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Why is hypernuclear physics interesting?
NS is much smaller than the observed two solar mass of heavy pulsar.

ΛN interactions
 EOS and “neutron star” puzzle
 purely nucleonic neutron star agrees with measurements
 strangeness softens EOS
 repulsive core of ΛN interaction is crucial for description

J. Schaffner et al. PRC 53(1995)

only interact via the two-body ΛN potential. As a matter of
fact, within the AFDMC framework hypernuclei turn out to
be strongly overbound when only the ΛN interaction is
employed [34,35]. The inclusion of the repulsive three-
body force [model (I)], stiffens the EOS and pushes the
threshold density to 0.34ð1Þ fm−3. In the inset of Fig. 1 the
neutron and lambda fractions are shown for the two
HNM EOSs.
Remarkably, we find that using the model (II) for ΛNN

the appearance of Λ particles in neutron matter is ener-
getically unfavored at least up to ρ ¼ 0.56 fm−3, the largest
density for which Monte Carlo calculations have been
performed. In this case the additional repulsion provided by
the model (II) pushes ρthΛ towards a density region where
the contribution coming from the hyperon-nucleon poten-
tial cannot be compensated by the gain in kinetic energy. It
has to be stressed that (I) and (II) give qualitatively similar
results for hypernuclei. This clearly shows that an EOS
constrained on the available binding energies of light
hypernuclei is not sufficient to draw any definite conclusion
about the composition of the neutron star core.
The mass-radius relations for PNM and HNM obtained

by solving the Tolman-Oppenheimer-Volkoff equations
[62] with the EOSs of Fig. 1 are shown in Fig. 2. The

onset of Λ particles in neutron matter sizably reduces the
predicted maximum mass with respect to the PNM case.
The attractive feature of the two-body ΛN interaction leads
to the very low maximum mass of 0.66ð2ÞM⊙, while the
repulsive ΛNN potential increases the predicted maximum
mass to 1.36ð5ÞM⊙. The latter result is compatible with
Hartree-Fock and Brueckner-Hartree-Fock calculations
(see for instance Refs. [2–5]).
The repulsion introduced by the three-body force plays a

crucial role, substantially increasing the value of the Λ
threshold density. In particular, when model (II) for the
ΛNN force is used, the energy balance never favors the
onset of hyperons within the density domain that has been
studied in the present work (ρ ≤ 0.56 fm−3). It is interest-
ing to observe that the mass-radius relation for PNM up to
ρ ¼ 3.5ρ0 already predicts a NS mass of 2.09ð1ÞM⊙ (black
dot-dashed curve in Fig. 2). Even if Λ particles appear at
higher baryon densities, the predicted maximum mass will
be consistent with present astrophysical observations.
In this Letter we have reported on the first quantum

MonteCarlo calculations for hyperneutronmatter, including
neutrons andΛ particles. As already verified in hypernuclei,
we found that the three-body hyperon-nucleon interaction
dramatically affects the onset of hyperons in neutron matter.
When using a three-body ΛNN force that overbinds hyper-
nuclei, hyperons appear at around twice the saturation
density and the predicted maximum mass is 1.36ð5ÞM⊙.
By employing a hyperon-nucleon-nucleon interaction
that better reproduces the experimental separation energies
of medium-light hypernuclei, the presence of hyperons is
disfavored in the neutron bulk at least up to ρ ¼ 0.56 fm−3

and the lower limit for the predicted maximum mass is
2.09ð1ÞM⊙. Therefore, within the ΛN model that we have
considered, the presence of hyperons in the core of the
neutron stars cannot be satisfactorily established and thus
there is no clear incompatibility with astrophysical obser-
vations when lambdas are included. We conclude that in
order to discuss the role of hyperons—at least lambdas—in
neutron stars, the ΛNN interaction cannot be completely
determined by fitting the available experimental energies in
Λ hypernuclei. In other words, the Λ-neutron-neutron
component of the ΛNN force will need both additional
theoretical investigation, possibly within different frame-
works such as chiral perturbation theory [63,64], and a
substantial additional amount of experimental data, in
particular for highly asymmetric hypernuclei and excited
states of the hyperon.
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FIG. 2 (color online). Mass-radius relations. The key is the
same as of Fig. 1. Full dots represent the predicted maximum
masses. Horizontal bands at ∼2M⊙ are the observed masses of
the heavy pulsars PSR J1614-2230 [18] and PSR J0348þ 0432
[19]. The grey shaded region is the excluded part of the plot due
to causality.

TABLE II. Fitting parameters for the function f defined in
Eq. (4) for different hyperon-nucleon potentials.

Hyperon-nucleon potential c1½MeV& c2½MeV&
ΛN −71.0ð5Þ 3.7(3)
ΛN þ ΛNN (I) −77ð2Þ 31.3(8)
ΛN þ ΛNN (II) −70ð2Þ 45.3(8)
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 softening EoS (hyperon puzzle) 

ρ = 2 − 3ρ0• contribute to NS at • can 3BFs resolve the puzzle?
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• scarce hyperon-nucleon (YN) scattering data 
       difficult to constrain free-space YN interactions

• ab initio (NCSM) treatment of hypernuclei         connect 

• hypernuclei          laboratory to explore YN (BB) 
   interactions / test SU(3) symmetry of QCD

underlying interactions & hypernuclear observables



interactions at sixth-order contributing to F-waves also include in order to have better description of some proton-proton polarised scattering.
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BB interactions in EFTχ

• ~5000 NN + Nd scattering data  +             2H, 3H/3He

P. Reinert et al. EPJA (2018), LENPIC(2021,2022), talk by Epelbaum (03.08)

 SMS NN forces up to , 3NF up to N4LO+(χ2 ∼ 1) N2LO
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Figure 7.1: Hierarchy of three-baryon forces with explicit introduction of the baryon decuplet
(represented by double lines).

7.1 lagrangians including decuplet baryons

In this section, we present the minimal set of terms in the chiral Lagrangian, that are
necessary for the diagrams including decuplet baryons in Fig. 7.1. The leading-order
interaction Lagrangian between octet and decuplet baryons in the non-relativistic limit
(see, e.g., Ref. [181]) is given by

L = C

f0

3ÿ

a,b,c,d,e=1

‘abc

1
T̄adeS̨

†
·

1
Ǫ̀„db

2
Bec + B̄ceS̨ ·

1
Ǫ̀„bd

2
Tade

2
, (7.1)

where the decuplet baryons are represented by the totally symmetric three-index tensor T ,
cf. Eq. (2.37). The spin transition matrices S̨ connect the two-component spinors of octet
baryons with the four-component spinors of decuplet baryons, and are explicitly given in
Appendix A.1. They fulfill the relation SiSj

† = 1

3
(2”ij ≠ i‘ijk‡k). Only a single LEC is

present at leading order. For this constant C we use the (large-Nc) value C = 3

4
gA ¥ 1,

which leads to a decay width �(� æ fiN) = 110.6 MeV that is in good agreement with
the empirical value of �(� æ fiN) = (115 ± 5) MeV [178]. Rewriting the lowest-order
decuplet Lagrangian Eq. (7.1) in the particle basis gives
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• semi-local momentum space regularization (SMS): 
‣ local regulator for pion exchange interactions 

np data

pp data
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Fig. 17. (Color online) χ2/datum for the description of the neutron-proton (left panel) and proton-proton (right panel)
scattering data in the energy bins of Elab = 0–100 MeV (upper row), Elab = 0–200 MeV (middle row) and Elab = 0–300 MeV
(bottom row) for different values of the momentum-space cutoff Λ. Red solid circles give the results of the SMS N4LO+ potentials
of this work while solid blue squares show the results of the EMN N4LO+ potentials of ref. [8]. The lines are drawn to guide
the eyes.

frequently used nonlocal regulator of eq. (2), the em-
ployed regularization does not affect the left-hand sin-
gularity structure of the potential associated with the
pion exchange contributions at any order in the 1/Λ-
expansion and thus manifestly maintains the long-
range part of the interaction (provided Λ ∼ Λb). More-
over, in contrast to the coordinate-space regulator used
in refs. [6, 7], our new approach can be straightfor-
wardly applied to regularize three-nucleon forces using
the machinery developed in refs. [45, 46].

