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Interaction: chiral effective field theory
(low-energy EFT of quantum chromodynamics)

• Effective degrees of freedom: nucleons, pions
• Intrinsic hierarchy from power counting

• Emergence of higher-body operators

Vnucl.
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Ab initio promise:
Systematic control over solution with 

predictive power and uncertainty 
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~50 nuclei within reach (A<12)
Large-scale diagonalization or 


few-body frameworks
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… and ab initio today!
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Many ongoing developments:
heavier, deformed and exotic!
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adapted from Roth et al., PRC (2014)
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FIG. 1: (color online) Memory required to store the T -
coefficients (!), as well as the three-body matrix elements in the
antisymmetrized-Jacobi (!), JT -coupled ("), and m-scheme (#)
representation as function of the maximum three-body energy quan-
tum number E3max. All quantities are assumed to be single-precision
floating point numbers.
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(16)

with all M and MT quantum numbers determined by sums of
the single-particle m and mt quantum numbers, e.g., Mab =

ma +mb. This decoupling is trivial and requires only Clebsch-
Gordan coefficients. Therefore, the decoupling can be easily
and efficiently done on the fly during the many-body calcula-
tion.

F. Computational strategy

After discussing the formal steps for the calculation of the
three-body matrix elements entering NCSM-type many-body
calculations, we would like to address a few computational
aspects, since they are crucial for practical applications and
set the limits for present ab initio calculations.

The calculation of three-body matrix elements is a prime
example for the ’recompute versus store’ paradigm. In many
NCSM applications including chiral 3N interactions [8, 30,
42], the complete set of m-scheme matrix elements (16) was
computed and stored before the actual many-body calcula-
tion. As mentioned earlier, the sheer number of three-body m-
scheme matrix elements sets a severe limit to the model-space
sizes that are accessible with this approach. This is illustrated
in Fig. 1 which shows the memory needed to store m-scheme
matrix elements of the 3N interaction exploiting all basic sym-
metries as function of the maximum total energy quantum

number E3 max of the three-body states. For a NCSM calcu-
lation of a mid p-shell nucleus in Nmax = 8, corresponding to
E3 max = 11, about 33 GB are needed to store the necessary
3N matrix elements in single precision exploiting all symme-
tries [29]. Moreover, disk-I/O and memory access is nontriv-
ial for these huge sets. In order to extend the NCSM model
space to Nmax = 12 or even 14 for mid p-shell nuclei, we
have made a first step towards a ’recompute instead of store’
strategy in Ref. [33]. Instead of precomputing m-scheme ma-
trix elements, we only precompute and store the JT -coupled
matrix elements defined by Eq. (14). All the computationally
demanding steps of the transformation are still done in the
precompute phase. However, as illustrated in Fig. 1, the stor-
age needed for the JT -coupled matrix elements is reduced by
up to three orders of magnitude. For an Nmax = 8 p-shell cal-
culation only 0.4 GB of storage is needed for the three-body
matrix elements in single precision.

The price to pay for this gain is the on-the-fly decou-
pling (16) of the three-body matrix elements during the many-
body calculation. We have optimized the storage scheme for
the JT -coupled matrix elements to facilitate a fast and cache-
optimized on-the-fly decoupling: we store the values of the
matrix elements in a one-dimensional vector. The order and
position of the matrix elements is defined via a fixed loop-
order for all quantum numbers of the JT -coupled matrix ele-
ments. The six outer loops are defined by the quantum num-
bers ã, b̃, c̃, ã′, b̃′, c̃′ of the single-particle orbitals, where we
exploit antisymmetry and hermeticity. The six inner loops are
defined by the coupled quantum numbers Jab, J′

ab
, J and Tab,

T ′ab, T in this specific order. The three innermost isospin loops
run over all 5 possible combinations of the isospin quantum
numbers and can be unrolled manually. We do not exploit
antisymmetry constraints for matrix elements with identical
single-particle orbitals to keep a fixed stride for this inner seg-
ment. The angular-momentum loops use the triangular con-
straints defined through the single-particle quantum numbers.
To evaluate a specific m-scheme matrix element we jump to
the position in the vector defined by the orbital quantum num-
bers and then evaluate the decoupling loops as a linear sweep
over a contiguous segment of the storage vector. Thus, the de-
coupling operation is very simple and highly cache efficient.
This simplicity and its moderate memory footprint makes the
decoupling routine an excellent candidate for porting to ac-
celerator cards and first developments along these lines have
been successful already [53]. The standard implementation of
the JT -coupled scheme has already been adopted in various
many-body methods [18, 21, 22, 29, 34–36].

One could consider to push the boundary further towards
recompute in order to save even more memory. Presently we
compute and store the JT -coupled matrix elements via the
transformation (14) before the many-body calculation. The
T coefficients as well as the HOBs, 6 j and 9 j symbols that
enter Eq. (10) are cached for performance reasons. Both, the
storage of the resulting JT -coupled matrix elements and the
caching of the T coefficients requires similar and substantial
amounts of memory, as illustrated in Fig. 1. Therefore, an
on-the-fly evaluation of the transformation (14) using precom-
puted T coefficients will not reduce the storage needs as com-

HPC limit
M-scheme

Jacobi

J-scheme

78Ni

Size of three-body operator

• Basis: harmonic oscillator (HO) eigenstates
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FIG. 1: (color online) Memory required to store the T -
coefficients (!), as well as the three-body matrix elements in the
antisymmetrized-Jacobi (!), JT -coupled ("), and m-scheme (#)
representation as function of the maximum three-body energy quan-
tum number E3max. All quantities are assumed to be single-precision
floating point numbers.
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the single-particle m and mt quantum numbers, e.g., Mab =

ma +mb. This decoupling is trivial and requires only Clebsch-
Gordan coefficients. Therefore, the decoupling can be easily
and efficiently done on the fly during the many-body calcula-
tion.

