( N = 3),
this scaling factor should correspond to the non-adiabatic
one, which is usually defined as s0 [28]. (In the following,
we take s3 as defining our adiabatic value for s0).

In our simplified scheme, we are generalizing the BO
approach to the case of two-heavy and (N � 2)-light
bosons, in a way that we can obtain a general relation
between the corresponding scaling factors with the case
that we have just one-light boson:

s
2
N = (N � 2)s23 + (N � 3)/4

' (N � 2)s20 + (N � 3)/4 (N � 3), (11)

which implies that sN > sN�1, and therefore the geomet-
rical ratio between the energies of two successive states of
the N�particle system is smaller than the corresponding
ratio for the (N �1)-particle system. This pattern seems
to persist even in the case where the BO approximation
is not applicable like in what was found theoretically for
the four and three-boson systems with a zero-range po-

tential when B(1)
4 /B(0)

4 ⇠ 1/127, with B(0)
3 << B(1)

4 in
the strict unitary limit (for zero two-body bound-state,
B↵� = 0) [1].

Therefore, the bound-state spectrum for the two-heavy
and (N � 2)-light boson, with identical particles not in-
teracting, is obtained by the solution of Eq. (10), which
follows in exact analogy with the BO approach for the
three-body case, where we have two-heavy and one-light
bosons. As detailed in Ref. [24], the three-body spec-
trum is obtained from the zeros of a modified Bessel
function of the second kind with pure imaginary order
is3 (as defined in [26]): u(R) =

p
3RKis3(3R), where

3 ⌘
p
B3. From the condition that the wave-function

must be zero at some short distance, with a cut-o↵ reg-
ularizing the potential at R = r1, for shallow bound-

state levels, we have
q
B(n)
3 r1 = e

�n⇡/s3 ⇥ f(s3), where
f(s3) is a constant factor which does not depend on

specific levels. From this solution, emerges the well-
known geometric scaling of the three-body spectrum,

with B(n)
3 = e

�2n⇡/s3B(0)
3 (n = 0, 1, ...), as well as the

fact that the bound-state energies are scaling with the
inverse square of the cut-o↵ at short distances, 1/r21.
We should also note that, the boundary condition of

the wave-function at long distances is giving by the ab-
solute value of the two-body scattering length, with the
number of the levels in the spectrum being

N3 ' s3

⇡
ln(|a|/r1) (12)

, which is infinite in the unitary limit [24]. As we move
away from the unitary limit, the number of trimers de-
crease with the ratio between adjacent binding energies
following a scaling relation, as shown in Fig. 2 of Ref. [27]
for the case of three-identical particles.
Before going to the next section where our aim is

to analyze the inter-relation between the spectrum of a
N�boson system with the spectrum of subsystems, it is
of interest to check the extension of the validity of the
adiabatic Born-Oppenheimer approach, close to unitary
limit. For that, we are verifying numerically the s3 val-
ues, obtained for the case with N = 3 (one light and
two boson system) for di↵erent values of the mass-ratio
A ⌘ m�/m↵ ⌧ 1, in comparison with the values of s0
reported in Ref. [28]. The results presented in Table I are
illustrative on the accuracy of the BO approach, which
improves as the mass ratio A decreases.

TABLE I. Values of the scaling factor s3 and e⇡/s3 , obtained
by solving the adiabatic equation (10) in comparison with the
respective exact values as reported in Ref. [28].

A 0.1 0.05 0.04 0.03 0.02 0.01 0.001

s3 1.1995 1.7456 1.9624 2.2784 2.8057 3.9891 12.675

s0 1.4682 1.9194 2.1142 2.4067 2.9084 4.0612 12.698

e⇡/s3 13.725 6.0483 4.9574 3.9703 3.0641 2.1980 1.2813

e⇡/s0 8.4977 5.1383 4.4193 3.6889 2.9452 2.1675 1.2807

B. Two-heavy and two-light bosons

As discussed in the previous subsection, the solu-
tions for the spectrum of two-heavy and (N � 2)-light
bosons are obtained by following in close analogy the
same analytical expression as in the case of N = 3.
Therefore, the bound-state wave functions presented in
Eq. (10) are given by modified Bessel functions of the
third kind with pure imaginary order isN , such that
u(R) =

p
NRKisN (NR), with 

2
N ⌘ BN . However, the

cases with N � 4 will di↵er from the case of N = 3 by the
boundary conditions. For example, in the case that N =
4 (two-heavy and two-light bosons), with the wave func-
tion vanishing at R = r2, the shallow energy states in the

RH H
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A=mL / mH

3

adiabatic approach, it is being considered two identical
heavy particles (↵ = 1 and 2) with masses m↵, interact-
ing with a third particle (� = 3) having mass m� ⌧ m↵,
near the unitary limit. The limits of validity of the adi-
abatic approach is being verified in case of a three-body
system, by comparing with exact numerical approaches
for di↵erent two-body interactions and mass ratios. In
the present work, we extend this approach to the gen-
eral case where we have N � 2 bosons of the kind � and
discuss the implications of the e↵ective heavy-heavy two-
body interaction for the corresponding N�boson system
in terms of new interwoven limit cycles.

II. BORN-OPPENHEIMER APPROXIMATION

A. Two-heavy and (N � 2)-light boson system

For the case of a many-body mixture with two-species
of particles, two-heavy and (N � 2)-light ones, we de-
fine the corresponding coordinates as x1,x2 for the two
heavy particles, being xj (j = 3, 4, ..., N) for the (N�2)-
light particles. Next, we consider the minimal condi-
tion for the interactions, such that the identical particles
are not interacting between each other, remaining only
the heavy-light interactions. Within this condition, we
define the relative coordinates as R = (x1 � x2) and
rj=1,2,...,N�2 =

�
xj+2 � x1+x2

2

�
. In this case, the corre-

sponding three-body Schrödinger equation is given by

H =

2

4� ~2
m↵

r2
R + V0(R) +

N�2X

j=1

Hj

3

5 , (1)

where  ⌘  (r1, r2, ..., rN�2,R) is the total wave func-
tion, V0 is the potential between the two-heavy parti-
cles, and Hj is a three-body Hamiltonian corresponding
to the interaction between the two heavy particles with
each light particle j. Hj is given by

Hj = � ~2
2µ(2↵)�

r2
rj +

2X

i=1

Vi

✓����rj + (�1)i
R

2

����

◆
, (2)

where µ(2↵)� ⌘ 2m↵m�/(2m↵+m�) is the reduced mass
for the ↵↵� system and Vi is the interaction for the
heavy-light system.

The heavy particles should move much slower than the
light one, in such a way that we can apply the Born-
Oppenheimer approximation. Within this limit, the total
wave function can be decomposed as

 ⌘  (r1, r2, ..., rN ,R) = �(R)
N�2Y

j=1

 R(rj),

where R is a parameter in  R(rj). In this way, in our
assumption that all the N light particles interact in the
same way with the heavy particles, the eigenvalue so-
lution E(R) for each light boson interacting with the

two-heavy bosons will provide the e↵ective adiabatic po-
tential for the two heavy particles, which is given by
EN�2(R) = (N � 2)E(R). The corresponding set of cou-
pled system is given by
"
� ~2
2µ(2↵)�

r2
rj +

2X

i=1

Vi

✓����rj + (�1)i
R
2

����

◆
� E(R)

#
 R(rj) = 0


� ~2
m↵

r2
R + V0(R) + EN�2(R)

�
�(R) = EN�(R), (3)

such that E3 is given the energy solution for the system
with two-heavy and one light boson. As the asymptotic
behavior of E(R) is not a↵ected by V0(R), we can assume
V0(R) = 0 within our purpose. For the light-heavy parti-
cles one can take short-range separable interactions, with
V1 and V2 having the operator form �|gihg|. In this way,
the light-heavy particle system can easily be solved in
momentum space by considering Yamaguchi form-factors
with g(p) ⌘ (p2 + �

2). Further, it is assumed a shallow
bound state, �~2/(2µ↵�a

2), where µ↵� is the reduced
mass and a ⌘ a↵� the scattering length of the light-heavy
system.
By assuming no interaction between the two-heavy

sub-system, V0(R) = 0, within the Born-Oppenheimer
approximation [24], the e↵ective potential in the equa-
tion for �(R) is given by

EN�2(R) = �(N � 2)

2

⌫
, (4)

where ⌫ ⌘ µ(2↵)�/m� and  ⌘ (R) should satisfy the
relation


� 1

a

�
R = e

�R
. (5)

The solution in the limit a ! 1 leads to

EN�2(R) = �(N�2)
�
2

⌫R2
, where � = e

�� = 0.5671433.

(6)
By relaxing the unitary limit, considering any other value
for a, the expression (5) for (R) can be fitted within a
function

(R) ⇡ 1

a
+

⇣
�

R
+
"

a

⌘
e
�R/a

, (7)

where the constant " is adjusted numerically. With good
accuracy we obtain " ⌘ 0.185. With the above expression
for (R), the e↵ective potential EN�2(R) for the two-
heavy particle system,

EN�2(R) = � (N � 2)

⌫a2

h
1 +

⇣
�a

R
+ "

⌘
e
�R

a

i2
, (8)

will satisfy both limits R ⌧ a and R � a. Near the
unitary limit, where R ⌧ a, by keeping in the potential
the next Coulomb-like term, the bound-state equation
for (N � 2)-light and two-heavy particles is


d2

dR2
+

(N � 2)m↵

2µ(2↵)�

✓
�2

R2
+

0.7008
Ra

◆
� BN

�
u = 0, (9)

New limit cycles beyond 3-body

LLHH Naidon, Few-Body Syst. 59, 64 (2018)

(N � 2) Light bosons
<latexit sha1_base64="iPn8UHi71qqDlZShZhXCWiN8mak=">AAACBXicbVA9SwNBEN3zM8avU0stlogQEcNdLLQM2liIRDAxkISwt9kkS/Z2j905MRxJYeMf8EfYWChi63+wy79xk1ho9MHA470ZZuYFkeAGPG/ozMzOzS8sppbSyyura+vuxmbZqFhTVqJKKF0JiGGCS1YCDoJVIs1IGAh2E3TPRv7NLdOGK3kNvYjVQ9KWvMUpASs13J3s5WF+Hw8GgxqwO0gueLsDOFBGSdNvuLtezhsD/yX+N9ktZGoHj8NCr9hwP2tNReOQSaCCGFP1vQjqCdHAqWD9dC02LCK0S9qsaqkkITP1ZPxFH+9ZpYlbStuSgMfqz4mEhMb0wsB2hgQ6Ztobif951RhaJ/WEyygGJulkUSsWGBQeRYKbXDMKomcJoZrbWzHtEE0o2ODSNgR/+uW/pJzP+Ue5/JVN4xRNkELbKIOyyEfHqIDOURGVEEX36Am9oFfnwXl23pz3SeuM8z2zhX7B+fgC4O2bLw==</latexit>

LLHH,  LLLHH … systems: B.O. approximation

“Interwoven limit cycles in the spectra of mass imbalanced many-boson system“
 De Paula, Delfino, TF,  Tomio, JPB53, 205301 (2020)

L

HH

L
L

L

L
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Bruch &Tjon, Phys. Rev. A 19, 425 (1979): NO EFIMOV EFFECT IN 2D! 