– Using the new momentum-space regularization scheme
for the long-range contributions and employing a non-
local Gaussian regulator for the minimal set of in-
dependent contact interactions chosen according to
eq. (13), we have developed a new family of semilo-
cal chiral potentials up to N4LO for the cutoff values
of Λ = 350, 400, 450, 500 and 550MeV. To this aim,
we have fitted the LECs of the contact interactions to
the pp and np scattering data of the 2013 Granada
database [109], the deuteron binding energy and world
average value of the np coherent scattering length. The
determined LECs are found to be of a natural size. The
stability of the fits and convergence towards a mini-
mum of the χ2 are greatly improved by the removal
of the redundant interactions. Using the values of the
πN LECs from ref. [88], obtained by matching chiral

perturbation theory to the solution of the Roy-Steiner
equations, we find a continuous improvement in the de-
scription of the data from LO to N4LO. In particular,
we confirm the earlier findings of refs. [6,7] concerning
the evidence of the TPEP by observing a strong re-
duction in the χ2 when going from NLO to N2LO and
from N3LO to N4LO. Notice that the TPEP is pre-
dicted in a parameter-free way by the chiral symmetry
of QCD and its breaking pattern in combination with
the empirical information on the πN system.

– At N4LO, the np data and the low-energy pp data
are very well described as reflected by the values
of χ2/datum of order ∼ 1. However, the χ2/datum
increases considerably for pp data above Elab ∼
150MeV. This can be traced back to the high precision
of some of the experimental pp data such as especially
the CO(67) data set [127], which exceeds the accuracy
of our calculations at N4LO. To describe these data
with χ2/datum ∼ 1 one needs to accurately repro-
duce the F-wave phase shifts, which are still predicted
in a parameter-free way at N4LO. We have shown
that the inclusion of the leading (i.e. N5LO) contact
interactions in the 1F3, 3F2, 3F3 and 3F4 channels,
which are also taken into account in the potentials of
ref. [8], strongly improves the description of pp data
above Elab ∼ 150MeV. It is, however, important to

Eur. Phys. J. A (2018) 54: 86 Page 39 of 49

Fig. 17. (Color online) χ2/datum for the description of the neutron-proton (left panel) and proton-proton (right panel)
scattering data in the energy bins of Elab = 0–100 MeV (upper row), Elab = 0–200 MeV (middle row) and Elab = 0–300 MeV
(bottom row) for different values of the momentum-space cutoff Λ. Red solid circles give the results of the SMS N4LO+ potentials
of this work while solid blue squares show the results of the EMN N4LO+ potentials of ref. [8]. The lines are drawn to guide
the eyes.

frequently used nonlocal regulator of eq. (2), the em-
ployed regularization does not affect the left-hand sin-
gularity structure of the potential associated with the
pion exchange contributions at any order in the 1/Λ-
expansion and thus manifestly maintains the long-
range part of the interaction (provided Λ ∼ Λb). More-
over, in contrast to the coordinate-space regulator used
in refs. [6, 7], our new approach can be straightfor-
wardly applied to regularize three-nucleon forces using
the machinery developed in refs. [45, 46].

– Using the new momentum-space regularization scheme
for the long-range contributions and employing a non-
local Gaussian regulator for the minimal set of in-
dependent contact interactions chosen according to
eq. (13), we have developed a new family of semilo-
cal chiral potentials up to N4LO for the cutoff values
of Λ = 350, 400, 450, 500 and 550MeV. To this aim,
we have fitted the LECs of the contact interactions to
the pp and np scattering data of the 2013 Granada
database [109], the deuteron binding energy and world
average value of the np coherent scattering length. The
determined LECs are found to be of a natural size. The
stability of the fits and convergence towards a mini-
mum of the χ2 are greatly improved by the removal
of the redundant interactions. Using the values of the
πN LECs from ref. [88], obtained by matching chiral

perturbation theory to the solution of the Roy-Steiner
equations, we find a continuous improvement in the de-
scription of the data from LO to N4LO. In particular,
we confirm the earlier findings of refs. [6,7] concerning
the evidence of the TPEP by observing a strong re-
duction in the χ2 when going from NLO to N2LO and
from N3LO to N4LO. Notice that the TPEP is pre-
dicted in a parameter-free way by the chiral symmetry
of QCD and its breaking pattern in combination with
the empirical information on the πN system.

– At N4LO, the np data and the low-energy pp data
are very well described as reflected by the values
of χ2/datum of order ∼ 1. However, the χ2/datum
increases considerably for pp data above Elab ∼
150MeV. This can be traced back to the high precision
of some of the experimental pp data such as especially
the CO(67) data set [127], which exceeds the accuracy
of our calculations at N4LO. To describe these data
with χ2/datum ∼ 1 one needs to accurately repro-
duce the F-wave phase shifts, which are still predicted
in a parameter-free way at N4LO. We have shown
that the inclusion of the leading (i.e. N5LO) contact
interactions in the 1F3, 3F2, 3F3 and 3F4 channels,
which are also taken into account in the potentials of
ref. [8], strongly improves the description of pp data
above Elab ∼ 150MeV. It is, however, important to

P. Reinert et al. EPJA (2018)

Λ [MeV]

(SMS) N4LO+

(non-local regulator)N4LO+

np data

pp data

maintain long-range parts + reduce cutoff artefacts

E. Epelbaum, H.-W. Hammer, U.-G. Meißner RMP 81(2009)S. Weinberg PLB 251(1990), NPB 363(1991);



 YN interactions up to  N2LO
produces overall more angular dependence. An increasing (a rise in NLO19) total cross section at large P is probably due to the artefact

NLO13: J. Haidenbauer et al NPA 915(2013); 
LO: H. Polinder, J. Haidenbauer, U.-G. Meißner NPA 779(2006)

NLO19: J. Haidenbauer, U.-G. Meißner, A. Nogga EPJA 56(2020)
SMS NLO, : J. Haidenbauer, U.-G. Meißner, A. Nogga, HL EPJA 59(2023)N2LO
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YN interactions at NLO

• use  to fix relative strength of  singlet/triplet interactionBΛ(3
ΛH) ΛN

• most of YN LECs are fitted to 36 YN data points  (Λp → Λp, ΣN → ΣN, ΣN → ΛN )
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• 37 YN data, no YN bound state     no partial wave analysis possible 

Hyperon-Nucleon (YN) interactions are poorly constrained

Motivations

• Chiral EFT approach: based on   symmetry   

• Use  to determine and  relative scattering lengths

SU(3)f

BΛ(3
ΛH) = 0.13 ± 0.05 MeV 1S0

3S1

(Haidenbauer et al 2019)       Can we discriminate between the two potentials?   

BΛ(3
ΛH )3a(Λp)

10 J. Haidenbauer et al.: Hyperon-nucleon interaction
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Fig. 4. Differential cross section for Λp scattering at 500 MeV/c and at 633 MeV/c. Same description of curves as in Fig. 1.
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Fig. 5. 3S1 ΛN phase shift with (left) and without (right) ΣN coupling. Same description of curves as in Fig. 1.
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Fig. 4. Differential cross section for Λp scattering at 500 MeV/c and at 633 MeV/c. Same description of curves as in Fig. 1.
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Fig. 5. 3S1 ΛN phase shift with (left) and without (right) ΣN coupling. Same description of curves as in Fig. 1.

3S1(Λp)

without ΛN − ΣN

NLO13

NLO19

• Two YN versions at NLO: NLO13 and NLO19 
‣ Almost phase equivalent  
‣ NLO13 predicts a larger   transition potentialΛ − Σ

Λp → Λp

NLO13

NLO19

(Haidenbauer 2019)

• two realisations at NLO: NLO13 and NLO19 
‣ almost phase equivalent

3a(Λp)
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ΛH )not an observable
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where the summations over intermediate states are applied.
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4

‣ NLO13 leads to a larger transition potential VΛN↔ΣN

NLO13 and NLO19 as a tool to estimate 

 NLO13: J. Haidenbauer et al., NPA 915 (2013), NLO19:  EPJ A 56 (2019) 91 

effects from three-body forces (Haidenbauer et al. EPJA 56 (2019)) 
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Johann Haidenbauer Hyperon-nucleon interaction

NLO13

LO

6 Hoai Le et al.

Elab LO NLO N2LO N3LO N4LO N4LO+

0� 100 976.9 5.059 1.585 1.021 0.997 0.990

0� 200 792.3 35.81 13.96 1.353 1.105 1.007

0� 280 648.8 45.75 35.17 3.903 1.376 1.007

Elab [MeV] 0� 100 0� 200 0� 289

LO 976.9 792.3 648.8

NLO 5.059 35.81 45.75

N2LO 1.585 13.96 35.17

N3LO 1.021 1.353 3.903

N4LO 0.997 1.105 1.376

N4LO+ 0.990 1.007 1.007

�2 B⇤(3⇤H)

LO(600) 28.3 0.135

NLO13(600) 16.8 0.09

NLO19(600) 16.3 0.091

SMS NLO(550) 15.7 0.123

SMS N2LO 15.6 0.139

Table 3 Probability of finding ⇤p and ⇤n pairs in the A=4-8 wavefunctions computed using
the YN NLO19(500) potential. The SRG-induced YNN interaction is also included in the
calculations for 4