F. Computational strategy

After discussing the formal steps for the calculation of the
three-body matrix elements entering NCSM-type many-body
calculations, we would like to address a few computational
aspects, since they are crucial for practical applications and
set the limits for present ab initio calculations.

The calculation of three-body matrix elements is a prime
example for the ’recompute versus store’ paradigm. In many
NCSM applications including chiral 3N interactions [8, 30,
42], the complete set of m-scheme matrix elements (16) was
computed and stored before the actual many-body calcula-
tion. As mentioned earlier, the sheer number of three-body m-
scheme matrix elements sets a severe limit to the model-space
sizes that are accessible with this approach. This is illustrated
in Fig. 1 which shows the memory needed to store m-scheme
matrix elements of the 3N interaction exploiting all basic sym-
metries as function of the maximum total energy quantum

number E3 max of the three-body states. For a NCSM calcu-
lation of a mid p-shell nucleus in Nmax = 8, corresponding to
E3 max = 11, about 33 GB are needed to store the necessary
3N matrix elements in single precision exploiting all symme-
tries [29]. Moreover, disk-I/O and memory access is nontriv-
ial for these huge sets. In order to extend the NCSM model
space to Nmax = 12 or even 14 for mid p-shell nuclei, we
have made a first step towards a ’recompute instead of store’
strategy in Ref. [33]. Instead of precomputing m-scheme ma-
trix elements, we only precompute and store the JT -coupled
matrix elements defined by Eq. (14). All the computationally
demanding steps of the transformation are still done in the
precompute phase. However, as illustrated in Fig. 1, the stor-
age needed for the JT -coupled matrix elements is reduced by
up to three orders of magnitude. For an Nmax = 8 p-shell cal-
culation only 0.4 GB of storage is needed for the three-body
matrix elements in single precision.

The price to pay for this gain is the on-the-fly decou-
pling (16) of the three-body matrix elements during the many-
body calculation. We have optimized the storage scheme for
the JT -coupled matrix elements to facilitate a fast and cache-
optimized on-the-fly decoupling: we store the values of the
matrix elements in a one-dimensional vector. The order and
position of the matrix elements is defined via a fixed loop-
order for all quantum numbers of the JT -coupled matrix ele-
ments. The six outer loops are defined by the quantum num-
bers ã, b̃, c̃, ã′, b̃′, c̃′ of the single-particle orbitals, where we
exploit antisymmetry and hermeticity. The six inner loops are
defined by the coupled quantum numbers Jab, J′

ab
, J and Tab,

T ′ab, T in this specific order. The three innermost isospin loops
run over all 5 possible combinations of the isospin quantum
numbers and can be unrolled manually. We do not exploit
antisymmetry constraints for matrix elements with identical
single-particle orbitals to keep a fixed stride for this inner seg-
ment. The angular-momentum loops use the triangular con-
straints defined through the single-particle quantum numbers.
To evaluate a specific m-scheme matrix element we jump to
the position in the vector defined by the orbital quantum num-
bers and then evaluate the decoupling loops as a linear sweep
over a contiguous segment of the storage vector. Thus, the de-
coupling operation is very simple and highly cache efficient.
This simplicity and its moderate memory footprint makes the
decoupling routine an excellent candidate for porting to ac-
celerator cards and first developments along these lines have
been successful already [53]. The standard implementation of
the JT -coupled scheme has already been adopted in various
many-body methods [18, 21, 22, 29, 34–36].

One could consider to push the boundary further towards
recompute in order to save even more memory. Presently we
compute and store the JT -coupled matrix elements via the
transformation (14) before the many-body calculation. The
T coefficients as well as the HOBs, 6 j and 9 j symbols that
enter Eq. (10) are cached for performance reasons. Both, the
storage of the resulting JT -coupled matrix elements and the
caching of the T coefficients requires similar and substantial
amounts of memory, as illustrated in Fig. 1. Therefore, an
on-the-fly evaluation of the transformation (14) using precom-
puted T coefficients will not reduce the storage needs as com-
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Figure 3

Top panel: Ground-state energies of oxygen isotopes measured from 16O, including experimental
values of the bound 16�24O. Figure taken from (42). Energies obtained from (a) phenomenological
forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita-Miyazawa 3N forces due
to � excitations, and (c) from low-momentum interactions Vlow k and including N2LO 3N forces
as well as only due to � excitations. The changes due to 3N forces based on � excitations are
highlighted by the shaded areas. Bottom panels: Left: Ground-state energies of oxygen isotopes
relative to 16O based on valence-space Hamiltonians, compared to the atomic mass evaluation
(AME 2012) (45). The MBPT results are performed in an extended sdf7/2p3/2 valence space (37)
based on low-momentum NN+3N forces, while the IM-SRG (39) and CCEI (40) results are in the
sd shell from a SRG-evolved NN+3N-full Hamiltonian. Right: Ground-state energies obtained in
large many-body spaces: MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), based on the
SRG-evolved NN+3N-full Hamiltonian, and Lattice EFT (34), based on NN+3N forces at N2LO.

approach, a similar decoupling for a given nucleus is achieved using a Lee-Suzuki similarity

transformation from the CC solution in the large basis space to the valence space (40, 41).