3-bosons: E3,0 =16.1 E2 and E3,1 =1.25 E2

8

What do we know 2D for 2, 3 and 4 bosons in the limit of E2à  0

Platter, Hammer, Meißner FBS 35 (2004) 169

4-bosons E4,0 = 197.3(1)E2 and E4,1 = 25.5(1) E2 

zero-range limit:

3670 ADHIKARI, DELFING, FREDERICO, GOLDMAN, AND TOMIO

when written in the form of Eq. (14), the divergence of
the trace coming only from the upper limit is of interest
because the two-body binding energy y has been scaled
from the integrand and put in the upper limit together
with A. The most divergent part of the integral (14) at
the upper limit can be extracted after making the follow-
ing transformation of variables: x =r cos8, y =r sin8.
Then we have

(3/'&)(A /y ) dr

y, 1+cos sin8

g [ln(r cos8)ln(r sin8)]

At the upper limit of r integration, presumably at r ~~,
the 8 integration is well behaved and any divergence in
this limit should come from the upper limit of the follow-
ing integral:

(3/4xA /r ) drr lnr

which at the upper limit yields

Trk —[ln( —,'A /y )]
which is perfectly finite as A~ oo or y~O. This proves
the absence of both Efimov and Thomas efFects in two di-
mensions. The absence of the Efimov-Thomas divergence
of the trace of the kernel in two dimensions means that
the integration limit in Eq. (9) can conveniently be
pushed to infinity without the need of introducing form
factors of two-particle interaction. Hence, in Eq. (9) the
large momentum behavior is essentially given by Eq. (10)
even in the case of realistic potentials because, unlike in
the case of three dimensions, at large momentum the ker-
nel tends to zero very rapidly and gives convergent in-
tegrals at large momentum without any need of realistic
form factors of two-particle interactions. In other words,
Eq. (9}will be insensitive to the large momentum behav-
ior of these form factors, or to the short-range behavior

of the two-particle interactions. Assuming that in vari-
ous three-particle calculations one uses difFerent short-
range two-particle interactions, which produce identical
two-particle on-shell results, then the three particle ob-
servsbles in two dimensions, unlike in three dimensions,
will be reasonably model independent.
Though the absence of the Efimov efFect in two dimen-

sions has been conjectured before (using diff'erent models)
by Bruch and Tjon (separable potential model), Lim and
Mourone' (hyperspherical harmonic approach), and Lim
and Shimer' (Born-Oppenheimer approach), the present
discussion is distinct from these works in being complete-
ly model independent and in being a unique unified dis-
cussion of the Efimov and Thomas efFects and the model
independence of three-particle observables in two dimen-
sions.
The model independence of three-particle observables

in two dimensions was implicit in the work of Tjon. He
found a small sensitivity of three-particle binding energy
in two dimensions on two-particle interaction model em-
ployed when he held fixed the two-particle binding ener-
gy. We shall see that the above sensitivity disappears if
one holds both the two-particle scattering length and
binding energy fixed. Then the three-particle binding en-
ergy in two dimensions becomes essentially model in-
dependent.

IV. NUMERICAL RESULTS

In order to demonstrate our claim of model indepen-
dence in two dimensions of three-particle observables, we
have performed three-particle calculations with the fol-
lowing separable potential

with

(p I
v

I
p') =—~g (p)g (p'» (15)

g (p) =(o'+p')
The two-particle t matrix at energy E with this potential
is given by

(p l
t(E) l

p') =—Ag(p)g(p') I+2irA, J q dq g (q)(E+ie q)—
In this case the fully on shell t matrix ( k l

t (E) l
k ) =2m ( k l

t (E)
l
k'), k =k' =E, is given by

2+E)2m 2m —1 (~2+E)j(k
l
t(E)

l
k) = — +—,'lno ——,'lnE ——,

' g 2. +
)=t Jo

( k
l
t (E) l

k ) =—( cot5+ i)—
with"

cot6=a&+—lnE+bE+cE +1 2 (19}

Here 5 is the scattering phase shift and az is the two-

Using the efFective-range expansion, this t matrix is
parametrized at low energies as

(2O)

dimensional equivalent of the scattering length in three
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when written in the form of Eq. (14), the divergence of
the trace coming only from the upper limit is of interest
because the two-body binding energy y has been scaled
from the integrand and put in the upper limit together
with A. The most divergent part of the integral (14) at
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ing transformation of variables: x =r cos8, y =r sin8.
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(3/'&)(A /y ) dr

y, 1+cos sin8

g [ln(r cos8)ln(r sin8)]
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(3/4xA /r ) drr lnr
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Trk —[ln( —,'A /y )]
which is perfectly finite as A~ oo or y~O. This proves
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ior of these form factors, or to the short-range behavior

of the two-particle interactions. Assuming that in vari-
ous three-particle calculations one uses difFerent short-
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dependent.
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expected. Though we are limited in this paper to a class
of separable potentials of Eq. (15) (which results in, at
best, a variation F3 of the order of ~ 5%) in view of the
arguments presented in Sec. III, the present conclusion of
model independence of three-particle observables in two
dimensions is by no means limited to the example studied
in this section and is expected to be true in general.
The present conclusion of model independence is ex-

pected to be true not only in the case of the three-particle
binding energy E3, but also for other low-energy three-
particle observables such as the scattering length a3 for
scattering of one particle from the bound state of other
two. %e calculated a3 for our model potentials and
found that this was indeed the case. Finally, we studied
the correlation among E3 and a3 calculated with model
potentials which produce the same E2 and a 2. As expect-
ed from our study, the correlation between E3 and a3 is
reduced essentially to a point if Ez and a2 are held fixed.
In other words, if E2 and a2 are held Axed, the three-
particle system in two dimensions essentially produces
the same E3 and a3 near the Efimov limit. In the case of
the three-particle system in three dimensions, the on-shell
properties of the two-particle system E2 and a2 are not
suScient to determine E3 and a3 uniquely. This leads to
the well-known linear correlation between the calculated
E3 and a3 in the three-nucleon system known as the Phil-
lips plot.

V. SUMMARY

In this paper we have presented a unified discussion of
the Efimov and Thomas effects and the model depen-
dence of three-particle observables. In particular we
have shown that both Efimov and Thomas effects are
consequences of the same singularity structure of the ker-
nel of the scattering integral equation satisfied by the
three-particle system. In the case of the two-dimensional
three-particle system, this singularity structure does not
allow for the occurrence of Efimov and Thomas effects
and suppresses the contributions of the large momentum
parts of the two-particle t matrix in the three-particle in-
tegral equation so that the three-particle observables are
insensitive to large momentum parts or short-range be-
havior of the two-particle interaction. This makes the
three-particle observables in two dimensions reasonably
model independent. The three-particle system in three
dimensions allows for the occurrence of Efimov and
Thomas effects and consequently the three-particle ob-
servables in three dimension are very sensitive to short-
range (off-shell) behavior of two-particle interactions.
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Fig. 3 The shadowed area shows the region where the Efimov effect is allowed according to the effective strength given by Eq.
(23). The blue dashed line is the critical strength given by κ(D) = (D − 2)2/4 Eq. (29), and the effective strength ḡ(D) =
(A + 2)g(D)/4A is presented for three different mass ratios. The dimensional limit is 2.21 < D < 3.90 for A = 6/133. Figure
originally published in Ref. [18]

4 General system: scales with compactified dimensions

In this section we will consider a general three-body AAB system, where physical scales are present and
there is no restriction to m A and m B . The transition from 3D to 2D is performed in momentum space and the
energy spectrum comes from the solutions of STM-like integral equations derived from the Faddeev equations
[29]. Part of the following content was first published in Refs. [20,24]. The dimensional transition is made
as follows. Consider a generic three-body system described by relative Jacobi momenta (px , py, pz) with
periodic boundary conditions along one direction (chosen to be the z-axis). Then, the relative momenta along
the plane are given by p⊥ = (px , py) and

pz = n
Rz

, (30)

with n = 0,± 1,± 2, . . . .
The length of the squeezed dimension corresponds to a radius, Rz , that interpolates between the 2D limit for

Rz → 0 and the 3D limit for Rz → ∞. The 2D limit is achieved by increasing the gap between the momenta in
the z-direction in such a way we cease the propagation along this direction. The choice of a periodic dimension
is not essential as we may map the physics of other types of external confinement onto the system with periodic
boundary conditions. We can use exactly the same idea with px or py to move continuously from 2D to 1D.
In each case, the respective integral is then replaced by a sum in the integral equations.

The method briefly described above was first used in Ref. [24]. It presents a numerical difficulty when
approaching the limit of large R’s. In this limit the number of terms in the sum should be increased, which affects
considerably the total time of the numerical calculation. In order to circumvent this problem we inserted an
angular decomposition of the kernel of the integral equations. Between the 3D and 2D limits, the decomposition
inserts Legendre polynomials, which can be used to reduce the number of terms in the sum close to the large
R’s. This improvement of our first version of the compactification method [24] can be found in appendix B of
Ref. [20].