⇤He/4⇤H. The A=7,8 wavefunctions were computed at the magic SRG-flow
parameter of �magic = 0.823 fm-1

1S0
3S1 hV Y N i

⇤p ⇤n ⇤p ⇤n 1S0
3S1

4
⇤He(0+) 13.92 27.60 44.54 0.42 -4.383 -3.916
4
⇤H(0+) 27.1 13.66 0.41 43.79 -4.091 -3.604

4
⇤He(1+) 14.48 13.44 42.47 27.07 -1.383 -5.743
4
⇤H(1+)

7
⇤Be 11.13 7.22 33.25 21.67 -3.728 -9.36
7
⇤Li

⇤ 9.17 9.17 27.44 27.44 -3.767 -9.319

8
⇤Be 9.49 12.23 28.68 19.34 -5.467 -9.848
8
⇤Li

• most of s-wave LECs are fitted to 36 data points ( ) +  Λp → Λp, ΣN → ΣN, ΣN → ΛN BΛ(3
ΛH)

• at NLO: two realisations NLO13 & NLO19 (phase equivalent; NLO13 leads to a larger  )VΛN↔ΣN

• SMS interactions lead to a slightly more attractive  potentialΛN

• LO describes YN data poorly. Significant improvement at NLO
(LO results are useful for truncation error estimation)

• SMS NLO, : employ a novel regularization scheme as in NN  N2LO

4

tool to assess effect of YNN forces in many-body systems



5

Jacobi-NCSM approach

• Idea: represent the A-body translationally invariant hypernuclear Hamiltonian:

H = Trel + VNN + VYN + VNNN + VYNN + ΔM + ⋯

ΛN ↔ ΣNin a basis constructed from HO functions  

• Jacobi basis: depends on relative Jacobi coordinates of all particles
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where the summations over intermediate states are applied
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4

= |𝒩JT, 𝒩A−1JA−1TA−1,

antisym.(A−1)N

nYlY IY tY;

Λ(Σ) state

(JA−1(lYsY)IY) J, (TA−1tY)T ⟩
(A-1)N

Λ(Σ)

• intermediate bases for evaluating Hamiltonian:
for NN, YN forces
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where the summations over intermediate states are applied
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Y ≡ Λ(Σ)
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where the summations over intermediate states are applied
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4

for 3N, YNN forces

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)
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3N

Y

Y
N

• basis truncation:   ⇒ Eb = Eb(ω, 𝒩max)𝒩 = 𝒩A−1 + 2nλ + λ ≤ 𝒩max extrapolation Eb,∞

N

independent of ω

(independent of )ω

5

Jacobi-NCSM approach

• Idea: represent the A-body translationally invariant hypernuclear Hamiltonian:

H = Trel + VNN + VYN + VNNN + VYNN + ΔM + ⋯
ΛN ↔ ΣNin a basis constructed from HO functions  

• Jacobi basis: depends on relative Jacobi coordinates of all particles
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where the summations over intermediate states are applied
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4

= |&JT, &A−1JA−1TA−1,
antisym.(A−1)N

nYlY IY tY;
Λ(Σ) state

(JA−1(lYsY)IY) J, (TA−1tY)T ⟩
(A-1)N

Λ(Σ)

• intermediate bases for evaluating Hamiltonian:
for NN, YN forces

(A-3)N
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for 3N, YNN forces

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)
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N

• basis truncation:   ⇒ Eb = Eb(ω, &max)& = &A−1 + 2nλ + λ ≤ &max extrapolation Eb,∞

N

independent of ω

Appendix C Jacobi coordinates for an A-body system

A

A � 1

6
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3
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r4 r5

r6

rA�1

rA

(C.3)

Figure C.1: A possible set of Jacobi coordinates for an A-body system

4

3

2

1

p12 p3

p4

(C.4)

Figure C.2: A possible set of Jacobi coordinates for an A-body system

C.1 Orthogonal transformation between two sets of
three-cluster Jacobi coordinates

Generally, for describing a system of three clusters, for example 1,2 and 3, one can use di↵erent sets
of Jacobi coordinates in which either cluster 1 or 2 or 3 is the outer spectator. These three di↵erent
sets of intrinsic Jacobi coordinates are illustrated in Fig. C.3
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4

Λ(Σ)
(independent of )ω

5

Jacobi-NCSM approach

• Idea: represent the A-body translationally invariant hypernuclear Hamiltonian:

H = Trel + VNN + VYN + VNNN + VYNN + ΔM + ⋯
ΛN ↔ ΣNin a basis constructed from HO functions  

• Jacobi basis: depends on relative Jacobi coordinates of all particles
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• intermediate bases for evaluating Hamiltonian:
for NN, YN forces

(A-3)N

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

(20)

where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i
�� ↵

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i (21)

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i
(22)

4

N

N

N

trans. coefficients

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

(20)

where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i (21)

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i

(22)

4

Λ(Σ)

(A-1)N

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

(20)

where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i
�� ↵

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i (21)

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i

(22)

4

(A-2)N

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

(20)

where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i
�� ↵

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i (21)

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i

(22)

4

(A-4)N

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

(20)

where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i
�� ↵

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i (21)

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i
(22)

4

O2 = hp0q0↵0|(1 + 2P123)|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|V123|pq↵i

� hp0q0↵0|V123|p00q00↵00i p
002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|(1 + 2P123)|pq↵i

(19)

O1 =
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i p

002 � p0002

m

�(q00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i �(q
0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

+
2

3

n
hp0q0↵0|(1 + 2P123)|p00q00↵00i �(q

00 � q000)

q00q000
�↵00

3 ↵
000
3
hp00q00↵00

12|V12|p000q000↵000
12i

⇥ hp000q000↵000|P123|p0000q0000↵0000i p
000002 � p00002

m

�(q0000 � q00000)

q0000q00000
�↵0000

3 ↵00000
3

⇥ hp0000q0000↵0000
12 |V12|p00000q00000↵00000

12 ihp00000q00000↵00000|(1 + 2P123)|pq↵i
o

(20)

where the summations over intermediate states are applied

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i
�� ↵

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i (21)

��↵⇤(Y )(NJT )
↵
= |↵(A�1)N i ⌦ |Y i

= |NJT,N(A�1)JA�1TA�1| {z }
antisym.(A�1)

nY IY tY ; (JA�1(lY sY )IY )J, (TA�1tY )T i

(22)

4

(A-3)N

O
2
=

hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|V

1
2
3
|p
q↵

i
�
hp

0 q
0 ↵

0 |V
1
2
3
|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|(1

+
2P

1
2
3
)|p

q↵
i

(1
9)

O
1
=

2 3

n hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|P

1
2
3
|p

000
0 q

000
0 ↵

000
0 i
�(
q
000
0 �

q
000
00 )

q
000
0 q

000
00

� ↵
00
00

3
↵

00
00
0

3

⇥
hp

000
0 q

000
0 ↵

000
0

1
2
|V

1
2
|p

000
00 q

000
00 ↵

000
00

1
2
ih
p
000
00 q

000
00 ↵

000
00 |(

1
+
2P

1
2
3
)|p

q↵
io

+
2 3

n hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|P

1
2
3
|p

000
0 q

000
0 ↵

000
0 i
p
000
002

�
p
000
02

m
�(
q
000
0 �

q
000
00 )

q
000
0 q

000
00

� ↵
00
00

3
↵

00
00
0

3

⇥
hp

000
0 q

000
0 ↵

000
0

1
2
|V

1
2
|p

000
00 q

000
00 ↵

000
00

1
2
ih
p
000
00 q

000
00 ↵

000
00 |(

1
+
2P

1
2
3
)|p

q↵
io

(2
0)

w
he

re
th

e
su

m
m

at
io

ns
ov

er
in

te
rm

ed
ia

te
st

at
es

ar
e

ap
pl

ie
d

� � ↵
⇤(

Y
) (
N
J
T
)
↵ =

|↵
(A

�
1
)N

i ⌦
|Y

i
� �

↵ =
|N

J
T
,N

(A
�
1
)
J A

�
1
T
A
�
1

|
{z

}
a
n
ti
sy

m
.(
A
�
1
)

n
Y
I Y

t Y
; (
J A

�
1
(l
Y
s Y

)I
Y
)J
, (
T
A
�
1
t Y

)T
i

(2
1)

� � ↵
⇤(

Y
) (
N
J
T
)
↵ =

|↵
(A

�
1
)N

i ⌦
|Y

i
=

|N
J
T
,N

(A
�
1
)
J A

�
1
T
A
�
1

|
{z

}
a
n
ti
sy

m
.(
A
�
1
)

n
Y
I Y

t Y
; (
J A

�
1
(l
Y
s Y

)I
Y
)J
, (
T
A
�
1
t Y

)T
i

(2
2)