2.1. Location of the neutron dripline

The neutron drip line evolves regularly from light to medium-mass nuclei except for a strik-

ing anomaly in the oxygen isotopes, where the dripline is at a doubly magic nucleus 24O and

anomalously close to the stable nuclei. This anomaly is challenging to explain in microscopic

theories based only on NN forces that reproduce NN scattering (42). This is illustrated in

the top panel of Figure 3 with sd-shell calculations based on second-order MBPT [dashed

lines in panels (b) and (c)], where the ground-state energies decrease up to N = 20, leading

to an incorrect dripline at 28O. This is in contrast to phenomenological interactions ad-
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Top panel: Ground-state energies of oxygen isotopes measured from 16O, including experimental
values of the bound 16�24O. Figure taken from (42). Energies obtained from (a) phenomenological
forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita-Miyazawa 3N forces due
to � excitations, and (c) from low-momentum interactions Vlow k and including N2LO 3N forces
as well as only due to � excitations. The changes due to 3N forces based on � excitations are
highlighted by the shaded areas. Bottom panels: Left: Ground-state energies of oxygen isotopes
relative to 16O based on valence-space Hamiltonians, compared to the atomic mass evaluation
(AME 2012) (45). The MBPT results are performed in an extended sdf7/2p3/2 valence space (37)
based on low-momentum NN+3N forces, while the IM-SRG (39) and CCEI (40) results are in the
sd shell from a SRG-evolved NN+3N-full Hamiltonian. Right: Ground-state energies obtained in
large many-body spaces: MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), based on the
SRG-evolved NN+3N-full Hamiltonian, and Lattice EFT (34), based on NN+3N forces at N2LO.

approach, a similar decoupling for a given nucleus is achieved using a Lee-Suzuki similarity

transformation from the CC solution in the large basis space to the valence space (40, 41).

2.1. Location of the neutron dripline

The neutron drip line evolves regularly from light to medium-mass nuclei except for a strik-

ing anomaly in the oxygen isotopes, where the dripline is at a doubly magic nucleus 24O and

anomalously close to the stable nuclei. This anomaly is challenging to explain in microscopic

theories based only on NN forces that reproduce NN scattering (42). This is illustrated in

the top panel of Figure 3 with sd-shell calculations based on second-order MBPT [dashed

lines in panels (b) and (c)], where the ground-state energies decrease up to N = 20, leading

to an incorrect dripline at 28O. This is in contrast to phenomenological interactions ad-
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Figure 3

Top panel: Ground-state energies of oxygen isotopes measured from 16O, including experimental
values of the bound 16�24O. Figure taken from (42). Energies obtained from (a) phenomenological
forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita-Miyazawa 3N forces due
to � excitations, and (c) from low-momentum interactions Vlow k and including N2LO 3N forces
as well as only due to � excitations. The changes due to 3N forces based on � excitations are
highlighted by the shaded areas. Bottom panels: Left: Ground-state energies of oxygen isotopes
relative to 16O based on valence-space Hamiltonians, compared to the atomic mass evaluation
(AME 2012) (45). The MBPT results are performed in an extended sdf7/2p3/2 valence space (37)
based on low-momentum NN+3N forces, while the IM-SRG (39) and CCEI (40) results are in the
sd shell from a SRG-evolved NN+3N-full Hamiltonian. Right: Ground-state energies obtained in
large many-body spaces: MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), based on the
SRG-evolved NN+3N-full Hamiltonian, and Lattice EFT (34), based on NN+3N forces at N2LO.

approach, a similar decoupling for a given nucleus is achieved using a Lee-Suzuki similarity

transformation from the CC solution in the large basis space to the valence space (40, 41).

2.1. Location of the neutron dripline

The neutron drip line evolves regularly from light to medium-mass nuclei except for a strik-

ing anomaly in the oxygen isotopes, where the dripline is at a doubly magic nucleus 24O and

anomalously close to the stable nuclei. This anomaly is challenging to explain in microscopic

theories based only on NN forces that reproduce NN scattering (42). This is illustrated in

the top panel of Figure 3 with sd-shell calculations based on second-order MBPT [dashed

lines in panels (b) and (c)], where the ground-state energies decrease up to N = 20, leading

to an incorrect dripline at 28O. This is in contrast to phenomenological interactions ad-
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Top panel: Ground-state energies of oxygen isotopes measured from 16O, including experimental
values of the bound 16�24O. Figure taken from (42). Energies obtained from (a) phenomenological
forces SDPF-M (43) and USDB (44), (b) a G matrix and including Fujita-Miyazawa 3N forces due
to � excitations, and (c) from low-momentum interactions Vlow k and including N2LO 3N forces
as well as only due to � excitations. The changes due to 3N forces based on � excitations are
highlighted by the shaded areas. Bottom panels: Left: Ground-state energies of oxygen isotopes
relative to 16O based on valence-space Hamiltonians, compared to the atomic mass evaluation
(AME 2012) (45). The MBPT results are performed in an extended sdf7/2p3/2 valence space (37)
based on low-momentum NN+3N forces, while the IM-SRG (39) and CCEI (40) results are in the
sd shell from a SRG-evolved NN+3N-full Hamiltonian. Right: Ground-state energies obtained in
large many-body spaces: MR-IM-SRG (27), IT-NCSM (27), SCGF (29), CC (40), based on the
SRG-evolved NN+3N-full Hamiltonian, and Lattice EFT (34), based on NN+3N forces at N2LO.

approach, a similar decoupling for a given nucleus is achieved using a Lee-Suzuki similarity

transformation from the CC solution in the large basis space to the valence space (40, 41).