After quantizing the relative momenta q and p (q has its origin is the center-of-mass of a given pair and
point towards the remaining particle and p connects the pair) in the z direction and performing the angular
decomposition, the coupled and subtracted integral equations for the spectator functions, χB and χA, reads:

χB(q̃) = −2 τAA;Rz

(
E3 − A + 2

4A q̃2
) ∑

m

∫
d2 p⊥

Rz
H(1)(q̃, p̃; E3, −µ2)χA( p̃) (31)

χA(q̃) = −τAB;Rz

(
E3 − A + 2

2(A + 1)
q̃2

)∑

m

∫
d2 p⊥

Rz

{
H(1)( p̃, q̃; E3, −µ2)χB( p̃)

+H(2)(q̃, p̃; E3, −µ2)χA( p̃)
}

(32)
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where q̃ ≡ (q⊥, n), p̃ ≡ (p⊥, m) and

q̃2 = q2
⊥ + n2

R2
z

, p̃2 = p2
⊥ + m2

R2
z

and q̃ · p̃ = q⊥ · p⊥ + n m
R2

z
(33)

The functions H(1)(ξ, η; E3, −µ2) and H(2)(ξ, η; E3, −µ2) are given by

H(1)(ξ, η; E3, −µ2) = G(1)
0Rz

(ξ, η; E3) − G(1)
0Rz

(ξ, η;−µ2) (34)

H(2)(ξ, η; E3, −µ2) = G(2)
0Rz

(ξ, η; E3) − G(2)
0Rz

(ξ, η;−µ2), (35)

where the resolvents are defined by:
[
G(1)

0Rz
(q̃, p̃; E)

]−1
= E − p̃2 − q̃ · p̃ − A + 1

2A
q̃2 (36)

[
G(2)

0Rz
(q̃, p̃; E)

]−1
= E − q̃ · p̃

A
− A + 1

2A
(q̃2 + p̃2) (37)

The two-body amplitudes for finite Rz are given by

Rz τ−1
Aβ;Rz

(E) = 2 m Aβ





∑

n

∫
d2 p⊥

Ẽ − p2
⊥ − n2

R2
z

−
∑∫

d2 p⊥
Ẽ Aβ − p2

⊥ − n2

R2
z




 , (38)

with β ≡ A or B, Ẽ = 2 m Aβ E (E < 0) and Ẽ Aβ = 2 m Aβ E Aβ and we chose the bound-state pole at E Aβ

for each Rz . The reduced mass is m Aβ = m A mβ/(m A + mβ). Performing the analytical integration over p⊥
and performing the sum, we get that

τAβ;Rz (E) = Rz

[

4π m Aβ ln

(
sinh π

√−2 m Aβ E Rz

sinh π
√−2 m Aβ E Aβ Rz

)]−1

(39)

In the limit of Rz → ∞ the two-body amplitudes for AA and AB reduces to the known 3D expressions.
The solution of Eqs. (31) and (32) returns the three-body energy spectrum. The transition from 3D to 2D

for m B/m A = 6/133 is showed in Fig. 4. The compactification parameter, Rz , was related with the oscillator
length, bz = √

h̄/µABωz (µ = m Am B/(m A + m B) and ωz is the frequency of the oscillator) in such a way
the three-body energies are given as a function of bz/a3D (E2 = h̄2/µABa2

3D). In the considered situation the
subsystem AA is not interacting.

Fig. 4 Trimer energies plotted in units of the two-body energy for m B/m A = 6/133 as functions of bz/a3D. For the solid lines
the two-body energy varies with bz while for the dashed lines it is kept constant. Figure originally published in Ref. [20]
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with β ≡ A or B, Ẽ = 2 m Aβ E (E < 0) and Ẽ Aβ = 2 m Aβ E Aβ and we chose the bound-state pole at E Aβ

for each Rz . The reduced mass is m Aβ = m A mβ/(m A + mβ). Performing the analytical integration over p⊥
and performing the sum, we get that

τAβ;Rz (E) = Rz

[

4π m Aβ ln

(
sinh π

√−2 m Aβ E Rz

sinh π
√−2 m Aβ E Aβ Rz

)]−1

(39)

In the limit of Rz → ∞ the two-body amplitudes for AA and AB reduces to the known 3D expressions.
The solution of Eqs. (31) and (32) returns the three-body energy spectrum. The transition from 3D to 2D

for m B/m A = 6/133 is showed in Fig. 4. The compactification parameter, Rz , was related with the oscillator
length, bz = √

h̄/µABωz (µ = m Am B/(m A + m B) and ωz is the frequency of the oscillator) in such a way
the three-body energies are given as a function of bz/a3D (E2 = h̄2/µABa2

3D). In the considered situation the
subsystem AA is not interacting.

Fig. 4 Trimer energies plotted in units of the two-body energy for m B/m A = 6/133 as functions of bz/a3D. For the solid lines
the two-body energy varies with bz while for the dashed lines it is kept constant. Figure originally published in Ref. [20]

22 Page 8 of 10 M. T. Yamashita

where q̃ ≡ (q⊥, n), p̃ ≡ (p⊥, m) and

q̃2 = q2
⊥ + n2

R2
z

, p̃2 = p2
⊥ + m2

R2
z

and q̃ · p̃ = q⊥ · p⊥ + n m
R2

z
(33)

The functions H(1)(ξ, η; E3, −µ2) and H(2)(ξ, η; E3, −µ2) are given by

H(1)(ξ, η; E3, −µ2) = G(1)
0Rz

(ξ, η; E3) − G(1)
0Rz

(ξ, η;−µ2) (34)

H(2)(ξ, η; E3, −µ2) = G(2)
0Rz

(ξ, η; E3) − G(2)
0Rz

(ξ, η;−µ2), (35)

where the resolvents are defined by:
[
G(1)

0Rz
(q̃, p̃; E)

]−1
= E − p̃2 − q̃ · p̃ − A + 1

2A
q̃2 (36)

[
G(2)

0Rz
(q̃, p̃; E)

]−1
= E − q̃ · p̃

A
− A + 1

2A
(q̃2 + p̃2) (37)

The two-body amplitudes for finite Rz are given by

Rz τ−1
Aβ;Rz

(E) = 2 m Aβ





∑

n

∫
d2 p⊥
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Beyond the oscillator length and the two-body scattering
length, the van der Waals length and thermal wavelength may
play a role. The former measures the two-body potential
range, but since we are interested in the universal regime
where states are weakly bound, a characteristic of Efimov
states, they live outside the potential range. For the latter, we
assume that the temperature is sufficiently low for it to have
negligible effect. Our formalism allows for finite temperature
to be included in observables such as recombination rates in
the same way as done without squeezing.

3. Two-body properties

We first consider the AB two-body subsystem. The energy as
function of by/a3D for fixed a3D is shown in figure 1(a) where
this ratio characterizes the dimension of the trap with respect
to the two-body radius. We have normalized the energy in
figure 1(a) to its value in the 2D limit (by→0). We see an
evolution from the 3D limit (far right side) with energies that
remain constant until around the point where by∼r0. This is
when the external confinement starts to be felt strongly by the
particles and the energy moves quite fast towards the 2D
limiting value. It is interesting to note that the energy at which
by=r0 (marked by black points in figure 1) is almost the
same, E2/E2

2D(by=r0)∼0.05, independent of a3D for
a3D/r0?1. The evolution from 2D to 1D is shown in
figure 1(b) and confirms our expectation that further binding
occurs as we approach the 1D limit.

4. Spectral flow from 3D to 2D

We now proceed to discuss Efimov trimer states as we con-
tinuously squeeze along one direction, i.e. as by decreases.
The mass ratio is taken to be mB/mA=6/133 [52]5 and is
relevant for current studies of trimers in 6Li–133Cs mixtures
[42, 43, 45, 47]. This gives a relatively small Efimov scaling
factor eπ/ s=4.788 [53, 54] so that many Efimov trimers can
be expected. We choose a large a3D/r0;105 to perform our
calculations.

The three-body energies of the Nth trimer, E3
N, relative to the

two-body energy are shown in figure 2 as function of by/a3D.
Here a3D is related to the three-body parameter expressed by κ*,
where E2 N2

3
0*�k m = =( ) ( ) and E E aN

3
0

2 3D
2*k= == ( )

109. With our present choice of parameters we have the relation
κ* a3D≈3.15×104. The figure remains as function of κ*a3D
but with the numbers on the x-axis multiplied by 3.15×104. In
the 3D limit to the far right of figure 2, we are able to numerically
resolve five Efimov states which scale in energy with e2π/ s as
expected. In the strict 2D limit on the far left of figure 2, we find
that four states survive as expected [51]. The behavior in between

these two integer limits is intriguing and depends sensitively on
how we treat the two-body energy.

The dashed lines in figure 2 show the results obtained
when assuming that the two-body energy does not vary with
by and is set by the 3D value, E E by2 2

3D= ¥( ). As by
decreases we see a number of systematically occurring abrupt
drops in E3

N. Each drop is from an initial value down to one of
the energies that the system is destined to reach in 2D where
the Efimov effect is gone.

Specifically, as we decrease by (going from right to left in
figure 2) the state that is weakest bound in the 3D limit first
decreases its energy to a value corresponding to the strongest
bound state in the 2D limit. It then has roughly constant energy
until the next level decreases its energy and demands the position
in the spectrum, and pushed the state down to an energy around
that of the first excited state in the 2D limit. These processes are
repeated until the four 2D positions are reached and the
remaining three-body state has disappeared into the continuum
(a single state in our case). They are reminiscent of the so-called
Zeldovich rearrangement [55], in which the short-range interac-
tions compete with the long-range influence of the confinement.

It is important to notice that before these abrupt changes
of the energies, the Efimov scaling among the states is intact.
Thus, we have a quantitative measure of how much squeezing
different Efimov states can survive. A rough estimate of the
jumps can be inferred by considering the Efimov attractive
inverse square potential which extends to around a3D [56, 57],
and therefore the radial extent of the least bound state is
roughly a3D. In turn, the first spectral jump is expected around
by∼a3D, since here the state becomes strongly influenced by
the trap [58]. Subsequent jumps now follow an Efimov
scaling law and occur when by∼a3D/e

Nπ/ s.
Keeping a constant E2 value is presumably experimen-

tally challenging as it requires tuning of interactions to
compensate for the effects of the confinement on E2. We
therefore now study the case where this is not done so that we

Figure 2. Trimer energies plotted in units of the two-body energy for
mB/mA=6/133 as functions of by/a3D. For the solid lines the two-
body energy varies with by while for the dashed lines it is kept
constant (see text for discussion). Solid and dashed lines have
different colors for visibility.

5 The dimensional requirement for the Efimov effect to occur, 2.3 < d < 3.8
[33] depends generally on the masses in the system and the numbers will thus
change for our ratio of mB/mA = 6/133, although the expected modification
could rather small, see [52] for related work.
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Supplemental Material for “Squeezing the Efimov Effect”

SQUEEZED DIMER

In this section we present the equations that are used to obtain the dimer energy as we squeeze along one (3D→2D)
or along two (2D→1D) spatial dimensions. We will be using units where ! = 1 throughout the discussion in this
supplementary material.