4

O
2
=

hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|V

1
2
3
|p
q↵

i
�
hp

0 q
0 ↵

0 |V
1
2
3
|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|(1

+
2P

1
2
3
)|p

q↵
i

(1
9)

O
1
=

2 3

n hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|P

1
2
3
|p

000
0 q

000
0 ↵

000
0 i
�(
q
000
0 �

q
000
00 )

q
000
0 q

000
00

� ↵
00
00

3
↵

00
00
0

3

⇥
hp

000
0 q

000
0 ↵

000
0

1
2
|V

1
2
|p

000
00 q

000
00 ↵

000
00

1
2
ih
p
000
00 q

000
00 ↵

000
00 |(

1
+
2P

1
2
3
)|p

q↵
io

+
2 3

n hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|P

1
2
3
|p

000
0 q

000
0 ↵

000
0 i
p
000
002

�
p
000
02

m
�(
q
000
0 �

q
000
00 )

q
000
0 q

000
00

� ↵
00
00

3
↵

00
00
0

3

⇥
hp

000
0 q

000
0 ↵

000
0

1
2
|V

1
2
|p

000
00 q

000
00 ↵

000
00

1
2
ih
p
000
00 q

000
00 ↵

000
00 |(

1
+
2P

1
2
3
)|p

q↵
io

(2
0)

w
he

re
th

e
su

m
m

at
io

ns
ov

er
in

te
rm

ed
ia

te
st

at
es

ar
e

ap
pl

ie
d

� � ↵
⇤(

Y
) (
N
J
T
)
↵ =

|↵
(A

�
1
)N

i ⌦
|Y

i
� �

↵ =
|N

J
T
,N

(A
�
1
)
J A

�
1
T
A
�
1

|
{z

}
a
n
ti
sy

m
.(
A
�
1
)

n
Y
I Y

t Y
; (
J A

�
1
(l
Y
s Y

)I
Y
)J
, (
T
A
�
1
t Y

)T
i

(2
1)

� � ↵
⇤(

Y
) (
N
J
T
)
↵ =

|↵
(A

�
1
)N

i ⌦
|Y

i
=

|N
J
T
,N

(A
�
1
)
J A

�
1
T
A
�
1

|
{z

}
a
n
ti
sy

m
.(
A
�
1
)

n
Y
I Y

t Y
; (
J A

�
1
(l
Y
s Y

)I
Y
)J
, (
T
A
�
1
t Y

)T
i

(2
2)

4

O
2
=

hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|V

1
2
3
|p
q↵

i
�
hp

0 q
0 ↵

0 |V
1
2
3
|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|(1

+
2P

1
2
3
)|p

q↵
i

(1
9)

O
1
=

2 3

n hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
p
002

�
p
000
2

m
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|P

1
2
3
|p

000
0 q

000
0 ↵

000
0 i
�(
q
000
0 �

q
000
00 )

q
000
0 q

000
00

� ↵
00
00

3
↵

00
00
0

3

⇥
hp

000
0 q

000
0 ↵

000
0

1
2
|V

1
2
|p

000
00 q

000
00 ↵

000
00

1
2
ih
p
000
00 q

000
00 ↵

000
00 |(

1
+
2P

1
2
3
)|p

q↵
io

+
2 3

n hp
0 q

0 ↵
0 |(
1
+
2P

1
2
3
)|p

00 q
00 ↵

00 i
�(
q
00
�
q
000
)

q
00 q

000
� ↵

00 3
↵

00
0

3
hp

00 q
00 ↵

00 1
2
|V

1
2
|p

000
q
000
↵

000 1
2
i

⇥
hp

000
q
000
↵

000
|P

1
2
3
|p

000
0 q

000
0 ↵

000
0 i
p
000
002

�
p
000
02

m
�(
q
000
0 �

q
000
00 )

q
000
0 q

000
00

� ↵
00
00

3
↵

00
00
0

3

⇥
hp

000
0 q

000
0 ↵

000
0

1
2
|V

1
2
|p

000
00 q

000
00 ↵

000
00

1
2
ih
p
000
00 q

000
00 ↵

000
00 |(

1
+
2P

1
2
3
)|p

q↵
io

(2
0)

w
he

re
th

e
su

m
m

at
io

ns
ov

er
in

te
rm

ed
ia

te
st

at
es

ar
e

ap
pl

ie
d

� � ↵
⇤(

Y
) (
N
J
T
)
↵ =

|↵
(A

�
1
)N

i ⌦
|Y

i
� �

↵ =
|N

J
T
,N

(A
�
1
)
J A

�
1
T
A
�
1

|
{z

}
a
n
ti
sy

m
.(
A
�
1
)

n
Y
I Y

t Y
; (
J A

�
1
(l
Y
s Y

)I
Y
)J
, (
T
A
�
1
t Y

)T
i

(2
1)

� � ↵
⇤(

Y
) (
N
J
T
)
↵ =

|↵
(A

�
1
)N

i ⌦
|Y

i
=

|N
J
T
,N

(A
�
1
)
J A

�
1
T
A
�
1

|
{z

}
a
n
ti
sy

m
.(
A
�
1
)

n
Y
I Y

t Y
; (
J A

�
1
(l
Y
s Y

)I
Y
)J
, (
T
A
�
1
t Y

)T
i

(2
2)

4

for 3N, YNN forces

4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)
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4.1 Separation of NN , Y N and Y Y pairs
We now proceed to evaluate the Hamiltonian matrix elements for the wavefunction defined in eq. (4.6)

h (⇡JT )|H| (4.7)

|
�
↵⇤(Y1N)

�⇤(Y2)i = |↵⇤(Y1N)i ⌦ |Y2i

= |NJT,↵⇤(Y1N)
A�1 ñY2 ĨY2 t̃Y2 ; (J

⇤(Y1N)
A�1 (l̃Y2sY2)ĨY2)J, (T

⇤(Y1N)
A�1 t̃Y2)T i

⌘

N

N

Y1Y2

(4.8)
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3N

Y

Y
N

• basis truncation:   ⇒ Eb = Eb(ω, &max)& = &A−1 + 2nλ + λ ≤ &max extrapolation Eb,∞

N

independent of ω

Appendix C Jacobi coordinates for an A-body system

A

A � 1

6

5

4

3

2

1

r12 r3

r4 r5

r6

rA�1

rA

(C.3)

Figure C.1: A possible set of Jacobi coordinates for an A-body system

4

3

2

1

p12 p3

p4

(C.4)

Figure C.2: A possible set of Jacobi coordinates for an A-body system

C.1 Orthogonal transformation between two sets of
three-cluster Jacobi coordinates

Generally, for describing a system of three clusters, for example 1,2 and 3, one can use di↵erent sets
of Jacobi coordinates in which either cluster 1 or 2 or 3 is the outer spectator. These three di↵erent
sets of intrinsic Jacobi coordinates are illustrated in Fig. C.3
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Λ(Σ)
(independent of )ω

S. Liebig, U.-G. Meißner, A. Nogga, EPJA 52(2016); HL, J. Haidenbauer, U.-G. Meißner, A. Nogga EPJA 56 (2020) 
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Extrapolation in  &  spacesω 𝒩

• Eb(ω, 𝒩) = E𝒩 + κ(log(ω) − log(ωopt))2 • E𝒩 = E∞ + Ae−b𝒩

E 𝒩

δE = E∞ − E𝒩max

E(4He, NCSM) = −25 . 14 ± 0 . 06

NN: SMS N2LO(550)

λ = 1.88 fm−1

E(4
ΛHe) = −9 . 729 ± 0 . 002

4
ΛHe5

ΛHeλ = 1.88 fm−1

E(5
ΛHe) = −32 . 018 ± 0 . 001

4He

E(4He, FY) = −25 . 15 ± 0 . 02

Numerical uncertainties
• NCSM calculations for hypernuclei with bare SMS  

NN (3N) and YN interactions converge poorly

• NCSM uncertainties for SRG-evolved potentials:

‣ ~ several keV for   A ≤ 5

5
ΛHe

‣ ~ hundred(s) keV for   A = 7 (8)

• FY uncertainties: ~ 1 (20) keV for    3
ΛH (4

ΛHe)

S. Liebig, U.-G. Meißner, A. Nogga, EPJA 52(2016); HL, J. Haidenbauer, U.-G. Meißner, A. Nogga EPJA 56 (2020) 
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Similarity Renormalization Group (SRG)
Idea:  continuously apply unitary transformation to H to suppress off-diagonal matrix elements 

dV(s)
ds

= [[Trel, V(s)], H(s)], H(s) = Trel + V(s) + ΔM

V(s) = V12(s) + V13(s) + V23(s) + V123(s), V123,s=0 ≡ Vbare
NNN; (Vbare

YNN = 0)

speed up the convergence of NCSM calculations (observables e.g. energies are conserved)

• separate SRG flow equations for 2-body and 3-body interactions: S.K. Bogner et al PRC75 (2007), 
K. Hebeler PRC85 (2012)

s = 0 → ∞

N2LO(500)

dVNN(s)
ds

= [[TNN, VNN], TNN + VNN]
dVYN(s)

ds
= [[TYN, VYN], TYN + VYN + ΔM]

dV123

ds
= [[T12, V12], V31 + V23 + V123]

+[[T31, V31], V12 + V23 + V123]
+[[T23, V23], V12 + V31 + V123] + [[Trel, V123], Hs]

SRG-induced YNNs are 
 generated even if Vbare

YNN = 0

• SRG-induced beyond 3BFs are not included. Estimate size of omitted 4BFs by varying   [fm ]λ = (4μ2 /s)1/4 −1

F.J. Wegner NPB 90 (2000).  S.K. Bogner, R.J. Furnstahl, R.J. Perry PRC 75 (2007)
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Effect of SRG-induced 4BFs in A=4,5
YN interaction.