2.1. Location of the neutron dripline

The neutron drip line evolves regularly from light to medium-mass nuclei except for a strik-

ing anomaly in the oxygen isotopes, where the dripline is at a doubly magic nucleus 24O and

anomalously close to the stable nuclei. This anomaly is challenging to explain in microscopic

theories based only on NN forces that reproduce NN scattering (42). This is illustrated in

the top panel of Figure 3 with sd-shell calculations based on second-order MBPT [dashed

lines in panels (b) and (c)], where the ground-state energies decrease up to N = 20, leading

to an incorrect dripline at 28O. This is in contrast to phenomenological interactions ad-
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• Normal ordering: splitting of initial operator based on A-body reference state
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• Model-space convergence gauged from 
truncation of three-body configurations
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• Particle-rank reduction: three-body 
physics with two-body operators

Miyagi et al., PRC (2022)

T. MIYAGI et al. PHYSICAL REVIEW C 105, 014302 (2022)

FIG. 2. Ground-state energy of 132Sn as a function of E3max, com-
puted in many-body perturbation theory to second and third order and
in IMSRG(2).

within a few MeV. For all points in Fig. 2, the 3N matrix
elements are stored and read in using half-precision float-
ing point numbers to reduce the memory footprint. Up to
E3max = 24, we can use single-precision numbers to check
the impact of this choice. At emax = 14, E3max = 24, the half-
precision calculation yields HF energies shifted by −2.14
MeV, while the second- and third-order MBPT corrections
are changed by 0.68 MeV and 0.11 MeV, respectively, yield-
ing a total difference up to third order of −1.35 MeV. This
is completely negligible compared with uncertainties arising
from many-body truncations (which we expect to be on the
order of 20 MeV here)3 and the interaction itself. We also
show in Fig. 2 the convergence with respect to emax. At
E3max = 28, the third-order energies for emax = 14, 16, 18, are
−1115.85 MeV, −1117.61 MeV, and −1118.16 MeV, respec-
tively, demonstrating convergence at the 1 MeV level.

Since the second-order correction of ≈ −300 MeV is much
larger than third-order correction of ≈ −20 MeV, the corre-
lation energy is dominated by second-order correction. This
supports the claim that the extrapolation formula Eq. (21)
based on the second-order energy correction is applicable in
the case of the HF-MBPT(3) and IMSRG, which includes
correlations beyond second order. In Fig. 3(a), we show
n = 2, 4, 6 curves of Eq. (21) fitted with the HF-MBPT(2)
and IMSRG energy results at emax = 14, indicated by the
solid symbols in the panel. We see that Eq. (21) works for
IMSRG energies as well. Figures 3(b) and 3(c) show the
extrapolated energies to E3max = 28, which is the largest value
we can calculate. Since the extrapolated point is finite, the
uncertainty of all the fitting parameters can propagate to un-

3This estimate is based on the difference between the MBPT(2),
MBPT(3), and IMSRG(2) energies, and is consistent with Ref. [60]
where the error at MBPT(3) for similarly soft interactions was found
to be 0.1–0.2 MeV per particle. We have further corroborated this
estimate with MBPT(4) calculations in a smaller emax space.

FIG. 3. (a) The ground-state energy of 132Sn computed in
MBPT(2) and IMSRG(2), as a function of E3max, and the extrapolated
energies for (b) MBPT(2) and (c) IMSRG. The points used in the
fitting procedure are indicated by the solid symbols in (a). The
dashed and solid curves are obtained by fitting the functions using
n = 2, 4, 6 in Eq. (21) with the data points of MBPT(2) (emax = 14)
and IMSRG (emax = 14) results, respectively. In (b) and (c), the
energies are extrapolated to E3max = 28. The error bars indicate the
standard deviation of the distribution, which are obtained with 104

samples drawn from the covariance matrix of the fit.

certainty of the extrapolated energies. The uncertainty of the
energy is estimated as the standard deviation of the 10000
samples generated with the covariance matrix from the fit.
Comparing the extrapolated and calculated energies, we see
that n = 2 (Gaussian) reproduces the energies for both HF-
MBPT(2) and IMSRG cases, and n = 2 is the most likely
to reproduce the convergence behavior in this case. With
n = 2 formula, we observed that the extrapolated energy to
E3max = 42 is −1110.57(2) [−1097.13(2)] MeV using the
IMSRG [HF-MBPT(2)] data 18 ! E3max ! 23. As already
mentioned in Sec. I, we have observed a lack of conver-
gence with respect to E3max in some calculations of heavier
systems. One particular example is 127Cd as discussed in
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• Normal-ordered two-body approximation: discard residual three-body part
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• Fully circumvents the storage of 3B matrix elements in bound-state basis

<latexit sha1_base64="DugNXnyPN+EPtKd3n+oS3XguBEU="></latexit>

h ~k1 ~k2|V(2B)
3N | ~k3 ~k4i =
Z
d ~k5d ~k6 �( ~k5, ~k6)h ~k1 ~k2 ~k5|V3N| ~k3 ~k4 ~k6i