Transition from 3D→2D

In our model we will assume periodic boundary conditions along one direction (chosen to be the y-axis). Then, the
relative momenta along the plane are given by !p⊥ = (px, pz) and

py =
n

Ry
, (1)

with n = 0,±1,±2, . . . . The length of the squeezed dimension corresponds to a radius, Ry, that interpolates between
the 2D limit for Ry → 0 and the 3D limit for Ry → ∞. As discussed in the main text, the choice of a periodic
dimension is not essential for our study, as we may map the physics of other types of external confinement onto
the system with periodic boundary conditions. In the present case we consider the case of a harmonic oscillator
confinement that we map onto the periodic setup.
First, we consider the case where we have zero-range (ZR) interactions. In general, the dimer energy with zero-range

interactions EZR
2 is a function of Ry. A natural fixed point of the dimer energy is the 3D limit where the shallow

zero-range dimer energy around for instance a Feshbach resonance is experimentally measurable. We denote this
dimer energy of a 3D setup (no squeeze) by E3D

2 . This implies that the two-body T -operator in the limit Ry → ∞
has to recover a pole exactly at E3D

2 . Thus, for the zero-range potential we must solve [67]
∫

d3p
1

E3D
2 − p2

2M

−
1

Ry

∑

n

∫

d2p⊥
1

EZR
2 − p2

⊥

2M − n2

2MR2
y

= 0 , (2)

where M is the reduced mass of the dimer. The above equation can be solved analytically giving:

√

−MEZR
2 =

1

πRy
sinh−1 eπRy/a3D

2
, (3)

where a3D =
√

−E3D
2 is the two-body scattering length. The explicit form of (3) reads:

EZR
2 = −

a23D
(πRy)2

ln2
(

eπRy/a3D

2
+

√

e2πRy/a3D

4
+ 1

)

, (4)

and for Ry → 0 one has that, for a zero-range potential, the dimer energy changes as:

EZR
2 ∼ −(πMRy)

−2 (sinh−1 1

2
)2 = 0.02346227 (MRy)

−2. (5)

This result should not be valid for a finite-range potential, as in this case we expect a finite dimer energy when the
system is confined in two dimensions (Ry → 0).
The argument above shows that the route toward Ry → 0 depends on the form of the two-body potential. In order

to regularize EZR
2 for Ry → 0, we assume a simple fitting formula for the dimer energy as a function of Ry. This

formula will have two parameters constrained to the dimer binding energies calculated numerically at the 2D and 3D
limits as we will now discuss.
To calibrate the zero-range model, we use the numerically highly robust stochastic variational method to calculate

the dimer binding energies in the presence of a harmonic trap which is then squeezed along one direction. The
zero-range interaction is modeled by a Gaussian two-body potential. Thus, we solve the following eigenvalue equation

H |Ψ〉 =
(

p2AB

2M
+ V (rAB) +

M

2

(

ω2
xx

2
AB + ω2

yy
2
AB

)

)

|Ψ〉 = e2|Ψ〉 , (6)
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where V (r) = S0e−r2AB/r2
0 is the two-body interaction at (relative) distance rAB with strength S0 and range r0. When

we squeeze from 3D to 2D, we take ωx = 0 and increase ωy. Note that xAB and yAB are the Cartesian components of
the relative distance between the two particles, rAB . The center of mass part of the trap decouples from the problem
and can be ignored in our case where we are only interested in the intrinsic internal dynamics of dimer and trimer
states. The energy e2 = 〈Ψ|H|Ψ〉

〈Ψ|Ψ〉 is calculated from a correlated Gaussian basis used to expand the wave function [69].

Equation (6) is now used to define E2(ωy) = e2 − !ωy
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By comparison between Eq. (4) and Eq. (7), we may now infer that the mapping between our setup with periodic
boundaries to that of the harmonic trap is obtained by identifying 2πRy = by. Numerically, we find that this
relationship is extremely accurate.
The procedure above may be performed for other confinement potentials with little extra complication as the

stochastic variational method is highly flexible [68] and can provide the necessary dimer energies that we need to
calibrate our setup with zero-range interactions and periodic boundaries. The precise mapping relation between Ry

and the length parameters of other confining potentials may of course differ from that presented here.

Transition 2D→1D

In this section we squeeze one of the two remaining directions of the last subsection confining the dimer in 1D. This
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where the two-body binding energy is written with a bar Ē2 and now depends implicitly on Rx. After performing
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In the limit Rx → ∞, Eq. (10) reproduces the two-body energy in 2D. However, it diverges in the limit Rx → 0
and needs to be regularized. This is done by replacing R2

x → R2
x +R2

0, in which R0 is an adjustable parameter that
allows us to obtain Ē2(Rx = 0) = E1D

2 , where E1D
2 is the two-body energy in 1D which is calculated via the the

stochastic variational method using a Gaussian potential just as we have done in the previous section. The mapping
is again found to be 2πRx ≈ bx, where bx =
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1/Mωx.

SQUEEZED TRIMER

The trimer we now consider is an AAB system with two identical A particles of bosonic kind, and a third particle
B that may have a different mass. In what follows we detail the integral equations for the bound state, in which we
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2 , where E1D
2 is the two-body energy in 1D which is calculated via the the

stochastic variational method using a Gaussian potential just as we have done in the previous section. The mapping
is again found to be 2πRx ≈ bx, where bx =

√

1/Mωx.

SQUEEZED TRIMER

The trimer we now consider is an AAB system with two identical A particles of bosonic kind, and a third particle
B that may have a different mass. In what follows we detail the integral equations for the bound state, in which we

7

where V (r) = S0e−r2AB/r2
0 is the two-body interaction at (relative) distance rAB with strength S0 and range r0. When

we squeeze from 3D to 2D, we take ωx = 0 and increase ωy. Note that xAB and yAB are the Cartesian components of
the relative distance between the two particles, rAB . The center of mass part of the trap decouples from the problem
and can be ignored in our case where we are only interested in the intrinsic internal dynamics of dimer and trimer
states. The energy e2 = 〈Ψ|H|Ψ〉

〈Ψ|Ψ〉 is calculated from a correlated Gaussian basis used to expand the wave function [69].

Equation (6) is now used to define E2(ωy) = e2 − !ωy

2 . The subtraction of the zero-point contribution is important
as one would otherwise get a divergent contribution that would reflect only the increasing trap energy and not the
intrinsic behavior of the dimer. We find that the dimer energy is accurately described by the form

E2(by) = −
4a23D

α+ βb2y
ln2

(

eby/2a3D

2
+

√

eby/a3D

4
+ 1

)

, (7)

where we have defined the oscillator length by =
√

1/Mωy. This form is of course inspired by the zero-range dimer
energy above, Eq. (4). In order to fix the parameters, α and β, we may use the limiting expressions E2(bω → 0) ≡ E2D

2

and E2(bω → ∞) ≡ E3D
2 , which gives

α ≡ −
4a23D
E2D

2

ln2
(

1 +
√
5

2

)

andβ ≡ −
1

E3D
2

. (8)

By comparison between Eq. (4) and Eq. (7), we may now infer that the mapping between our setup with periodic
boundaries to that of the harmonic trap is obtained by identifying 2πRy = by. Numerically, we find that this
relationship is extremely accurate.
The procedure above may be performed for other confinement potentials with little extra complication as the

stochastic variational method is highly flexible [68] and can provide the necessary dimer energies that we need to
calibrate our setup with zero-range interactions and periodic boundaries. The precise mapping relation between Ry

and the length parameters of other confining potentials may of course differ from that presented here.

Transition 2D→1D

In this section we squeeze one of the two remaining directions of the last subsection confining the dimer in 1D. This
corresponds to now increasing ωx. We repeat essentially the same steps to obtain the binding energy of the dimer as
a function of Rx. Eq. (2) is changed so that it describes the 2D → 1D transition. In this case it has the form

∫

d2p

E2D
2 − p2

2M

−
1

Rx

∑

n

∫

dp
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b oscillator length

Solution of the compactified SKM equations for  AAB systems
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bho   oscillator length

r2D  3-body rms radius in 2D 

Garrido & Jensen, Phys. Rev. Res. 2 (2020) 033261

g: Gaussian pot.

m: Morse pot.

Non-integer dimension and harmonic trap
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and

I1(A,s) =
∫ ∞

0
dz

zis

z
ln

[
(z2 + 1)(A + 1) + 2z

(z2 + 1)(A + 1) − 2z

]
, (10)

I2(A,s) =
∫ ∞

0
dz

zis

z
ln

[
2A(z2 + z) + A + 1
2A(z2 − z) + A + 1

]
, (11)

I3(A,s) =
∫ ∞

0
dz

zis

z
ln

[
2A(1 + z) + (A + 1)z2

2A(1 − z) + (A + 1)z2

]
, (12)

which are the same integrals found in Ref. [23] for the D = 3
problem. We note that the result r = 1 − D is exact. This
can be proved by setting r = 1 − D + ε and expanding the
characteristic equation in a power series in ε: For given values
of D and A, it can be verified analytically that the only possible
solution occurs for ε = 0.

Results. In cold-atom traps when a three-atom bound state
crosses the continuum threshold, the atoms can recombine,
forming a deeply bound two-atom molecule plus an atom. The
recoil energy of the atom-molecule system is much larger than
the depth of the ultracold trap in such a way that the three atoms
are lost. The three-atom recombination peaks appear at two-
body scattering lengths a

(N)
− separated by multiplicative factors

of exp(π/s). Deviations from the D = 3 limit, excluding range
corrections, are associated with the response of the three-body
system to the dimension changes between D = 2 and D = 3.
Note that in heteronuclear systems two scattering lengths can
be distinguished: one for the AA subsystem, and another one
for the AB subsystem. The present solution given by Eq. (7)
corresponds to the limit of both scattering lengths tending to
infinity.

Once A is fixed, the imaginary part s of the exponent of
q in Eq. (7) is the solution of Eq. (8). The boundaries of the
region of values of D for which the Efimov effect survives are
determined by the existence of nonzero values of s; close to
the threshold, the Efimov effect disappears as s → 0 and the
energy gap between levels tends to infinity. The boundaries are
shown in Fig. 1.

In experiments, it is possible to change the confining
potential in order to squeeze one or two directions of the trap
transforming the cloud in a quasi-(D = 2) or quasi-(D = 1)
environment, respectively. Rigorously, as mentioned, all these

FIG. 1. Regions (in blue) where there is a real solution for the
scaling factor s, solution to Eq. (8); outside this “dimensional band,”
the Efimov effect does not exist. For A = 1 we reproduce exactly
the result in Ref. [7], where the dimensional limits are given by
2.3 < D < 3.8.

systems are in D = 3; however, the three-body system em-
bedded in the atomic cloud feels an effective dimension
when compressed—as shown in previous works [24,25]— that
makes the most excited Efimov states disappear one by one
until reaching the expected number of bound states in D = 2.

The physical reason behind the disappearance of the Efimov
states close to the critical dimension can be easily understood
considering the Born-Oppenheimer (BO) approximation, valid
in the situation mA $ mB . In the BO approximation, an
effective potential coming from the exchange of the light
particle between the two heavy ones can be extracted. The
form of this potential is well known in D = 3, given by
Ref. [26], −(s + 1/4)/R2, where R is the separation distance
between the heavy particles, and s is the imaginary part of
the exponent of q in Eq. (7). The Efimov effect is due to the
“fall to the center” for s > −1/4. For heteronuclear systems
in D dimensions the effective potential is still proportional to
−1/R2, but the strength is now more complicated, depending
on D and A. For a given mass ratio, at the critical dimensions
on either side of D = 3, i.e., D > 3 and D < 3, the Efimov
effect disappears precisely at the critical strength −(D − 2)2/4
[27], reproducing the result for D = 3 [26], where the fall to
the center stops.