 FY calculation using bare NN + 3N + YN interactionsλ = ∞ :

  KeVΔBΛ(4
ΛHe) = 10 ± 25

  KeVΔBΛ(5
ΛHe) = 90 ± 30

NN:  , 3N: N4LO+ N2LO(450); YN:  N2LO(550)

∞

contributions of induced 4BFs to   are negligible BΛ(4
ΛHe, 5

ΛHe)

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga (in preparation)

6

Table II. ⇤ separation energies B⇤(
4
⇤He, 0+) and B⇤(

5
⇤He) computed at di↵erent SRG flow parameter. All calculations are

based on the SMS NN at N4LO
+
(450) and NNN at N2LO(450). Both SRG-induced NNN and YNN forces are also included.

B⇤(
4
⇤He, 0+) at � = 1 is obtained by solving the FY equation employing the bare NN, NNN and YN potentials. Note that

B⇤(
4
⇤He, 0+) at � = 4.0 (3.0) fm-1 have been computed for model spaces up to Nmax = 34 (28), respectively, whereas values at

lower � are computed for Nmax = 26.

� [fm-1] B⇤(
4
⇤He, 0+) B⇤(

5
⇤He)

1.88 1.992 ± 0.002 3.712 ±0.001

2.00 1.991 ± 0.005 3.705± 0.005

2.236 1.990 ± 0.007 3.708 ± 0.006

2.60 1.989 ± 0.014 3.744 ± 0.008

3.00 1.985 ± 0.024 3.806 ± 0.030

1 2.01 ± 0.02

gence pattern of the separation energies of the considered
hypernuclei with increasing order we adopt here the sim-
ple approach for an uncertainty estimate, proposed by
Epelbaum, Krebs, and Meißner [? ], called EKM in the
following. In particular, we follow closely Ref. [? ] where
this approach was applied to light nuclei. It should be
said that the EKM method does not directly allow for a
statistical interpretation of the estimated uncertainties.
However, as discussed in [? ], the procedure can be re-
interpreted, further developed and statistically validated
using the Bayesian approach [? ? ]

Before presenting our results we want to call attention
to the role of 3NFs for the uncertainty quantification em-
phasized in Ref. [? ]. Since the 3H binding energy is
commonly used to constrain the LECs of the 3NF, per
construction the binding energy is exactly reproduced at
N2LO, where the 3NF enters according to the Weinberg
counting [? ], and for higher orders too. As a conse-
quence, one can calculate the corresponding uncertainty
for higher orders, even without performing the pertinent
few-body calculation, because the outcome is known be-
forehand. In Ref. [? ], this is called “projected results”.

Clearly, for hypernuclei, we are in the same situation
since 3BFs start to contribute likewise from N2LO up-
wards. And since the ⇤NN 3BF has in total five un-
known LECs [? ], one can think about fixing them not
only from the hypertriton (where the experimental un-
certainty is anyway too large for a proper determination)
but also from the separation energies of A = 4, 5 hyper-
nuclei [? ] – of course, under the premise that four-body
forces are indeed very small. We note in passing that
this is anyway done in calculations based on pion-less
EFT [? ]. Indeed, other observables to constrain the
3BFs, like Nd scattering data in the three-nucleon case,
are not available for three- or more-body systems involv-
ing hyperons. Anyway, with regard to nuclei there is
“truly unambiguous evidence” for missing 3NFs, as em-
phasized in [? ], whereas one could argue that this is not

the case for systems with hyperons. However, consider-
ing the power counting, 3BFs have to contribute and the
only relevant question is whether their contribution is of
a magnitude as expected/predicted for a specific chiral
order. The aspect emphasized above has to be kept in
mind when we present the variations of the separation
energies for di↵erent NN and Y N potentials below, and
the actual values have to be seen in proper perspective.

A. Discussion of the variations

Let us first inspect the variation of the separation ener-
gies with the employed NN potentials. As already men-
tioned in the introduction, previous bound-state calcula-
tions by us suggested that the ⇤ separation energies of
light hypernuclei are not very sensitive to the employed
NN interaction [? ? ]. For example, the variation of the
separation energy for the semi-local momentum-space-
regularized (SMS) NN potential of Ref. [? ] at order
N4LO+ with cuto↵s ⇤N = 400 � 550 MeV were found
to be around 100 keV for 4

⇤
He/4

⇤
H [? ]. Those for the

hypertriton were in the order of only 10 keV. Variations
of similar magnitude have been observed in earlier calcu-
lations based on phenomenological interactions [? ].
Separation energies for A = 4, 5 ⇤ hypernuclei, ob-

tained within the NCSM approach and from solving FY
equations, are summarized in Table III. The calculations
are based on the NN and NNN potentials at N4LO+ and
N2LO, respectively, with four di↵erent cuto↵s. To de-
scribe the YN interaction the SMS YN NLO(550) poten-
tial has been employed. We consider also NN potentials
up to N2LO and N3LO with selected cuto↵s for illustra-
tion. A graphical representation of the results is provided
in Fig. 3. Here in addition results for the hypertriton are
shown. Furthermore, in the calculations the SMS YN
N2LO(550) potential has been considered and, for 3

⇤
H

and 4

⇤
He (0+), even the YN LO(600) (LO(700)) poten-

• Estimate size of omitted 4BFs by varying   λ

• Variation of  for   fm :BΛ 1.88 ≤ λ ≤ 3.0 −1
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Results for A=3-8 hypernuclei

YN: NLO13, NLO19(500);    SMS  NLO, N2LO(550)

N4LO+(450)NN: SMS 3N:  N2LO(450)



10

describe the 1^+ in 4HL and ground state in 5HL fairly well. For 7LiLambda, NLO19 prediction is comparable to B_L extracted from counter experiments, 

Predictions for  with NLO13 & NLO19BΛ(A ≤ 8)

• NLO13 & NLO19 build on non-local regulator; phase equivalent in 2-body sector
• NLO13 characterised by a stronger  transition potential ( )  ΛN − ΣN 3S1 − 3D1

(J. Haidenbauer U.-G. Meißner, A. Nogga EPJA 56(2020))

•  are fairly well described by NLO19; NLO13 underestimates these 4
ΛH(1+), 5

ΛHe, 7
ΛLi, 8

ΛLi BΛ

M. Juric NPB 52(1973) 
M. Agnello et al. PLB 681(2009)
Experiment:

NN:SMS (450)N4LO+

+3N: (450)N2LO

+SRG-induced YNN

+YN: NLO13,19(CSB)

manifest in higher-body observables 

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga PRC 107(2023)

• signal for missing chiral YNN forces:   KeV to ,  KeV to  ∼ 50 BΛ(3
ΛH) ∼ 200 − 300 BΛ(4

ΛHe)

  MeV to  ∼ 0 . 7 − 1 BΛ(5
ΛHe) (J. Haidenbauer et al EPJA 56(2020))

uncertainty
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larger B_L for all the s-shell states. Note, since we do not include CSB, our results for A=4 should be compared to experimental values for both

And, in overall, the predicted B_L is an agreement with experiment. Small difference to experiment should be attributed to the 

Predictions for  with SMS NLO, BΛ(A ≤ 5) N2LO

• NLO13 & NLO19 build on non-local regulator;

• SMS NLO,  use local regulator for long-range interactions (milden cutoff artifacts)  N2LO

• all s-shell states are fairly well described with SMS NLO &   

• chiral YNN forces contribute at  (5 LECs for )    

N2LO
N2LO ΛNN

NN:SMS (450)N4LO+

+3N: (450)N2LO

+SRG-induced YNN

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga (in preparation)