Hartree-Fock density

Hebeler, Durant, Hoppe, Heinz, Schwenk, Simonis, Tichai, PRC (2023)
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• In practice: partial-wave-decomposed basis

Hartree-Fock density

Hebeler, Durant, Hoppe, Heinz, Schwenk, Simonis, Tichai, PRC (2023)

dependence on center-of-mass (CM)
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FIG. 1. Memory requirements for the storage of intermediate
operators in the different NO frameworks as a function of the single-
particle basis size emax. The light blue line refers to the dimension of
the full three-body operator in a single-particle representation with
E (3)

max = 3emax. The dark blue lines show the storage space for only
those 3N matrix elements needed in the NO2B approximation (see
Ref. [15]), without E (3)

max cut (circles) and using the cuts E (3)
max = 24

and 28 (crosses). The red lines show the dimension of !3N in the basis
defined in Eq. (26) for E (2)

max = 2emax and the truncations L̄max
CM , J̄max

tot =
6, and 14.

three-body states |pqr〉, and one such established truncation
discards states based on their three-body energy quantum
number

E (3) = ep + eq + er ! E (3)
max. (8)

The basis dimension for the representation of three-body oper-
ators grows rapidly with increasing E (3)

max values. In the NO2B
approximation the normal-ordered Hamiltonian is truncated at
the two-body level, i.e.,

H = E0 +
∑

pq

fpq : a†
paq : +1

4

∑

pqrs

!pqrs : a†
pa†

qasar :, (9)

and the residual three-body contributions from Wi jklmn are ne-
glected. The NO2B approximation has been used successfully
in various many-body methods. In fact, many-body calcu-
lations including explicit three-body operators are presently
limited to light nuclei using methods that do not rely on
normal ordering [28–30]. For basis-expansion methods for
nuclei, the inclusion of residual three-body interactions has
been constrained to small model spaces [4,31] or to studies
with softened 3N interactions that have shown their effects to
be small [6,7,32,33].

In practice the evaluation of the 3N contribution to the
normal-ordered two-body Hamiltonian ! in Eq. (7c),

!3N
pqrs ≡

∑

t

ñt
〈
pqt

∣∣V as
3N

∣∣rst
〉
, (10)

constitutes the computationally most challenging step. It for-
mally requires a representation of the 3N interaction in a
single-particle basis that is sufficiently large for a well-

converged many-body calculation. Lower-rank contributions
that enter the normal-ordered one-body and zero-body parts in
Eqs. (7a) and (7b), respectively, can be easily computed from
!3N

pqrs. For many years E (3) ! E (3)
max # 16 was the state of the

art for ab initio many-body calculations. Only recently, the
size of the three-body basis could be significantly increased
to E (3)

max = 28 at the NO2B level in Ref. [15] by storing only
a subset of matrix elements needed for NO. This made it
possible to obtain converged results for soft interactions in the
region of 132Sn [15] and enabled first ab initio studies of 208Pb
[16].

III. NORMAL ORDERING: JACOBI BASIS FORMULATION

In this section, we discuss how NO can be formulated in
the plane-wave Jacobi basis. This circumvents the storage of
three-body matrix elements in a single-particle basis at any
point and thus completely avoids the E (3)

max cut. Instead, the
Jacobi NO framework introduces truncations in the CM and
relative partial-wave angular momenta that effectively define
the basis dimension. These truncations, however, turn out to
be more robust than the E (3)

max cut for heavy systems and allow
for significant storage savings compared to the traditional
NO formulation. The effective two-body interaction is sub-
sequently transformed to the single-particle basis, yielding a
suitable input for many-body methods.

A. Jacobi basis formulation

For the discussion of the new framework we start by
representing the two-body matrix elements of !3N in a
momentum-space single-particle basis of the form

|k̃1k̃2〉 with |k̃i〉 ≡ |kimsi mti〉. (11)

In this basis Eq. (10) can be written more explicitly in the form

〈k̃′
1k̃′

2|!3N|k̃1k̃2〉 =
∫

dk3dk′
3

(2π )6

∑

ms3 m′
s3

∑

mt3 m′
t3

× ρ(k̃3, k̃′
3)

〈
k̃′

1k̃′
2k̃′

3

∣∣V as
3N

∣∣k̃1k̃2k̃3
〉

(12)

with the density matrix

ρ(k̃3, k̃′
3) = δmt3 m′

t3

∑

n3l3 j3mj3

ñ3
〈
k̃′

3

∣∣ϕn3l3 j3mj3 mt3

〉〈
ϕn3l3 j3mj3 mt3

∣∣k̃3
〉
.

(13)

Note that the density matrix is diagonal in the isospin pro-
jection quantum number mt3 but not in the spin projection
quantum number ms3 . The reference-state orbitals in the
single-particle momentum-space basis take the explicit form
〈
kimsi mti

∣∣ϕnili jim ji mti

〉
=

∑

mli

C jim ji

limli
1
2 msi

Ylimli
(k̂i ) ϕnili jim ji mti

(ki )