Figure 2 shows the value of the discrete scaling factor
exp(π/s) for a wide range of the mass ratio A and of the band

FIG. 2. Discrete scaling factor as a function of the mass ratio
A = mB/mA, and dimension D. The black dashed line shows the
well-known situation of D = 3.
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Region where there is a real 
solution for the scaling factor s

E. Nielsen, et al. Phys. Rep. 347, 373 (2001).
A  = 1; 2.3 < D < 3.8 E n
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1

Danilov’s equations in non-integer dimensions  for AAB systems
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3

where tan ✓i = [miM/(mj mk)]
1/2, with M = m1+m2+

m3. For bosons in the partial-wave channel with vanish-
ing total angular momentum, one can define the reduced
Faddeev component as
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D�1
2  (i)(r0i, ⇢

0
i). (10)

The corresponding Schrödinger equation for �(i)
0 is sepa-

rable in the hyper-spherical coordinates r0i = R sin↵i and
⇢0i = R cos↵i, so that one can write:

�(i)
0 (R,↵i) = C(i)F (R)G(i)(↵i) , (11)

where R2 = r02i + ⇢02i and ↵i = arctan(r0i/⇢
0
i), with F (R)

and G(i)(↵i) satisfying the following equations:
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where �20 = 2E, and sn is the Efimov parameter, to be
determined by the BP boundary condition.
The definitions z = cos 2↵i and G(i) = (1 � z2)1/4g(i)

turn Eq. (13) into the form of the associated Legendre
di↵erential equation [47] with the known analytical solu-
tions:
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where Pm
n (x) and Qm

n (x) are the associated Legendre
functions. We have imposed the boundary condition
that guarantees a finite value for the Faddeev component
 (i) at ⇢i = 0, which leads the reduced wave function

to satisfy �(i)
0 (r0i, ⇢

0
i = 0) = 0. In terms of the hyper-

spherical coordinates, it leads to G(i)(↵i = ⇡/2) = 0,
since ⇢0i = R cos↵i.

Therefore, the solution for  (i)(r0i, ⇢
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i) is given by:
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where Ksn is the modified Bessel function of the second kind.
One obtains the Efimov parameter sn by considering that all three pairs of particles are resonant. Then, the BP

boundary condition, Eq. (7), should be satisfied by the three-body wave function when each relative distance between
two of the particles tends to zero, namely ri = R sin↵i ! 0, implying that ↵i ! 0 for finite hyper-radius R. The
hyper-radial part of the wave function factorizes in the BP boundary condition for each ri, which depends only on the
hyper-angular part of each Faddeev component (14). The resulting homogeneous linear system for the coe�cients C(i)

reads:
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#
= 0, (16)

for i 6= j 6= k. Taking the three cyclic permutations of {i, j, k} one has a homogeneous system of three linear equations,
from which one obtains the Efimov parameter sn by solving the characteristic transcendental equation.

We remark that the key point of this work is the ana-
lytical solution, for finite energies, of each Faddeev com-
ponent for bound-state systems of the three-distinct par-
ticles - this situation is more complex than our previous
work given in Ref. [27]. The use of the BP boundary con-
dition results in Eq. (15) and, in order to fully define the
wave function, Eq. (16) should be solved to determine
the Efimov parameter sn and the relative weights C(i) of

the Faddeev components of the wave function.

In the case of a purely imaginary value for the sn pa-
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where Ksn is the modified Bessel function of the second kind.
One obtains the Efimov parameter sn by considering that all three pairs of particles are resonant. Then, the BP

boundary condition, Eq. (7), should be satisfied by the three-body wave function when each relative distance between
two of the particles tends to zero, namely ri = R sin↵i ! 0, implying that ↵i ! 0 for finite hyper-radius R. The
hyper-radial part of the wave function factorizes in the BP boundary condition for each ri, which depends only on the
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for i 6= j 6= k. Taking the three cyclic permutations of {i, j, k} one has a homogeneous system of three linear equations,
from which one obtains the Efimov parameter sn by solving the characteristic transcendental equation.

We remark that the key point of this work is the ana-
lytical solution, for finite energies, of each Faddeev com-
ponent for bound-state systems of the three-distinct par-
ticles - this situation is more complex than our previous
work given in Ref. [27]. The use of the BP boundary con-
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giving rise to the well known pathological 1/R2 interac-
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in connection with the contacts. Within such a perspec-
tive, we study in this work the D-dependence of the two-
and three-body contact parameters in mass-imbalanced
three-body systems featuring the Efimov e↵ect. We ex-
tract the contact parameters from the single-particle mo-
mentum distributions at high momentum values. We
treat the three-body problem in terms of D-dimensional
hyperspherical coordinates [42] and solve the problem an-
alytically using the Bethe-Peierls (BP) boundary condi-
tions employing the method, we introduced in Ref. [43].

This work is organized as follows. In section II, for a
system composed by two atoms A and a third one B,
we review the derivation of the analytical D-dimensional
Faddeev components of the mass-imbalanced three-body
bound state wave function. Section III is devoted to the
derivation of the momentum distribution of particle B

in D-dimensions. We also discuss in this section, the
high momentum regime of the single particle momen-
tum distribution from where the two- and three-body
contacts are obtained. Section IV shows quantitative re-
sults for the momentum density and relate them with the
two- and three-body contacts for three-identical bosons
and a mass-imbalanced system of the form 6Li�133Cs2.
The conclusions are given in Section V. Appendices A to
D give details of the large momentum sub-leading con-
tributions to the single particle momentum distribution
discussed in Sec. III. In appendix E, we display the nu-
merical values of the two- and three-body parameters for
di↵erent mass configurations in three-dimensions.

II. D-DIMENSIONAL EFIMOV STATE

In this section, we review the derivation of the D-
dimensional three-body wave function of an Efimov state
for a mass-imbalanced system at unitarity, according to
our approach introduced in Ref. [43]. We found the solu-
tion of the energy eigenvalue equation for a three-particle
system interacting with a zero-range potential by consid-
ering the Bethe-Peierls boundary condition [44] on the
free energy eigenstate. This method uses the fact that the
short-range region, where the interaction strongly a↵ects
the wave function, can be neglected as only the asymp-
totic region, parametrized by the scattering length, is the
relevant one.

A. Configuration space

We consider three di↵erent particles with masses mi,
mj , mk, and coordinates xi, xj and xk. One can elimi-
nate the center of mass coordinate and describe the sys-
tem in terms of two relative Jacobi coordinates. The
three sets of such coordinates are given by

ri = xj � xk and ⇢i = xi �
mjxj +mkxk

mj +mk
, (2.1)

where (i, j, k) are taken cyclically among (1, 2, 3). The
Faddeev decomposition of the three-body wave function
allows to write it as a sum of three components. In the
center of mass, it reads:

 (x1,x2,x3) =  
(1)(r1,⇢1)+ 

(2)(r2,⇢2)+ 
(3)(r3,⇢3) .

Each Faddeev component satisfies the free Schrödinger
eigenvalue equation:


1

2⌘i
r2
ri

+
1

2µi
r2
⇢i

� E3

�
 
(i)(ri,⇢i) = 0, (2.2)

where E3 is the energy eigenvalue. The reduced
masses are given by ⌘i = mjmk/(mj + mk) and µi =
mi(mj +mk)/(mi +mj +mk). The BP boundary con-
dition applies to the total wave function; when applied
to the chosen coordinates pair (ri,⇢i), it reads, in the
unitary limit a ! 1:


@
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2
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=
3�D
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"
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3�D
2

i

#

ri!0

.

(2.3)
This solution strategy was applied to di↵erent particles
and spins in Ref. [46] and we adapt it to D-dimensions
following closely Efimov’s original derivation [47].
For convenience, we simplify the form of the kinetic en-

ergies introducing the new coordinates r0i =
p
⌘i ri and

⇢0
i =

p
µi ⇢i. The three sets of primed coordinates are

related to each other by the orthogonal transformations

r0j = �r0k cos ✓i + ⇢0
k sin ✓i,

⇢0
j = �r0k sin ✓i � ⇢0

k cos ✓i, (2.4)

where tan ✓i = [miM/(mj mk)]
1/2, with M = m1+m2+

m3.
Considering three distinct bosons in a state with

vanishing total angular momentum, one can write

a reduced Faddeev component as �
(i)
0 (r0i, ⇢

0
i) =

(r0i ⇢
0
i)

(D�1)/2
 
(i)(r0i, ⇢

0
i). The solution of the corre-

sponding eigenvalue equation for �(i)
0 is found by us-

ing hyperspherical coordinates to separate the variables
r
0
i = R sin↵i and ⇢

0
i = R cos↵i, so that one can write

�
(i)
0 (R,↵i) = C

(i)
F (R)G(i)(↵i), where R

2 = r
02
i + ⇢

02
i ,

↵i = arctan(r0i/⇢
0
i) and the coe�cients C

(i) gives the
weight between the di↵erent Faddeev components for
mass imbalanced systems. The functions F (R) and
G

(i)(↵i) satisfy the following di↵erential equations:

� @
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+

s
2
n � 1/4

R2
+ 220

�p
RF (R) = 0, (2.5)
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sin2 2↵i

�
G

(i)(↵i) = 0, (2.6)

where �20 = E3 and sn is recognized as the Efimov
parameter.
Changing variables to z = cos 2↵i and writing a re-

duced form of G(i)(z) = (1� z
2)1/4g(i)(z) turn Eq. (2.6)
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a zero-range interacting system, composed of two identi-
cal particles A and a third one B, can be written using
the FT of Eq. (2.11) and the spectator function given by
Eq. (2.14).

We start writing the AAB bound state wave function
in the basis |qBpBi:

hqBpB | i =
1

E3 + p
2
B/2⌘B + q

2
B/2µB

h
�
(B)(qB)

+�
(A)

⇣��pB � qB

2

��
⌘
+ �

(A)
⇣��pB +

qB

2

��
⌘i

, (3.2)

and in the basis |qApAi:

hqApA| i =
1

E3 + p
2
A/2⌘A + q

2
A/2µA

h
�
(A)(qA)

+ �
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✓��pA�
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1 + A�1

��
◆
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✓��pA+
qA

1 + A
|
◆�

.

(3.3)

Here, we are using mA = 1 in the mass ratio A =
mB/mA.