(J. Haidenbauer, U.-G. Meißner, A. Nogga, HL EPJA 59(2023))SMS potentials lead to a more attractive ΛN

https://hypernuclei.kph.uni-mainz.de/

Separation energies for A=3-8 ⇤ hypernuclei (MeV)
• NLO13(19), SMS NLO,N2LO are phase equivalent (�2 ⇡ 16 for 36 YN data points)
• NLO13 characterized by a stronger ⇤N-⌃N coupling potential (3S1-3D1)

3
⇤H [Faddeev] 4

⇤He(0+) 4
⇤He(1+) 5

⇤He
7
⇤Li

8
⇤Li

NLO13 0.090 1.48 ± 0.02 0.58 ± 0.02 2.22 ± 0.06 5.28 ± 0.68 5.75 ± 1.08

NLO19 0.091 1.46 ± 0.02 1.06 ± 0.02 3.32 ± 0.03 6.04 ± 0.30 7.33 ± 1.15

SMS NLO 0.124 2.10 ± 0.02 1.10 ± 0.02 3.34 ± 0.01

SMS N2LO 0.139 2.02 ± 0.02 1.25 ± 0.02 3.71 ± 0.01

Exp.⇤ 0.148 ± 0.04 2.347 ± 0.036 0.942 ± 0.036 3.102 ± 0.03 5.85 ± 0.13 6.80 ± 0.03

5.58 ± 0.03

NN: SMS N4LO+(450) + 3NF: N2LO(450) + SRG-induced YNN force

NLO19 (600): 4
⇤H(1+), 5

⇤He, 7
⇤Li fairly well described

NLO13 (600) underestimates the separation energies
SMS NLO,N2LO (550): 4

⇤H(0+, 1+), 5
⇤He fairly well described

chiral Y NN forces appear at N2LO ! ⇤NN: 5 LECs
with decuplet saturation at NLO (LECs: 1 ⇤NN + 1 ⌃NN)
! could be fixed from separation energies of, e.g.,
4
⇤H (0+, 1+) or 4

⇤H (0+, 1+), 5
⇤He

⇤Chart of Hypernuclides https://hypernuclei.kph.uni-mainz.de/

Johann Haidenbauer Hyperon-nucleon interaction

with decuplet saturation at NLO: 2 LECs ( )  1 ΛNN+1 ΣNN
not possible to fix

BΛ(He(0+), 5
ΛHe(1/2+))orBΛ(4

ΛHe(0+,1+))fit to

8 Hoai Le et al.

Table 6 CSB for A = 4� 8 systems based on the N4LO+(450) NN potential in combination
with the YN NLO13(500) and NLO19(500). The NN potential is SRG-evolved to a flow param-
eter of �NN = 1.6 fm-1 while the YN NLO13 and NLO19 interactions are SRG-evolved to the
magic SRG-flow parameters �Y N = 0.765 and �Y N = 0.823 fm-1, respectively. The latter two
SRG-flow parameters are fixed to the separation energy of 5⇤He, B⇤(5⇤He,NLO13) = 2.22±0.06
and B⇤(5⇤He,NLO19) = 3.32±0.03, obtained from the full calculations which include the both
SRG-induced 3N and YNN forces [?].

4
⇤He� 4

⇤H
7
⇤Be� 7

⇤Li
⇤ 7

⇤Li
⇤ � 7

⇤He 8
⇤Be� 8

⇤Li

0+ 1+

NLO19 -7.5 -10.5 -34.3 -14.3 -11

CSB1 209.5 -70.5 -26.3 -3.3 135

CSB1A 129.5 -134.5 -83.3 -62.3 74

Exp �100± 90 �20± 230 40± 60

3
⇤H 4

⇤He(0+) 4
⇤He(1+) 5

⇤He

NLO13 0.090 1.48 ± 0.02 0.58 ± 0.02 2.22 ± 0.06

NLO19 0.091 1.46 ± 0.02 1.06 ± 0.02 3.32 ± 0.03

NLO 0.124 2.061 ± 0.001 1.087 ± 0.009 3.334 ± 0.008

N2LO 0.139 1.992 ± 0.002 1.23 ± 0.009 3.710 ± 0.007

Exp*
0.148 ± 0.040 2.169 ± 0.042 (4⇤H) 1.081 ± 0.046 (4⇤H) 3.102 ± 0.030

2.347 ± 0.036 (4⇤He) 0.942 ± 0.036 (4⇤He)

SMS LO SMS NLO SMS N2LO NLO19

⇤Y [MeV] 700 500 550 600 500 550 600 600

total �2 30.0 15.5 15.7 16.2 15.8 15.6 15.7 16.3

B⇤(3⇤H) 0.135 0.127 0.124 0.122 0.147 0.139 0.172 0.091

an overview of results for CSB1, when the YN NLO13(500) and NLO19(500) are
SRG-evolved to the corresponding magic flow parameters.

The di↵erence between E⇤(
7
⇤Li

⇤) and E⇤(
7
⇤He) is �20± 230 keV for FINUDA

and JLab results, �50±190 keV for the revised SKS and JLab results. On the other
hand, by taking into account emulsion experiments results, the di↵erence between
E⇤(

7
⇤Be) and E⇤(

7
⇤Li

⇤) is �100±90 keV [?]. The di↵erence between E⇤(
8
⇤Be) and

E⇤(
8
⇤Li) is +40± 60 keV.

(work in progress)
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NN: SMS N2LO − N4LO+

3N:  N2LO

4
ΛHe(0+) 5

ΛHe

Exp.

3
ΛH 4

ΛHe(1+)

variations due to NN potentials  <  variations due to YN & differences to experiment;

Variation due to NN & YN interactions

+SRG-induced YNN
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Variation due to NN interactions
YN interaction.

• for YN NLO, : NN variations are “small”, especially when SMS  are employed  N2LO N4LO+

• NN variations are expected to be counterbalanced by chiral YNN forces

NN:  3N: N2LO(450 − 500), N3LO(450), N4LO+(400 − 550); N2LO

7

Table III. Separation energies (in MeV) for 4
⇤He and 5

⇤He based on the N4LO
+

NN potential with cuto↵s 400� 550 MeV and
with inclusion of the chiral NNN force at N2LO. For the YN interaction, the potential SMS NLO(550) is employed. Selected
results for N2LO and N3LO NN potentials are included too.

⇤ [MeV] B⇤(
5
⇤He) B⇤(

4
⇤He, 1+) B⇤(

4
⇤He, 0+)

NCSM NCSM FY NCSM FY

500 (N2LO) 3.409 ± 0.007 1.119 ± 0.009 1.13 ± 0.02 2.061 ± 0.002 2.08 ± 0.02

450 (N3LO) 3.287 ± 0.008 1.07 ± 0.009 1.09 ± 0.02 2.042 ± 0.002 2.09 ±0.02

400 3.308 ± 0.008 1.08 ± 0.009 1.11 ± 0.02 2.084 ± 0.002 2.14 ± 0.02

450 3.334 ± 0.008 1.087 ± 0.009 1.11 ± 0.02 2.061 ±0.001 2.11 ± 0.02

500 3.310 ± 0.008 1.08 ± 0.009 1.10 ± 0.02 2.02 ± 0.001 2.05 ± 0.02

550 3.245 ± 0.009 1.064 ± 0.009 1.07 ± 0.02 1.972 ± 0.001 1.99 ± 0.02

experiment [? ] 3.102± 0.030 0.942± 0.036 2.347± 0.036

Table IV. Variation of A = 3 � 5 separation energies for SMS N4LO+ NN potentials with cuto↵s 400 � 550 MeV and Y N
potentials of LO, NLO, and N2LO (in keV). (N2LO, N4LO+) means that results for N2LO and N3LO NN potentials for selected
cuto↵s are considered too.

considered NN+YN potentials B⇤(
3
⇤H) B⇤(

4
⇤He,0+) B⇤(

4
⇤He,1+) B⇤(

5
⇤He)

N4LO+ +N2LO(550) 3 43 44 44
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N4LO+ + LO(600) 25 194 223 970

(N2LO,N3LO,N4LO+) +N2LO(550) 11 114 114 295

(N2LO,N3LO,N4LO+) +NLO(550) 14 147 88 273

Gazda* variation with cuto↵ 50 270 240 1150

Gazda* variance �model 20 100 100 400

tials.