(14)

with the Clebsch-Gordan coefficients C jm j

lml 1/2 ms
coupling the

single-particle orbital angular momentum and spin to the total
angular momentum, the spherical harmonics Ylml , and the
angular orientation k̂ and modulus k = |k| of the vector k.
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FIG. 1. Memory requirements for the storage of intermediate
operators in the different NO frameworks as a function of the single-
particle basis size emax. The light blue line refers to the dimension of
the full three-body operator in a single-particle representation with
E (3)

max = 3emax. The dark blue lines show the storage space for only
those 3N matrix elements needed in the NO2B approximation (see
Ref. [15]), without E (3)

max cut (circles) and using the cuts E (3)
max = 24

and 28 (crosses). The red lines show the dimension of !3N in the basis
defined in Eq. (26) for E (2)

max = 2emax and the truncations L̄max
CM , J̄max

tot =
6, and 14.

three-body states |pqr〉, and one such established truncation
discards states based on their three-body energy quantum
number

E (3) = ep + eq + er ! E (3)
max. (8)

The basis dimension for the representation of three-body oper-
ators grows rapidly with increasing E (3)

max values. In the NO2B
approximation the normal-ordered Hamiltonian is truncated at
the two-body level, i.e.,

H = E0 +
∑

pq

fpq : a†
paq : +1

4

∑

pqrs

!pqrs : a†
pa†

qasar :, (9)

and the residual three-body contributions from Wi jklmn are ne-
glected. The NO2B approximation has been used successfully
in various many-body methods. In fact, many-body calcu-
lations including explicit three-body operators are presently
limited to light nuclei using methods that do not rely on
normal ordering [28–30]. For basis-expansion methods for
nuclei, the inclusion of residual three-body interactions has
been constrained to small model spaces [4,31] or to studies
with softened 3N interactions that have shown their effects to
be small [6,7,32,33].

In practice the evaluation of the 3N contribution to the
normal-ordered two-body Hamiltonian ! in Eq. (7c),

!3N
pqrs ≡

∑

t

ñt
〈
pqt

∣∣V as
3N

∣∣rst
〉
, (10)

constitutes the computationally most challenging step. It for-
mally requires a representation of the 3N interaction in a
single-particle basis that is sufficiently large for a well-

converged many-body calculation. Lower-rank contributions
that enter the normal-ordered one-body and zero-body parts in
Eqs. (7a) and (7b), respectively, can be easily computed from
!3N

pqrs. For many years E (3) ! E (3)
max # 16 was the state of the

art for ab initio many-body calculations. Only recently, the
size of the three-body basis could be significantly increased
to E (3)

max = 28 at the NO2B level in Ref. [15] by storing only
a subset of matrix elements needed for NO. This made it
possible to obtain converged results for soft interactions in the
region of 132Sn [15] and enabled first ab initio studies of 208Pb
[16].

III. NORMAL ORDERING: JACOBI BASIS FORMULATION

In this section, we discuss how NO can be formulated in
the plane-wave Jacobi basis. This circumvents the storage of
three-body matrix elements in a single-particle basis at any
point and thus completely avoids the E (3)

max cut. Instead, the
Jacobi NO framework introduces truncations in the CM and
relative partial-wave angular momenta that effectively define
the basis dimension. These truncations, however, turn out to
be more robust than the E (3)

max cut for heavy systems and allow
for significant storage savings compared to the traditional
NO formulation. The effective two-body interaction is sub-
sequently transformed to the single-particle basis, yielding a
suitable input for many-body methods.

A. Jacobi basis formulation

For the discussion of the new framework we start by
representing the two-body matrix elements of !3N in a
momentum-space single-particle basis of the form

|k̃1k̃2〉 with |k̃i〉 ≡ |kimsi mti〉. (11)

In this basis Eq. (10) can be written more explicitly in the form

〈k̃′
1k̃′

2|!3N|k̃1k̃2〉 =
∫

dk3dk′
3

(2π )6

∑

ms3 m′
s3

∑

mt3 m′
t3

× ρ(k̃3, k̃′
3)

〈
k̃′

1k̃′
2k̃′

3

∣∣V as
3N

∣∣k̃1k̃2k̃3
〉

(12)

with the density matrix

ρ(k̃3, k̃′
3) = δmt3 m′

t3

∑

n3l3 j3mj3

ñ3
〈
k̃′

3

∣∣ϕn3l3 j3mj3 mt3

〉〈
ϕn3l3 j3mj3 mt3

∣∣k̃3
〉
.

(13)

Note that the density matrix is diagonal in the isospin pro-
jection quantum number mt3 but not in the spin projection
quantum number ms3 . The reference-state orbitals in the
single-particle momentum-space basis take the explicit form
〈
kimsi mti

∣∣ϕnili jim ji mti

〉
=

∑

mli

C jim ji

limli
1
2 msi

Ylimli
(k̂i ) ϕnili jim ji mti

(ki )

(14)

with the Clebsch-Gordan coefficients C jm j

lml 1/2 ms
coupling the

single-particle orbital angular momentum and spin to the total
angular momentum, the spherical harmonics Ylml , and the
angular orientation k̂ and modulus k = |k| of the vector k.
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FIG. 8. Same as the middle panel of Fig. 5 but for the charge
radius.

As for the ground-state energies, we compare results in the
Jacobi and single-particle NO frameworks for 132Sn and 208Pb
in Figs. 8 and 9, respectively.

The charge radius operator is known to be already quite
well described at the HF level. With an HF charge radius of
Rch = 4.396 fm (Rch = 5.141 fm) for 132Sn (208Pb), we find
only small contributions from the correlation expansion to
the charge radius for both NO frameworks. The results in the
single-particle NO are converged with respect to E (3)

max for both
cases and show only minor differences when increasing the
model space to emax = 16 in Fig. 9 for 208Pb. We find excellent
agreement between both NO approaches and slightly faster
convergence in the Jacobi framework with respect to L̄max

CM and
J̄max

tot compared to the energies in Figs. 5 and 6.