The momentum distributions in D-dimensions for par-
ticles A and B are given, respectively, by:

nA(qA) =

Z
d
D
pA |hqApA| i|2 , (3.4)

and

nB(qB) =

Z
d
D
pB |hqBpB | i|2 . (3.5)

The AAB wave function can be determined, up to an
overall constant, by obtaining the coe�cients of the spec-
tator functions from the solution of the homogeneous lin-
ear system (2.9). We use the following normalization
condition:

Z
d
D
qB nB(qB) = 1 or

Z
d
D
qA nA(qA) = 1 . (3.6)

From Eqs. (3.2) and (3.5), we can split the momen-
tum density into nine terms, which can be reduced to
four, considering the symmetry between the two identi-
cal particles A. This simplifies the computation of the
momentum density to four contributions:

nB(qB) = n1(qB) + n2(qB) + n3(qB) + n4(qB), (3.7)

each of which is given by

n1(qB) = |�(B)(qB)|2
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D
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E3 + p

2
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2
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�2 ,

(3.8)

n2(qB) = 2

Z
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D
pB

|�(A)(|pB � qB/2|)|2�
E3 + p

2
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2
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�2 , (3.9)
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+ c.c., (3.10)

n4(qB) =
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D
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�
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(|pB � qB/2|)�(A)(|pB + qB/2|)�

E3 + p
2
B + q

2
B

A+2
4A

�2

+ c.c.. (3.11)

Our task now is to evaluate the integral expressions
in Eqs. (3.8)-(3.11) and extract the contacts from the
large-momentum tail of the distribution densities. The
contribution n1(qB) is straightforward to calculate:

n1(qB) =
|�(B)(qB)|2

q
4�D
B

SD
⇡

4
csc

✓
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2

◆
(2�D)

⇥
✓

A + 2
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◆D/2�2

, (3.12)

where SD is the area of a D-dimensional sphere. The
second contribution, n2(qB), can be computed from
Eq. (3.9) making the change of variables pB�qB/2 = qA
as:

n2(qB) = 2

Z
d
D
qA

|�(A)(qA)|2�
q
2
A + qA.qB + q

2
B

A+1
2A

�2 . (3.13)

In order to identify the leading order term in the large
momentum region, we perform the manipulation:

n2(qB) = 2

Z
d
D
qA|�(A)(qA)|2

⇥
"

1
�
q
2
A + qA.qB + q

2
B

A+1
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�2 � 4A
2

(A + 1)2
1

q
4
B

#

+
C2

q
4
B

, (3.14)

where C2 is the two-body contact, given by

C2 =
8A

2

(A + 1)2
SD

Z 1

0
dqA q

D�1
A |�(A)(qA)|2 . (3.15)

The contact C2 can be related to the derivative w.r.t.
the scattering length of the gas’s mean energy (or mean
free energy at nonzero temperature). It has dimension
(length)D�4 and therefore scales as C2 / 

4�D
0 . We ob-

serve that for D = 3 Ref. [50] presented a general virial
theorem for a Hamiltonian with an arbitrary domain.
There were derived virial theorems for several systems,
one of them is an Efimov state with zero-range interac-
tion and arbitrary scattering length. We expect that this
finding holds for any non-integer dimension in which an
Efimov state can exist. In principle the Efimov e↵ect in
non-integer dimensions does not bring any further new
length scale to the problem, and then we expect that
similar relations are also valid in these situations, which
will be a subject of a future work.
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FIG. 1. Spectator functions in momentum space for the
6Li�133Cs2 system with finite three-body energy, �

(i)(qi)
(i = A ⌘ 133Cs or B ⌘6Li), computed with Eq. (2.14)
for �

(A)(qA) (long-dashed line) and �
(B)(qB) (short-dashed

line), compared to the zero-energy case from Eq. (2.16) for

�
(A)
0 (qA) (green solid line) and �

(B)
0 (qB) (blue solid line). Top:

three dimensions. Bottom: D = 2.5, which corresponds to a
harmonic-trap length of bho/r2D =

p
2.
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and H2F̃1(a, b, c, z) is the regularized hypergeometrical
function with F(D,s0) ⌘ (D � 1 + is0)/2.

The characteristic log-periodic behavior of the spec-
tator functions exhibited in the asymptotic form of the
spectator functions for the range of non-integer dimen-
sions where the Efimov e↵ect exists, is found from
Eq. (2.14) at large momentum as

�
(i)
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(i)F(D,s0)2
p
Re(G)2 + Im(G)2
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✓
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, (2.16)

where 
⇤
0 ⌘ 0/ exp {arctan [Im(G)/Re(G)] /s0} and

G =
�
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F(D,s0) � F
⇤
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⌘

�
�

F(D,s0) �D/2� 1
�
�
�

F(D,s0)

� . (2.17)

We note that the asymptotic form of the spectator func-
tion in Eq. (2.16) also corresponds to the limit of vanish-
ing the three-body energy, with 

⇤
0 associated with the

necessary three-body scale parameter, which is chosen
to match Eq. (2.16) with the large momentum behav-
ior of Eq. (2.14) for the finite energy spectator function.
The normalization constants are solutions of Eq. (2.9),
namely, the linear homogeneous system that determines
the Efimov parameter.
Figure 1 shows the spectator functions, Eq. (2.14),

compared to the zero energy case, Eq. 2.16 conveniently
normalized to one for an AAB system with A = 133Cs
and B =6Li embedded in two di↵erent dimensions,
namely D = 3 (top panel) and 2.5 (bottom panel). In
the low momentum region, the damping of the specta-
tor amplitude with respect to the zero-energy case is an
e↵ect of the finite three-body binding energy. The im-
pact of changing the dimension in which the 6Li�133Cs2
system is embedded is manifested mainly in the di↵erent
log-periodicity of the spectator functions. The period in-
creases to infinity as the system approaches the critical
dimension, D = 2.231, for which the Efimov state dis-
appears. The increasing separation of the log-periodic
nodes towards the critical dimension is illustrated by
comparing the top and bottom panels of Fig. 1, when the
6Li�133Cs2 system is forced to decrease from three to 2.5
dimensions, respectively. We reproduce analytically the
numerical results obtained in Ref. [49] for D = 3.

III. MOMENTUM DISTRIBUTION

In this section, we compute the momentum distribu-
tion of the particle B for AAB systems at the unitary
limit in D-dimensions. We recall that particle B is the
one responsible for giving rise to an e↵ective Efimov-
like potential in the limit of heavy A’s, as we have
shown in Ref. [39]. We remind that in three-dimensions,
Ref. [29] computed the momentum density for three-
identical bosons and Ref. [49] obtained the momentum
densities for an AAB system.
We start by defining k↵ (↵ = i, j, k) as the momenta of

each particle in the rest frame. We have that the Jacobi
momenta from one particle to the center of mass of the
other two and the relative momentum of the pairs are
given, respectively, by

qi = µi

✓
ki

mi
� kk + kk

mj +mk

◆
and pi = ⌘i

✓
kj

mj
� kk

mk

◆
. (3.1)

In the following, we define the single-particle momen-
tum distribution for particles of types A and B. The
Faddeev components of the three-body wave function for

spectator functions

B

A ApB

qB
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FIG. 4. Three- and two-body contact parameters (top panel)
and phase (bottom panel), considering a AAB system with
di↵erent mass ratios embedded in three dimensions.

Eq. (3.16) without the explicit dependence on the three-
body parameter, represented by 

⇤
0 (for the convenience

of our notation), contrary to C3, which comes with the
log-periodic dependence on the three-body parameter.

In Fig. 5, we show the dependence of the contacts and
phase with the noninteger dimension for the 6Li�133Cs2
system from noninteger dimension 2.3 up to three. In
the top panel of the figure, we observe that the contacts
decrease by moving from 2.3 to three dimensions, which
can be understood as the system turns to be more dilute
for a fixed binding energy as the dimension increases,
and in this particular case, the 6Li is less probable to be
found at short distances as one increases the dimension.
Therefore, the asymptotic tail for large momentum is de-
pleted by increasing dimension, which is reflected in the
lowering of the contacts. To be complete, we present in
the lower panel the phase as a function of the dimension.

Finally, in Fig. 6, we consider the case of three reso-
nantly interacting identical bosons. We change the non-
integer dimension from 3 to D = 2.4. In this case, the
Efimov e↵ect is present until the critical dimension of
Dc = 2.3, which corresponds to a squeezed trap with
bho/r2D =

p
0.994. We observe in the figure, that C

0
3

is always zero, while towards the critical dimension the

FIG. 5. Three- and two-body contact parameters and phase
for the 6Li�133Cs2 system in noninteger dimensions from 2.3
to three. Top panel: 100C0

3/
2
0 (solid line), 100 |C3|/2

0 (long-
dashed line), 20 |C2|/4�D

0 (short-dashed line) and s0 (dot-
dashed line). Lower panel: phase �/⇡ (dotted line).

two- and three-body contacts increase, and the phase ap-
proaches the value of �0.737 forD = 2.4 or squeezed trap
with bho/r2D =

p
1.429.

V. SUMMARY

In this work, we calculated the single particle momen-
tum distribution of an Efimov mass-imbalanced state in
noninteger dimensions at unitarity. We used the wave
function of an Efimov state with a finite three-body bind-
ing energy, obtained previously in Ref. [43] - in that
reference, the three-body energy eigenstate was derived
in configuration space by considering the Bethe-Peierls
boundary conditions in the limit of a zero-range interac-
tion and infinite two-body scattering length.
We studied the single particle momentum distribution

in terms of the relative momentum of particle B with re-
spect to the AA subsystem. For that, the Fourier trans-
form of the Efimov state wave function was performed
relying on the spectator functions obtained analytically
by the application of the free resolvent to each Faddeev
component of the wave function, following the method
developed in Ref. [29]. These spectator functions depend

D=3

D=2.5
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a zero-range interacting system, composed of two identi-
cal particles A and a third one B, can be written using
the FT of Eq. (2.11) and the spectator function given by
Eq. (2.14).

We start writing the AAB bound state wave function
in the basis |qBpBi:

hqBpB | i =
1

E3 + p
2
B/2⌘B + q

2
B/2µB

h
�
(B)(qB)

+�
(A)

⇣��pB � qB

2

��
⌘
+ �

(A)
⇣��pB +

qB

2

��
⌘i

, (3.2)

and in the basis |qApAi:

hqApA| i =
1

E3 + p
2
A/2⌘A + q

2
A/2µA

h
�
(A)(qA)

+ �
(B)

✓��pA�
qA

1 + A�1

��
◆
+ �

(A)

✓��pA+
qA

1 + A
|
◆�

.

(3.3)

Here, we are using mA = 1 in the mass ratio A =
mB/mA.

