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S-Matrix
Two-body Schrödinger equation⇐⇒ S-matrix

Simplest S-matrix

S(k) =
k + i/aB
k − i/aB

k + i/rB
k − i/rB

▶ Physical pole k = i/aB

B2 =
h̄2

ma2B

{
Bound state if aB > 0

Virtual state if aB < 0

▶ Spurius pole k = i/rB

rB = Dimensional Constant (Scale)

▶ Scaling (zero-range) limit

rB/aB → 0 with aB fixed

S(k) ∼ −k + i/aB
k − i/aB
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Effective Range Expansion
S-matrix

S(k) =
k + i/aB
k − i/aB

k + i/rB
k − i/rB

Relation with the scattering

S(k) = 1− i
k m

2π
T (k)

T (k) = −4π

m

(
−1

a
+

1

2
rek

2 + v2k
4 + v3k

6 + · · · − ik

)−1

Parameter Identification
▶ Shape parameters vanish - vn = 0
▶ rB relates the scattering lenght and the physical pole

rB = a− aB

▶ Effective range relation
rea = 2rBaB
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Zero-shape universality
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Eckart Potential

V (r) = −2βλ2 e−λr

(1 + βe−λr)2

Binding length
aB =

1

λ

2(β + 1)

β − 1

Scattering length
a =

4β

λ(β − 1)

Effective range
re =

2(β + 1)

λβ

“Interaction pole”
rB =

2

λ
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Gaussian characterization
Effective Description using Gaussian Potential

V (r) = V0 e
−(r/r0)2
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Efimov Effect

E2 ∝
1

a2

@1/a = 0


E0

3 ∝ 1

ℓ2

En
3 → 0 n → ∞

En+1
3 /En

3 → 1/515
En

3 ∼ (1/515)nκ2∗

@ a > 0
Finite # E3’s

@ a < 0

Borromean states
@ a = a∗

P3 → P2 + P
@ a = a−

P3 → P + P + P
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Efimov Levels - Discrete Scale Invariance

Polar coordinates

(H)2 = (E3 + E2)/(h̄
2/m)

tan2 ξ = E3/E2

For each ξ

Hn+1/Hn → 1/22.7

En
3 +

h̄2

ma2
=

h̄2κ2∗
m

e−2(n−n∗)π/s0e∆(ξ)/s0


En

3 /(h̄
2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0 e
−∆(ξ)/2s0

cos ξ
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Gaussian Level Function - Universality

Zero Range κ∗a = e−∆(ξ)/2s0/ cos ξ
Potential κ∗aB = e−∆̃(ξ)/2s0/ cos ξ
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Moving along the curve
Scale Invariance

κ∗aB∣∣∣
Gaussian

= F(ξ)

= κ∗aB∣∣∣
Other finite range potentials

Unique r0
Potential E2(mK) E3(mK) E4(mK) r

(3)
0 (a0) r

(4)
0 (a0)

HFD-HE2 0.8301 117.2 535.6 11.146 11.840
LM2M2 1.3094 126.5 559.2 11.150 11.853
HFD-B3-FCH 1.4475 129.0 566.1 11.148 11.853
CCSAPT 1.5643 131.0 571.7 11.149 11.851
PCKLJS 1.6154 131.8 573.9 11.148 11.852
HFD-B 1.6921 133.1 577.3 11.149 11.854
SAPT96 1.7443 134.0 580.0 11.147 11.850

Energy at the unitary limit given by r0
E∗

3 ≈ 83mK
E∗

4 ≈ 433mK

Universal numbers
κ∗3a

3
− = −2.13 κ∗4a

4
− = −2.32



13/30

Moving along the curve
Scale Invariance

κ∗aB∣∣∣
Gaussian

= F(ξ) = κ∗aB∣∣∣
Other finite range potentials

Unique r0
Potential E2(mK) E3(mK) E4(mK) r

(3)
0 (a0) r

(4)
0 (a0)

HFD-HE2 0.8301 117.2 535.6 11.146 11.840
LM2M2 1.3094 126.5 559.2 11.150 11.853
HFD-B3-FCH 1.4475 129.0 566.1 11.148 11.853
CCSAPT 1.5643 131.0 571.7 11.149 11.851
PCKLJS 1.6154 131.8 573.9 11.148 11.852
HFD-B 1.6921 133.1 577.3 11.149 11.854
SAPT96 1.7443 134.0 580.0 11.147 11.850

Energy at the unitary limit given by r0
E∗

3 ≈ 83mK
E∗

4 ≈ 433mK

Universal numbers
κ∗3a

3
− = −2.13 κ∗4a

4
− = −2.32



13/30

Moving along the curve
Scale Invariance

κ∗aB∣∣∣
Gaussian

= F(ξ) = κ∗aB∣∣∣
Other finite range potentials

Unique r0

Potential E2(mK) E3(mK) E4(mK) r
(3)
0 (a0) r

(4)
0 (a0)