V. SUMMARY AND CONCLUSIONS

In this work, we introduced a Jacobi NO framework to
efficiently and accurately include 3N interactions in ab initio
many-body calculations up to heavy nuclei at the two-body
operator level. The Jacobi NO allows to circumvent the
need to represent 3N interactions in a single-particle basis
in an intermediate step, as required in the traditional NO
framework, and hence allows to perform NO in large ba-

FIG. 9. Same as the middle panel of Fig. 6 but for the charge
radius.

sis spaces without truncations in energy quantum numbers.
The resulting effective interaction in the Jacobi basis explic-
itly depends on the CM degrees of freedom, characterized
by two additional quantum numbers L̄CM and J̄tot and can
be subsequently transformed to a single-particle basis in a
straightforward way. We studied the convergence behavior
with respect to the new quantum numbers and found excel-
lent agreement for individual matrix elements obtained in
the Jacobi and the traditional NO approach for an 16O HF
reference state.

We then explored ground-state energies of light, medium-
mass, and heavy closed-shell nuclei from 16O to 208Pb using
the IMSRG based on the 1.8/2.0 EM interaction of Ref. [36]
and investigated in detail the convergence of the results for
both NO frameworks. Excellent agreement was found for the
converged energies of 16O, 48Ca, and 78Ni, while for the heav-
ier systems 132Sn and 208Pb we found small relative energy
differences on the order of about one per mille of the total
ground-state energy, which can be traced back to differences
in the treatment of the antisymmetrization of the 3N interac-
tion and the employed floating point precision, which we had
kept higher in this work.

In addition, we explored the impact of the E (3)
max cut used

for the HF calculation of the reference state in the Jacobi NO.
Even for heavy nuclei like 132Sn we obtained basically iden-
tical results for references states computed using E (3)

max = 18
and E (3)

max = 28. Thus, at the HF level, smaller E (3)
max values are

needed than for the correlation energy.
Furthermore we observed a systematic increase in the

maximum values of L̄CM and J̄tot required to obtain con-
verged energies as the mass number of the nucleus increases.
While L̄max

CM = J̄max
tot ≈ 5 is sufficient for 16O, we need to

go to L̄max
CM = J̄max

tot ≈ 9 for 78Ni and eventually to L̄max
CM =

J̄max
tot ≈ 13 for 208Pb. This trend is comparable to the single-

particle approach, where increased E (3)
max values are required

to obtain converged energies for higher mass numbers. How-
ever, going to larger E (3)

max is significantly more expensive
in memory and computing time. Of course, increasing the
cuts on the quantum numbers L̄max

CM and J̄max
tot increases the

basis size and hence also the computational complexity of
the Jacobi NO framework as well. In its current version the
run time for one NO calculation for heavy nuclei like 132Sn
takes approximately one day per J̄tot channel. Calculations
for lighter systems are significantly faster. However, speed-
ups may be realized by future optimizations. More refined
reference states, such as natural orbital basis states could also
be straightforwardly applied in the Jacobi NO. Moreover, the
framework can be straightforwardly applied to any rotation-
ally invariant density [43]. Therefore, the Jacobi NO approach
can be extended to open-shell nuclei by using, e.g., equal-
filling HF or spherical Hartree-Fock-Bogoliubov reference
states [44,45].
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FIG. 6. Same as Fig. 5 but for 208Pb. The single-particle NO
results (left panels) are shown for emax = 14 and emax = 16 model
spaces. The Jacobi NO framework (right panels) uses an emax = 16
and E (3)

max = 28 HF reference state.

of only 500 keV and about 1 MeV remain for EHF and EIMSRG,
respectively (last two rows in the table).

We further apply the Jacobi NO framework to even heavier
systems, studying 208Pb in Fig. 6. For comparison we show
calculations using an increased model space of emax = 16
in the single-particle approach. As before, the HF energy is
well converged around E (3)

max ≈ 20. This is in contrast to the
IMSRG energy, where the ground-state and thus the correla-
tion energy are not fully converged with respect to emax and
still show an E (3)

max-sensitivity beyond E (3)
max = 28. The Jacobi

framework shows similar trends as for 132Sn in Fig. 5. We
observe more binding for the HF and IMSRG energy com-
pared to the single-particle NO and only slight differences
for the correlation energy. As for 132Sn, the differences are
again due to different choices of angular momentum quantum
number truncations, antisymmetrization, and floating point
precision (see Table II). Converged results to within 2 MeV

FIG. 7. Ground-state energy energy of 208Pb based on the
normal-ordered matrix elements obtained in the Jacobi NO frame-
work as a function of the model-space parameter E (2)

max as defined in
Eq. (28). As in Fig. 6 an oscillator frequency of h̄ω = 12 MeV was
used.

(based on the convergence in L̄max
CM and J̄max

tot ) are obtained for
L̄max

CM = J̄max
tot ≈ 13, being only slightly larger than in 132Sn.

We emphasize again that the reference-state construction is
computationally cheap and that the final emax truncation for
the effective two-body interaction can be scaled up in the
Jacobi NO framework.