One can see from Table III that the overall variation
of the 5

⇤
He separation energy is indeed very small. It

amounts to 90 keV for the set of N4LO+ NN potentials
and increases to 160 keV when NN potentials of lower
order are considered too. Moreover, in general, the varia-
tions are smaller than the di↵erence to the experimental
value. The latter has to be eventually balanced by chi-
ral Y NN 3BFs. Thus, it is re-assuring to see that the
variations caused by the NN input are well in line with
the anticipated magnitude of 3BFs. The situation for the
4

⇤
He separation energies is similar. Also here for both 0+

and 1+ states, the variations due to the employed NN
potential are small and specifically smaller than the dif-
ference to the empirical values. It is remarkable that the
variation for the 1+ state within the group of N4LO in-

teractions is only of the order of 20 keV and increases
to 60 keV when N2LO NN interactions are considered.
Only for the 0+ state, the cuto↵ variation within the
N4LO+ interactions covers the results for the lower or-
der NN interactions. Table III shows results from NCSM
at � = 1.88 fm�1 and FY calculations for the bare inter-
actions where both are available. The small deviations
are due to SRG induced four-baryon interactions that are
omitted in the calculations. It sticks out that the numer-
ical uncertainty of the FY results is similar or even larger
than the deviation to the NCSM results. Therefore, we
will estimate our uncertainties based on the NCSM re-
sults if available.

A general overview of the variation of the separation
energies B⇤ in A = 3 � 5 hypernuclei due to di↵erent
chiral expansion orders and di↵erent cuto↵s ⇤N of the

D. Gazda et al PRC 106(2022): based on LO YN + 42 non-local regularized NN(3N) N2LOsim
σmodel ≡ [σ2(N2LOsim)]1/2 (talk by Gazda)
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Truncation error estimation

E. Epelbaum, H. Krebs, U.-G. Meißner EPJA 51(2015)

‣ cutoff variations     no reliable estimate for truncation errors     

δX(i) = max
2 ≤ j ≤ i

(Qi+1 |X(0) | , Qi+1−j |X( j) − X( j−1) |); Q = Meff
π /Λb

δX(0) = Q2 |XLO | ;

X(k) = X(0) +
k

∑
i=2

ΔX(i);

• Furnstahl, Klco, Phillips, Melendez, Weslowski : 

X(k) = X(0) +
k

∑
i=2

ΔX(i) =: Xref (c0 + c2Q2 + c3Q3 +⋯)

δX(k) = Xref (
∞

∑
n=k+1

cn Qn); cn ∼ 𝓞(1); cn |c2 iid∼ 𝓝(0,c2); c2 ∼ χ−2(ν0, τ2
0)

R. J. Furnstahl et al PRC 92(2015) 
J. A. Melendez et al PRC 96 (2017), 100(2019) 

 : learn from order-by-order calculations together with prior expectations + consistency plotsQ, c2

( : expansion parameter)Q

(pointwise model)

• Epelbaum, Krebs and Meißner:

‣  estimate truncation error at each order via expected + actual size of higher-order corrections:

• NN &YN interactions are truncated at certain orders     higher-order contributions?
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Figure 5. Comparison of the convergence with respect to NN (left) and Y N (right) order for 3
⇤H, 4

⇤He(0+), 4
⇤He(1+)and 5

⇤He
(from top to bottom).
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Truncation error estimation 

yellow: 95% DoB
cyan: 68% DoB

10

Figure 4. NN convergence for 4
⇤He for the NLO(550) YN interaction.

Figure 5. YN convergence for 4
⇤He for the N4LO+ NN interaction.

Figure 6. NN convergence for 3
⇤H and 5

⇤He for the NLO(550) YN interaction.

• NN convergence is “faster” than YN

• uncertainty due to YN truncation is dominant

3
ΛH 4

ΛHe(0+)

4
ΛHe(1+)

5
ΛHe

• YNN contribution (half of 68%DoB interval at NLO):

∼ 0.15, 0.24, 900 KeV for 3
ΛH, 3

ΛHe, 5
ΛHe

consistent with estimates using NLO13 & NLO19
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Fig. 1 CSB contributions involving pion exchange, according to Dalitz and von Hippel [1], due to Λ − "0 mixing (left two
diagrams) and π0 − η mixing (right diagram).

Fig. 2 CSB contributions from K±/K 0 exchange (left) and from contact terms (right)

2.2 CSB in Chiral EFT

As noted by Dalitz and von Hippel many decades ago [1], Λ − "0 mixing leads to a long-ranged CSB
contribution to the ΛN interaction due to pion exchange, see Fig. 1. The strength of the potential can be
estimated from the electromagnetic mass matrices,

〈"0|δm|Λ〉 = [m"0 − m"+ + mp − mn]/
√

3,

〈π0|δM2|η〉 = [M2
π0 − M2

π+ + M2
K+ − M2

K 0 ]/
√

3 (1)

and subsumed in terms of an effective ΛΛπ coupling constant

fΛΛπ =
[

−2
〈"0|δm|Λ〉
m"0 − mΛ

+ 〈π0|δM2|η〉
M2

η − M2
π0

]

fΛ"π . (2)

Based on the latest PDG mass values [29], one obtains

fΛΛπ = f (Λ−"0)
ΛΛπ + f (η−π0)

ΛΛπ ≈ (−0.0297 − 0.0106) fΛ"π . (3)

In this context, let us mention that there are also lattice QCD calculations of Λ − "0 mixing [30–33].
In our implementation of CSB within chiral EFT, we follow closely the arguments given in pertinent

studies of isospin-breaking effects in the nucleon-nucleon (NN ) system, see Refs. [26–28]. According to Ref.
[27], the CSB contributions at leading order are characterized by the parameter εM2

π/Λ
2 ∼ 10−2, where

ε ≡ md−mu
md+mu

∼ 0.3 and Λ ∼ Mρ . In particular, one expects a potential strength of V CSB
BB ∼ (εM2

π/Λ
2) VBB .

At order n = 2 (NLØ in the notation of Ref. [28]), there are contributions from isospin violation in the pion-
baryon coupling constant, which in the ΛN case arise from the aforementioned "0 −Λ mixing as well as from
π0 − η mixing. In addition, there are contributions from short range forces (arising from ρ0 −ω mixing, etc.).
In chiral EFT, such forces are simply represented by contact terms involving LECs (Fig. 2 right) that need to
be fixed by a fit to data. Contributions at n = 1 (LØ) are due to a possible Coulomb interaction between the
baryons in question and due to mass differences between Mπ± and Mπ0 . Such contributions do not arise in
the ΛN system. However, in the extension to SU(3), there is CSB induced by the MK±-MK 0 mass difference,
see left side of Fig. 2. We take that into account in our calculation, since it is formally at leading order. But
because the kaon mass is rather large compared to the mass difference, its effect is actually very small. For a
general overview, we refer the reader to Table 1 in Ref. [28].
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• formally leading contributions: 
Goldstone boson mass difference 

      —  very small due to the small  
      relative difference of kaon masses

• subleading but most important  
— effective CSB  ΛΛπ coupling constant (Dalitz, van Hippel, 1964) 

• so far less considered, but equally important 
   —   CSB contact interactions (for singlet and triplet) 

Aim: use A=4 hypernuclei to determine the two unknown 
   CSB LECs and predict Λn scattering 
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3He
1/2+

4
ΛH

Charge symmetry breaking (CSB) in A=4

Schulz et al (2016); Yamamoto et al (2015);  
Juric et al (1973); Bedjidian et al (1976,1979)

Δ E(0+) = BΛ(4
ΛHe, 0+) − BΛ(4

ΛH, 0+) = 233 ± 92 keV

Δ E(1+) = BΛ(4
ΛHe, 1+) − BΛ(4

ΛH, 1+) = −83 ± 94 keVn
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Δ E(3H,3 He) ∼ 683 + 81 keV (R. Brandenburg et al NPA 294(1978))

CSB YN interactions at NLO (J. Haidenbauer, U.-G. Meißner, A. Nogga FBS 62(2021))

• sub-leading contributions are dominant:

(Dalitz, von Hippel, 1964)
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Fig. 1 CSB contributions involving pion exchange, according to Dalitz and von Hippel [1], due to Λ − "0 mixing (left two
diagrams) and π0 − η mixing (right diagram).