The momentum distributions in D-dimensions for par-
ticles A and B are given, respectively, by:

nA(qA) =

Z
d
D
pA |hqApA| i|2 , (3.4)

and

nB(qB) =

Z
d
D
pB |hqBpB | i|2 . (3.5)

The AAB wave function can be determined, up to an
overall constant, by obtaining the coe�cients of the spec-
tator functions from the solution of the homogeneous lin-
ear system (2.9). We use the following normalization
condition:

Z
d
D
qB nB(qB) = 1 or

Z
d
D
qA nA(qA) = 1 . (3.6)

From Eqs. (3.2) and (3.5), we can split the momen-
tum density into nine terms, which can be reduced to
four, considering the symmetry between the two identi-
cal particles A. This simplifies the computation of the
momentum density to four contributions:

nB(qB) = n1(qB) + n2(qB) + n3(qB) + n4(qB), (3.7)

each of which is given by

n1(qB) = |�(B)(qB)|2
Z

d
D
pB

1
�
E3 + p

2
B + q

2
B

A+2
4A

�2 ,

(3.8)

n2(qB) = 2

Z
d
D
pB

|�(A)(|pB � qB/2|)|2�
E3 + p

2
B + q

2
B

A+2
4A

�2 , (3.9)

n3(qB) = 2�(B)
⇤
(qB)

Z
d
D
pB

�
(A)(|pB � qB/2|)�

E3 + p
2
B + q

2
B

A+2
4A

�2 ,

+ c.c., (3.10)

n4(qB) =

Z
d
D
pB

�
(A)

⇤
(|pB � qB/2|)�(A)(|pB + qB/2|)�

E3 + p
2
B + q

2
B

A+2
4A

�2

+ c.c.. (3.11)

Our task now is to evaluate the integral expressions
in Eqs. (3.8)-(3.11) and extract the contacts from the
large-momentum tail of the distribution densities. The
contribution n1(qB) is straightforward to calculate:

n1(qB) =
|�(B)(qB)|2

q
4�D
B

SD
⇡

4
csc

✓
D⇡

2

◆
(2�D)

⇥
✓

A + 2

4A

◆D/2�2

, (3.12)

where SD is the area of a D-dimensional sphere. The
second contribution, n2(qB), can be computed from
Eq. (3.9) making the change of variables pB�qB/2 = qA
as:

n2(qB) = 2

Z
d
D
qA

|�(A)(qA)|2�
q
2
A + qA.qB + q

2
B

A+1
2A

�2 . (3.13)

In order to identify the leading order term in the large
momentum region, we perform the manipulation:

n2(qB) = 2

Z
d
D
qA|�(A)(qA)|2

⇥
"

1
�
q
2
A + qA.qB + q

2
B

A+1
2A

�2 � 4A
2

(A + 1)2
1

q
4
B

#

+
C2

q
4
B

, (3.14)

where C2 is the two-body contact, given by

C2 =
8A

2

(A + 1)2
SD

Z 1

0
dqA q

D�1
A |�(A)(qA)|2 . (3.15)

The contact C2 can be related to the derivative w.r.t.
the scattering length of the gas’s mean energy (or mean
free energy at nonzero temperature). It has dimension
(length)D�4 and therefore scales as C2 / 

4�D
0 . We ob-

serve that for D = 3 Ref. [50] presented a general virial
theorem for a Hamiltonian with an arbitrary domain.
There were derived virial theorems for several systems,
one of them is an Efimov state with zero-range interac-
tion and arbitrary scattering length. We expect that this
finding holds for any non-integer dimension in which an
Efimov state can exist. In principle the Efimov e↵ect in
non-integer dimensions does not bring any further new
length scale to the problem, and then we expect that
similar relations are also valid in these situations, which
will be a subject of a future work.
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a zero-range interacting system, composed of two identi-
cal particles A and a third one B, can be written using
the FT of Eq. (2.11) and the spectator function given by
Eq. (2.14).

We start writing the AAB bound state wave function
in the basis |qBpBi:
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and in the basis |qApAi:
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Here, we are using mA = 1 in the mass ratio A =
mB/mA.

The momentum distributions in D-dimensions for par-
ticles A and B are given, respectively, by:

nA(qA) =

Z
d
D
pA |hqApA| i|2 , (3.4)

and

nB(qB) =

Z
d
D
pB |hqBpB | i|2 . (3.5)

The AAB wave function can be determined, up to an
overall constant, by obtaining the coe�cients of the spec-
tator functions from the solution of the homogeneous lin-
ear system (2.9). We use the following normalization
condition:

Z
d
D
qB nB(qB) = 1 or

Z
d
D
qA nA(qA) = 1 . (3.6)

From Eqs. (3.2) and (3.5), we can split the momen-
tum density into nine terms, which can be reduced to
four, considering the symmetry between the two identi-
cal particles A. This simplifies the computation of the
momentum density to four contributions:

nB(qB) = n1(qB) + n2(qB) + n3(qB) + n4(qB), (3.7)

each of which is given by

n1(qB) = |�(B)(qB)|2
Z

d
D
pB

1
�
E3 + p

2
B + q

2
B

A+2
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n2(qB) = 2
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Our task now is to evaluate the integral expressions
in Eqs. (3.8)-(3.11) and extract the contacts from the
large-momentum tail of the distribution densities. The
contribution n1(qB) is straightforward to calculate:

n1(qB) =
|�(B)(qB)|2

q
4�D
B

SD
⇡

4
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where SD is the area of a D-dimensional sphere. The
second contribution, n2(qB), can be computed from
Eq. (3.9) making the change of variables pB�qB/2 = qA
as:

n2(qB) = 2

Z
d
D
qA

|�(A)(qA)|2�
q
2
A + qA.qB + q

2
B

A+1
2A

�2 . (3.13)

In order to identify the leading order term in the large
momentum region, we perform the manipulation:

n2(qB) = 2

Z
d
D
qA|�(A)(qA)|2
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2
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2
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where C2 is the two-body contact, given by

C2 =
8A

2

(A + 1)2
SD

Z 1

0
dqA q

D�1
A |�(A)(qA)|2 . (3.15)

The contact C2 can be related to the derivative w.r.t.
the scattering length of the gas’s mean energy (or mean
free energy at nonzero temperature). It has dimension
(length)D�4 and therefore scales as C2 / 

4�D
0 . We ob-

serve that for D = 3 Ref. [50] presented a general virial
theorem for a Hamiltonian with an arbitrary domain.
There were derived virial theorems for several systems,
one of them is an Efimov state with zero-range interac-
tion and arbitrary scattering length. We expect that this
finding holds for any non-integer dimension in which an
Efimov state can exist. In principle the Efimov e↵ect in
non-integer dimensions does not bring any further new
length scale to the problem, and then we expect that
similar relations are also valid in these situations, which
will be a subject of a future work.
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From the integral representations in Eqs. (3.8)-(3.11),
we obtain the oscillatory and non-oscillatory contribu-
tions to each of the four components of the momentum
density at large momentum (detailed calculations of the
sub-leading contributions for n1 to n4 at large momen-
tum can be found in Appendices A to D). The leading
and sub-leading contributions in the asymptotic region
are given by:

nB(qB) =
C2

q
4
B

+
C

0

3

q
D+2
B

+
C3

q
D+2
B

cos


2s0 log

✓
qB/

⇤
0

(4µAµB)1/4

◆
+�

�
+ · · · , (3.16)

where C
0

3 brings the known non-oscillatory behavior
alongside with C2, C3 and �, which are, respectively,
the amplitudes and the phase related to the log-periodic
oscillatory term. The parameter C3 is the three-body
contact, closely related to the Efimov e↵ect as it gives
the amplitude of the log-periodic function of the momen-
tum distribution.

The contact parameter C3 and the phase � of the log-
periodic asymptotic density, Eq. (3.16), are computed by
adding Eqs. (A3), (B7), (C4) and (D4). C 0

3 is obtained by
adding Eqs. (A4), (B8), (C5) and (D5). Both parameters
C3 and C

0
3 scale with 

2
0 or, equivalently, the three-body

bound-state energy.

IV. QUANTITATIVE RESULTS

In this section, we present the numerical results for the
momentum density in noninteger dimensions computed
from Eq. (3.7) with the exact spectator function (2.14), as
well as the sub-leading contributions to the density given
by Eq. (3.16). We provide examples for real systems, and
the contact parameters C2, from Eq. (3.15), C3 and C

0
3

are compared with known results for three dimensions.

A. Momentum density

The normalized momentum density, nB(qB), is shown
for the low momentum region in Fig. 2, considering the
6Li�133Cs2 system in 3, 2.5 and 2.3 dimensions. The re-
sults for D = 2.3 situate close to the critical dimension
where it takes place the transition between the regimes
of the Efimov discrete scale symmetry to the continuum
one. We observe that the squeezing of the system, by low-
ering the noninteger dimension, tends to emphasize the
large momentum region or short-distances - this, reflects
naively to a well-known result in two dimensions: any
weak-attractive potential is enough to bind the system
for the lowest angular momentum state.

D = 3.0

D = 2.5

D = 2.3

0 1 2 3 4 5
10-5

10-4

0.001

0.010

0.100

1

qB/κ0

n
B
(q

B
)
/
κ

0
D

FIG. 2. Single particle momentum distribution, nB(qB) of
an 6Li�133Cs2 Efimov state in D = 3 (solid line), D = 2.5
(long-dashed line) and D = 2.3 (short-dashed line).

Consequently, the large momentum region is privi-
leged, which is also expressed by the enhancement of the
momentum density and the associated two and three-
body contacts. This becomes evident in the figure when
one follows the decrease of the noninteger dimension by
observing that density is depleted close to qB = 0 and
enhanced for larger values of qB/0. What is visible in
the figure is essentially the tail C2/q

4
B , which indicates

that C2 increases considerably from three to the critical
dimension, where the Efimov e↵ect vanishes.
In Fig. 3, we show the results for the subtracted single-

particle momentum distribution (nB(qB)�C2/q
4
B) for an

Efimov state of the 6Li�133Cs2 system in 3 (top panel),
2.5 (middle panel) and 2.3 (bottom panel) dimensions.
The results are obtained from computing Eq. (3.7) with
the exact spectator function (2.14). These results are
compared with the sub-leading terms in the asymptotic
expansion given in Eq. (3.16), and we found that the
asymptotic region is reached quite fast and the condition
qB � 0 can be relaxed to qB & 0.
Comparing the top, middle and bottom panels, we ob-

serve the increasing separation between the nodes of the
momentum distribution for 3, 2.5 and 2.3 dimensions,
tending to infinity as the system approaches the criti-
cal dimension, where the Efimov e↵ect disappears. The
wavelength associated with the log-periodicity at large
momentum is directly related to the value of the Efimov
parameter for each noninteger dimension, such that it
diverges towards the critical dimension where s0 ! 0.
It is also possible to observe in Fig. 3 that the am-

plitude of the log-periodic oscillations raises by decreas-
ing the dimension from three to 2.3. Such e↵ect corre-
sponds to the enhancement of C3 by lowering the non-
integer dimension, mimicked by strengthening the three-
dimensional confinement of the system in one direction.
Furthermore, we notice that the mean value reflected
in |C 0

3| also increases. In what follows, we will fur-
ther explore the dependence of the contact parameters,
by changing the noninteger dimension, in two systems:
6Li�133Cs2 and three-identical bosons.
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FIG. 4. Three- and two-body contact parameters (top panel)
and phase (bottom panel), considering a AAB system with
di↵erent mass ratios embedded in three dimensions.

Eq. (3.16) without the explicit dependence on the three-
body parameter, represented by 

⇤
0 (for the convenience

of our notation), contrary to C3, which comes with the
log-periodic dependence on the three-body parameter.