HFD-HE2 0.8301 117.2 535.6 11.146 11.840
LM2M2 1.3094 126.5 559.2 11.150 11.853
HFD-B3-FCH 1.4475 129.0 566.1 11.148 11.853
CCSAPT 1.5643 131.0 571.7 11.149 11.851
PCKLJS 1.6154 131.8 573.9 11.148 11.852
HFD-B 1.6921 133.1 577.3 11.149 11.854
SAPT96 1.7443 134.0 580.0 11.147 11.850

Energy at the unitary limit given by r0
E∗

3 ≈ 83mK
E∗

4 ≈ 433mK

Universal numbers
κ∗3a

3
− = −2.13 κ∗4a

4
− = −2.32



13/30

Moving along the curve
Scale Invariance

κ∗aB∣∣∣
Gaussian

= F(ξ) = κ∗aB∣∣∣
Other finite range potentials

Unique r0
Potential E2(mK) E3(mK) E4(mK) r

(3)
0 (a0) r

(4)
0 (a0)

HFD-HE2 0.8301 117.2 535.6 11.146 11.840
LM2M2 1.3094 126.5 559.2 11.150 11.853
HFD-B3-FCH 1.4475 129.0 566.1 11.148 11.853
CCSAPT 1.5643 131.0 571.7 11.149 11.851
PCKLJS 1.6154 131.8 573.9 11.148 11.852
HFD-B 1.6921 133.1 577.3 11.149 11.854
SAPT96 1.7443 134.0 580.0 11.147 11.850

Energy at the unitary limit given by r0
E∗

3 ≈ 83mK
E∗

4 ≈ 433mK

Universal numbers
κ∗3a

3
− = −2.13 κ∗4a

4
− = −2.32



13/30

Moving along the curve
Scale Invariance

κ∗aB∣∣∣
Gaussian

= F(ξ) = κ∗aB∣∣∣
Other finite range potentials

Unique r0
Potential E2(mK) E3(mK) E4(mK) r

(3)
0 (a0) r

(4)
0 (a0)

HFD-HE2 0.8301 117.2 535.6 11.146 11.840
LM2M2 1.3094 126.5 559.2 11.150 11.853
HFD-B3-FCH 1.4475 129.0 566.1 11.148 11.853
CCSAPT 1.5643 131.0 571.7 11.149 11.851
PCKLJS 1.6154 131.8 573.9 11.148 11.852
HFD-B 1.6921 133.1 577.3 11.149 11.854
SAPT96 1.7443 134.0 580.0 11.147 11.850

Energy at the unitary limit given by r0
E∗

3 ≈ 83mK
E∗

4 ≈ 433mK

Universal numbers
κ∗3a

3
− = −2.13 κ∗4a

4
− = −2.32



13/30

Moving along the curve
Scale Invariance

κ∗aB∣∣∣
Gaussian

= F(ξ) = κ∗aB∣∣∣
Other finite range potentials

Unique r0
Potential E2(mK) E3(mK) E4(mK) r

(3)
0 (a0) r

(4)
0 (a0)

HFD-HE2 0.8301 117.2 535.6 11.146 11.840
LM2M2 1.3094 126.5 559.2 11.150 11.853
HFD-B3-FCH 1.4475 129.0 566.1 11.148 11.853
CCSAPT 1.5643 131.0 571.7 11.149 11.851
PCKLJS 1.6154 131.8 573.9 11.148 11.852
HFD-B 1.6921 133.1 577.3 11.149 11.854
SAPT96 1.7443 134.0 580.0 11.147 11.850

Energy at the unitary limit given by r0
E∗

3 ≈ 83mK
E∗

4 ≈ 433mK

Universal numbers
κ∗3a

3
− = −2.13 κ∗4a

4
− = −2.32



14/30

Note on DSI
DSI ⇒ Log-periodic functions

Three-body force

W = W3 e
−(r212+r213)/r

2
0

Non analyticity

W3 ∼
h̄2

mr20
e(r#/r0)

1.13

Log-periodicity

log(r#/r0) → log(r#/r0)−π/s0
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Effective Gaussian Description of 4He
“Reference” 4He given by LM2M2 potential

ā = 189.415 a0, r̄e = 13.845 a0, and rB = 7.194 a0

N ĒN (mK) Ē∗
N (mK)

2 -1.30348
3 -126.40 -2.2706
4 -558.98 [Hiyama 2012] -127.33 [Hiyama 2012]
5 -1300 [Bazak 2020]
6 -2315 [Bazak 2020]
7 -3571 [Bazak 2020]

Effective Gaussian Potential

VLO(r) = V0 e
−(r/r0)2

Small parameter
ε = r̄e/ā ≈ 7%
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Two Body
Effective Gaussian Potential

VLO(r) = V0 e
−(r/r0)2

Fix only ā
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0.00 0.02 0.04 0.06 0.08
0.0

0.5

1.0

1.5

r0/ā
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E
N
/Ē
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Few Body

Three-body force

WLO = W0 e
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LO Gaussian Description

LO Potential
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E
N
/Ē
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LO Gaussian Description

Description within the ε-LO band up to liquid
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NLO Two body + LO Three body

With the LO 3-body force

WLO = W0 e
−(r212+r213+r223)/ρ
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Analysis with NLO 3-Body
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Analysis with NLO 3-Body
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a
2
/ā
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