Fig. 2 CSB contributions from K±/K 0 exchange (left) and from contact terms (right)
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In this context, let us mention that there are also lattice QCD calculations of
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0 mixing [30–33].
In our implementation of CSB within chiral EFT, we follow closely the ar-

guments given in pertinent studies of isospin-breaking e↵ects in the nucleon-
nucleon (NN) system, see Refs. [26–28]. According to Ref. [27], the CSB contribu-
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there are contributions from isospin violation in the pion-baryon coupling con-
stant, which in the ⇤N case arise from the aforementioned ⌃
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0�⌘ mixing. In addition, there are contributions from short range forces
(arising from ⇢

0 � ! mixing, etc.). In chiral EFT, such forces are simply repre-
sented by contact terms involving LECs (Fig. 2 right) that need to be fixed by a
fit to data. Contributions at n = 1 (LØ) are due to a possible Coulomb interaction
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M⇡0 . Such contributions do not arise in the ⇤N system. However, in the extension
to SU(3), there is CSB induced by the MK± -MK0 mass di↵erence, see left side of
Fig. 2. We take that into account in our calculation, since it is formally at leading
order. But because the kaon mass is rather large compared to the mass di↵erence,
its e↵ect is actually very small. For a general overview, we refer the reader to
Table I in Ref. [28].

 adjusted to CCSB
s , CCSB

t ΔE(0+, 1+)
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Table 3 Probability of finding ⇤p and ⇤n pairs in the A=4-8 wavefunctions computed using
the YN NLO19(500) potential. The SRG-induced YNN interaction is also included in the
calculations for 4

⇤He/4⇤H. The A=7,8 wavefunctions were computed at the magic SRG-flow
parameter of �magic = 0.823 fm-1

1S0
3S1 hV Y N i

⇤p ⇤n ⇤p ⇤n 1S0
3S1

4
⇤He(0+) 13.92 27.60 44.54 0.42 -4.383 -3.916
4
⇤H(0+) 27.1 13.66 0.41 43.79 -4.091 -3.604

4
⇤He(1+) 14.48 13.44 42.47 27.07 -1.383 -5.743
4
⇤H(1+)

7
⇤Be 11.13 7.22 33.25 21.67 -3.728 -9.36
7
⇤Li

⇤ 9.17 9.17 27.44 27.44 -3.767 -9.319

8
⇤Be 9.49 12.23 28.68 19.34 -5.467 -9.848
8
⇤Li

Table 4 CSB for A = 4� 8 systems based on the N4LO+(450) NN potential in combination
with the YN NLO13(500) and NLO19(500). The NN potential is SRG-evolved to a flow param-
eter of �NN = 1.6 fm-1 while the YN NLO13 and NLO19 interactions are SRG-evolved to the
magic SRG-flow parameters �Y N = 0.765 and �Y N = 0.823 fm-1, respectively. The latter two
SRG-flow parameters are fixed to the separation energy of 5⇤He, B⇤(5⇤He,NLO13) = 2.22±0.06
and B⇤(5⇤He,NLO19) = 3.32±0.03, obtained from the full calculations which include the both
SRG-induced 3N and YNN forces [?].

(fm//keV) a⇤p
s a⇤n

s �as a⇤p
t a⇤n

t �at

NLO19(500)
-2.91 -2.91 0 -1.42 -1.41 -0.01

no CSB

CSB(500) -2.65 -3.20 0.55 -1.58 -1.47 -0.11

CSB(550) -2.64 -3.21 0.57 -1.52 -1.41 -0.11

CSB(600) -2.63 -3.23 0.6 -1.47 -1.36 -0.09

CSB(650) -2.62 -3.23 0.61 -1.46 -1.37 -0.09

4.2 NCSM results for A=7

Table ?? provides selected results for the separation energies of the 1/2+ mirror
hypernuclei 7

⇤He, 7
⇤Li

⇤, and 7
⇤Be, without CSB. The chiral and SRG-induced 3N

as well as the SRG-induced YNN interactions are included in the calculations.
In Table ?? we provide the separation energies for the A=7 isotriplet computed
using the NN interaction N4LO + (450) in combination with the YN potentials
NLO13(500) and NLO19(500), SRG-evolved to the respective magic SRG-flow pa-
rameters for which the 5

⇤He separation energy agrees with the full result including
the SRG-induced YNN force.

Table ?? provides an overview of results for CSB1, when the full 3N and
the SRG-induced YNN interactions are taken into account. Table ?? provides

cutoff (and YN) independent prediction for a(Λn)

Coulomb ΔM( p, n)

difference in Lp -Ln scattering lengths is large for 1S0, its is smaller, and of opposite sign for 1S0.
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CSB results in A=4-8

3He
1/2+

4
ΛH

• CSB predictions for A=7 are comparable to experiment.     

• both potentials predict a somewhat larger CSB in A=8 doublet as compared to experiment 

‣ experimental CSB splitting for A=8 larger than  keV?40 ± 60
‣  CSB estimated for A=4: too large? different spin-dependence?

HL, J. Haidenbauer, U.-G. Meißner, A. Nogga PRC 107(2023) 

NN:SMS +(450)N4LO

+3N: (450)N2LO

+YN: NLO13,19(CSB)

+SRG-induced YNN
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Fitting LECs to new Star measurement

3He
1/2+

4
ΛH

Δ E(0+) = BΛ(4
ΛHe, 0+) − BΛ(4

ΛH, 0+)

= 233 ± 92 keV ⇒ (CSB)

Δ E(1+) = BΛ(4
ΛHe, 1+) − BΛ(4

ΛH, 1+)

= − 83 ± 94 keV ⇒ (CSB)

= − 160 ± 140 ± 100 keV ⇒ (CSB*)

= 160 ± 140 ± 100 keV ⇒ (CSB*)

 STAR Collaboration PLB 834 (2022)*
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Table 7 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

with 3BFs with 2BFs Experiment

NLO19 NLO13 NLO19 NLO13

� = 0.823 � = 0.765
7
⇤Be 5.54± 0.22 4.30± 0.47 5.44± 0.03 4.53± 0.34 5.16± 0.08
7
⇤Li

⇤ 5.64± 0.28 4.42± 0.58 5.49± 0.04 4.59± 0.34 5.26± 0.03 5.53± 0.13
7
⇤He 5.64± 0.27 4.39± 0.54 5.43± 0.06 4.45± 0.35 5.55± 0.1

Table 8 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

NLO19(500) NLO13(500) Exp.

emulsion counter

7
⇤Be 5.54± 0.22 4.30± 0.47 5.16± 0.08

7
⇤Li

⇤ 5.64± 0.28 4.42± 0.58 5.26± 0.03 5.53 ± 0.13

7
⇤He 5.64± 0.27 4.39± 0.54 5.55 ± 0.1

Table 9 ⇤ separation energies for A = 7 isotriplet, computed using the NLO13(500) and
NLO19(500) together with the SRG-induced YNN forces. Experiments are taken from the
compilation in Ref. [?]. The cited results by Hiyama et al. based on a four-body cluster model [?]
are those without CSB force.

NLO19(500) CSB1 CSB1A

a⇤p
s -2.91 -2.65 -2.58

a⇤n
s -2.91 -3.20 -3.29

�as 0 0.55 0.71

a⇤p
t -1.42 -1.57 -1.52

a⇤n
t -1.41 -1.45 -1.49

�at -0.01 -0.12 -0.03

Hiyama’s A = 7 calculation [?] is performed within a four-body cluster model
(⇤+N+N+↵). Her results without CSB force are included in Table 9 and are
quite well in line with the experimental evidence, as far as the CSB splitting is
concerned. Her results with the CSB force included are 0.15 MeV for 7

⇤Be-
7
⇤Li and

0.13 MeV for 7
⇤Li-

7
⇤He according to the figures (0.2 MeV according to the text).

However, she fitted her CSB potential to the old but outdated splittings in the
A = 4 system, i.e. to the scenario CSB2. We know from our study [?] that this leads
to a di↵erent trend for the ⇤p and ⇤n singlet interactions and to a sizable e↵ect in
the triplet state. Gal [?] emphasized that her calculation failed to reproduce the

*

How does the STAR measurement affect the predictions of CSB in A=7,8 multiplets ? 

Recent STAR measurement suggests somewhat different CSB in A=4:

 increases while  decreasesδa(1S0) δa(3S1)
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3He
1/2+

4
ΛH

• CSB in A=4( ) and A=8, and in A=4( ) and A=7 are correlated0+ 1+

star measurement 

Impact of Star measurement on CSB in A=7,8

λNN = 1.6 fm−1

λopt
YN = 0.823 fm−1

NN:SMS +(450)N4LO

  +YN: NLO13,19(CSB)

BΛ(5
ΛHe, λopt

YN ) = BΛ(5
ΛHe,3BFs)

accurate CSB in A=7 & 8 may allow for an independent check of A=4 CSB

• CSB* fit predicts reasonable CSB in both A=7 and A=8 systems 
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Summary

3He
1/2+

• At our disposal we have 3 tools to tackle light (hyper)nuclear systems: 

‣ s-shell (hyper)nuclei:    Faddeev-Yakubovsky, NLEFT (D. Frame et al EPJA 56(2020))

‣ s-shell & light p-shell:   Jacobi NCSM approach; numerical uncertainties (s-shell) ~ few keV

• YN at NLO &  yields reasonable  in  hypernuclei. 

 NLO13 & NLO19 results show a clear signal of missing chiral YNN forces

N2LO BΛ A = 3 − 8

establish a direct link between chiral YN interactions and observables ( )A ≤ 9

• CSB NLO interactions reproduce experimental CSB for  multiplets,  

 CSB prediction is larger than experiment   

A = 4, 7
A = 8

Thank you for the attention!

•  study convergence w.r. to NN & YN orders in  hypernucleiA = 3 − 5