In Fig. 5, we show the dependence of the contacts and
phase with the noninteger dimension for the 6Li�133Cs2
system from noninteger dimension 2.3 up to three. In
the top panel of the figure, we observe that the contacts
decrease by moving from 2.3 to three dimensions, which
can be understood as the system turns to be more dilute
for a fixed binding energy as the dimension increases,
and in this particular case, the 6Li is less probable to be
found at short distances as one increases the dimension.
Therefore, the asymptotic tail for large momentum is de-
pleted by increasing dimension, which is reflected in the
lowering of the contacts. To be complete, we present in
the lower panel the phase as a function of the dimension.

Finally, in Fig. 6, we consider the case of three reso-
nantly interacting identical bosons. We change the non-
integer dimension from 3 to D = 2.4. In this case, the
Efimov e↵ect is present until the critical dimension of
Dc = 2.3, which corresponds to a squeezed trap with
bho/r2D =

p
0.994. We observe in the figure, that C

0
3

is always zero, while towards the critical dimension the

FIG. 5. Three- and two-body contact parameters and phase
for the 6Li�133Cs2 system in noninteger dimensions from 2.3
to three. Top panel: 100C0

3/
2
0 (solid line), 100 |C3|/2

0 (long-
dashed line), 20 |C2|/4�D

0 (short-dashed line) and s0 (dot-
dashed line). Lower panel: phase �/⇡ (dotted line).

two- and three-body contacts increase, and the phase ap-
proaches the value of �0.737 forD = 2.4 or squeezed trap
with bho/r2D =

p
1.429.

V. SUMMARY

In this work, we calculated the single particle momen-
tum distribution of an Efimov mass-imbalanced state in
noninteger dimensions at unitarity. We used the wave
function of an Efimov state with a finite three-body bind-
ing energy, obtained previously in Ref. [43] - in that
reference, the three-body energy eigenstate was derived
in configuration space by considering the Bethe-Peierls
boundary conditions in the limit of a zero-range interac-
tion and infinite two-body scattering length.
We studied the single particle momentum distribution

in terms of the relative momentum of particle B with re-
spect to the AA subsystem. For that, the Fourier trans-
form of the Efimov state wave function was performed
relying on the spectator functions obtained analytically
by the application of the free resolvent to each Faddeev
component of the wave function, following the method
developed in Ref. [29]. These spectator functions depend

17
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From the integral representations in Eqs. (3.8)-(3.11),
we obtain the oscillatory and non-oscillatory contribu-
tions to each of the four components of the momentum
density at large momentum (detailed calculations of the
sub-leading contributions for n1 to n4 at large momen-
tum can be found in Appendices A to D). The leading
and sub-leading contributions in the asymptotic region
are given by:

nB(qB) =
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q
D+2
B

cos
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where C
0

3 brings the known non-oscillatory behavior
alongside with C2, C3 and �, which are, respectively,
the amplitudes and the phase related to the log-periodic
oscillatory term. The parameter C3 is the three-body
contact, closely related to the Efimov e↵ect as it gives
the amplitude of the log-periodic function of the momen-
tum distribution.

The contact parameter C3 and the phase � of the log-
periodic asymptotic density, Eq. (3.16), are computed by
adding Eqs. (A3), (B7), (C4) and (D4). C 0

3 is obtained by
adding Eqs. (A4), (B8), (C5) and (D5). Both parameters
C3 and C

0
3 scale with 

2
0 or, equivalently, the three-body

bound-state energy.

IV. QUANTITATIVE RESULTS

In this section, we present the numerical results for the
momentum density in noninteger dimensions computed
from Eq. (3.7) with the exact spectator function (2.14), as
well as the sub-leading contributions to the density given
by Eq. (3.16). We provide examples for real systems, and
the contact parameters C2, from Eq. (3.15), C3 and C

0
3

are compared with known results for three dimensions.

A. Momentum density

The normalized momentum density, nB(qB), is shown
for the low momentum region in Fig. 2, considering the
6Li�133Cs2 system in 3, 2.5 and 2.3 dimensions. The re-
sults for D = 2.3 situate close to the critical dimension
where it takes place the transition between the regimes
of the Efimov discrete scale symmetry to the continuum
one. We observe that the squeezing of the system, by low-
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only on the relative momentum of the spectator parti-
cle to the center of mass of the interacting pair. They
have the characteristic log-periodic oscillations at large
momentum, which depend on the noninteger dimension.
Furthermore, due to the finite three-body binding en-
ergy, the spectator functions are finite for vanishing mo-
mentum. Their analytical form reproduces the known
numerical results from the literature [49].

The task of deriving the leading and sub-leading contri-
butions to the high momentum tail of the single particle
momentum density and the associated two- and three-
body contact parameters were made possible by using
the analytic form of the spectator functions in momen-
tum space. Independently of the noninteger dimension,
the leading non-oscillatory large momentum tail scales
as 1/q4 (see Eqs. (3.14) and (3.16)) and is normalized
by the two-body contact. The sub-leading term is pro-
portional to 1/qD+2; it is composed of the sum of two
contributions, a log-periodic and a non-oscillatory, each
one normalized by the corresponding three-body contact
as shown in Eq. (3.16).

The contact parameters were then computed by de-
creasing the noninteger dimension starting from 3D,
where the Efimov discrete scaling drives the physics of
the three-body system, until close to the critical dimen-

sion, when the transition to the continuum scale symme-
try takes place. We found that the two- and three-body
parameters tend to increase in magnitude close to the
critical dimension, independently of the mass imbalance
of the three-body system.

We explored in detail the systems formed by
6Li�133Cs2 and three-identical bosons. The parameter
C

0
3, normalizing the sub-leading non-oscillatory term, is

zero for three-identical bosons regardless of the nonin-
teger dimension. For the 6Li�133Cs2 system, we found
that the two- and three-body contact parameters increase
close to the critical dimension where the Efimov e↵ect
disappears. Furthermore, in this case, the phase of the
log- periodic term approaches �1.143 for D = 2.4. The
expectation of the growth of the two- and three-body
contact parameters with the decrease of the noninteger
dimension seems natural, as one can naively infer, in this
situation, the particles have the chance to stay closer to
the system confined in an oblate trap.

In summary, we have explored di↵erent aspects of the
momentum density of particle B for mass-imbalanced
AAB systems in noninteger dimensions, which can be
a useful probe into the e↵ect of trap deformation in few-
body dynamics and in the Efimov phenomenon. The hall-
mark of this transition from three to the critical dimen-
sion where the Efimov e↵ect vanishes can be seen in the
asymptotic momentum distribution, where we show that
the contact parameters grow, and, consequently, their
e↵ects in the evolution of the many-body properties by
decreasing the noninteger dimension.
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Appendix A: Sub-leading contributions to n1(qB)

Eq. (3.8) can be written in spherical coordinates as

n1(qB) = |�(B)(qB)|2SD

Z 1

0
dpB

p
D�1
B⇣

E3 + p
2
B +

q2B
2µB

⌘2 ,

(A1)
where SD = 2⇡D/2

/�(D/2). Changing variables
pB/qB = p

0
B and considering qB �

p
2µBE3, allow us
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line). Bottom panel: phase �/⇡ (dotted line).

only on the relative momentum of the spectator parti-
cle to the center of mass of the interacting pair. They
have the characteristic log-periodic oscillations at large
momentum, which depend on the noninteger dimension.
Furthermore, due to the finite three-body binding en-
ergy, the spectator functions are finite for vanishing mo-
mentum. Their analytical form reproduces the known
numerical results from the literature [49].

The task of deriving the leading and sub-leading contri-
butions to the high momentum tail of the single particle
momentum density and the associated two- and three-
body contact parameters were made possible by using
the analytic form of the spectator functions in momen-
tum space. Independently of the noninteger dimension,
the leading non-oscillatory large momentum tail scales
as 1/q4 (see Eqs. (3.14) and (3.16)) and is normalized
by the two-body contact. The sub-leading term is pro-
portional to 1/qD+2; it is composed of the sum of two
contributions, a log-periodic and a non-oscillatory, each
one normalized by the corresponding three-body contact
as shown in Eq. (3.16).

The contact parameters were then computed by de-
creasing the noninteger dimension starting from 3D,
where the Efimov discrete scaling drives the physics of
the three-body system, until close to the critical dimen-

sion, when the transition to the continuum scale symme-
try takes place. We found that the two- and three-body
parameters tend to increase in magnitude close to the
critical dimension, independently of the mass imbalance
of the three-body system.

We explored in detail the systems formed by
6Li�133Cs2 and three-identical bosons. The parameter
C

0
3, normalizing the sub-leading non-oscillatory term, is

zero for three-identical bosons regardless of the nonin-
teger dimension. For the 6Li�133Cs2 system, we found
that the two- and three-body contact parameters increase
close to the critical dimension where the Efimov e↵ect
disappears. Furthermore, in this case, the phase of the
log- periodic term approaches �1.143 for D = 2.4. The
expectation of the growth of the two- and three-body
contact parameters with the decrease of the noninteger
dimension seems natural, as one can naively infer, in this
situation, the particles have the chance to stay closer to
the system confined in an oblate trap.

In summary, we have explored di↵erent aspects of the
momentum density of particle B for mass-imbalanced
AAB systems in noninteger dimensions, which can be
a useful probe into the e↵ect of trap deformation in few-
body dynamics and in the Efimov phenomenon. The hall-
mark of this transition from three to the critical dimen-
sion where the Efimov e↵ect vanishes can be seen in the
asymptotic momentum distribution, where we show that
the contact parameters grow, and, consequently, their
e↵ects in the evolution of the many-body properties by
decreasing the noninteger dimension.
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Appendix A: Sub-leading contributions to n1(qB)

Eq. (3.8) can be written in spherical coordinates as

n1(qB) = |�(B)(qB)|2SD

Z 1

0
dpB

p
D�1
B⇣

E3 + p
2
B +

q2B
2µB

⌘2 ,

(A1)
where SD = 2⇡D/2

/�(D/2). Changing variables
pB/qB = p

0
B and considering qB �

p
2µBE3, allow us
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L-H interaction only
Rosa, TF, Krein, Yamashita, JPB 52, 025101 (2018)
Francisco, Rosa , TF, PRA 106, 063305 (2022)

Solve transcendental equation:

Ø 3 , 4, 5... independent cycles

Ø 4-body cycle and no 3-body cycle

Ø turn-off cycles with D !

LLHH, LLLHH... systems: B.O. approximation in non-integer dimensions

L

HH

L
L

L

L
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ü Discrete scaling in non-integer dimension & Efimov and Thomas effects;

ü Bethe-Peierls B.C.: analytic form of the wave function ABC system in D
dimensions @unitarity (applications to halo nuclei)

ü Contacts of the AAB system increase with D=3à2 (up to a factor ~ 2);

ü Discrete scaling in N-boson systems - BO approx.: new scales and discrete cycles
; 

ü Dimension/squeezing for when D=3à2 manipulates the discrete N-body cycles
independently.

THANK YOU!!!!

Summary
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