In Fig. 7 we show the convergence behavior of the Jacobi
NO results for the ground-state energy of 208Pb as a func-
tion of the E (2)

max truncation parameter using a single-particle
basis size of emax = 16. In this case, E (2)

max ! 32 corresponds
to untruncated NO calculations in the radial HO quantum
numbers, while smaller values imply some cuts on NCM and
N (see Eq. (28) and the related discussion). The results of
the figure clearly show that E (2)

max = 26 is already sufficient for
obtaining practically converged calculations for 208Pb.

All these results highlight the versatility of the novel Jacobi
NO framework, being able to target heavy nuclei in good
agreement with standard NO methods and without being lim-
ited by an E (3)

max truncation. The only remaining dependence
on the single-particle basis, due to the reference-state con-
struction, is found to be resolved once the HF solution is
converged.

D. Charge radii

In addition to ground-state energies, we also benchmark
results for charge radii. To this end, we evolve the point-proton
mean-square radius operator R2

p in the IMSRG. To obtain the
charge radius, we add the relativistic Darwin-Foldy correc-
tion 3/(4M2) = 0.033 fm2 [41] (with M denoting the nucleon
mass), the spin-orbit correction 〈r2〉so [42], as well as the
mean-square radii of the proton and neutron 〈r2

p〉 = 0.770 fm2

and 〈r2
n〉 = −0.1149 fm2, respectively, to obtain the charge

radius

R2
ch = R2

p + 〈r2
p〉 + N

Z
〈r2

n〉 + 3
4M2

+ 〈r2〉so. (37)
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FIG. 8. Same as the middle panel of Fig. 5 but for the charge
radius.

As for the ground-state energies, we compare results in the
Jacobi and single-particle NO frameworks for 132Sn and 208Pb
in Figs. 8 and 9, respectively.

The charge radius operator is known to be already quite
well described at the HF level. With an HF charge radius of
Rch = 4.396 fm (Rch = 5.141 fm) for 132Sn (208Pb), we find
only small contributions from the correlation expansion to
the charge radius for both NO frameworks. The results in the
single-particle NO are converged with respect to E (3)

max for both
cases and show only minor differences when increasing the
model space to emax = 16 in Fig. 9 for 208Pb. We find excellent
agreement between both NO approaches and slightly faster
convergence in the Jacobi framework with respect to L̄max

CM and
J̄max

tot compared to the energies in Figs. 5 and 6.

V. SUMMARY AND CONCLUSIONS

In this work, we introduced a Jacobi NO framework to
efficiently and accurately include 3N interactions in ab initio
many-body calculations up to heavy nuclei at the two-body
operator level. The Jacobi NO allows to circumvent the
need to represent 3N interactions in a single-particle basis
in an intermediate step, as required in the traditional NO
framework, and hence allows to perform NO in large ba-

FIG. 9. Same as the middle panel of Fig. 6 but for the charge
radius.

sis spaces without truncations in energy quantum numbers.
The resulting effective interaction in the Jacobi basis explic-
itly depends on the CM degrees of freedom, characterized
by two additional quantum numbers L̄CM and J̄tot and can
be subsequently transformed to a single-particle basis in a
straightforward way. We studied the convergence behavior
with respect to the new quantum numbers and found excel-
lent agreement for individual matrix elements obtained in
the Jacobi and the traditional NO approach for an 16O HF
reference state.

We then explored ground-state energies of light, medium-
mass, and heavy closed-shell nuclei from 16O to 208Pb using
the IMSRG based on the 1.8/2.0 EM interaction of Ref. [36]
and investigated in detail the convergence of the results for
both NO frameworks. Excellent agreement was found for the
converged energies of 16O, 48Ca, and 78Ni, while for the heav-
ier systems 132Sn and 208Pb we found small relative energy
differences on the order of about one per mille of the total
ground-state energy, which can be traced back to differences
in the treatment of the antisymmetrization of the 3N interac-
tion and the employed floating point precision, which we had
kept higher in this work.

In addition, we explored the impact of the E (3)
max cut used

for the HF calculation of the reference state in the Jacobi NO.
Even for heavy nuclei like 132Sn we obtained basically iden-
tical results for references states computed using E (3)

max = 18
and E (3)

max = 28. Thus, at the HF level, smaller E (3)
max values are

needed than for the correlation energy.
Furthermore we observed a systematic increase in the

maximum values of L̄CM and J̄tot required to obtain con-
verged energies as the mass number of the nucleus increases.
While L̄max

CM = J̄max
tot ≈ 5 is sufficient for 16O, we need to

go to L̄max
CM = J̄max

tot ≈ 9 for 78Ni and eventually to L̄max
CM =

J̄max
tot ≈ 13 for 208Pb. This trend is comparable to the single-

particle approach, where increased E (3)
max values are required

to obtain converged energies for higher mass numbers. How-
ever, going to larger E (3)

max is significantly more expensive
in memory and computing time. Of course, increasing the
cuts on the quantum numbers L̄max

CM and J̄max
tot increases the

basis size and hence also the computational complexity of
the Jacobi NO framework as well. In its current version the
run time for one NO calculation for heavy nuclei like 132Sn
takes approximately one day per J̄tot channel. Calculations
for lighter systems are significantly faster. However, speed-
ups may be realized by future optimizations. More refined
reference states, such as natural orbital basis states could also
be straightforwardly applied in the Jacobi NO. Moreover, the
framework can be straightforwardly applied to any rotation-
ally invariant density [43]. Therefore, the Jacobi NO approach
can be extended to open-shell nuclei by using, e.g., equal-
filling HF or spherical Hartree-Fock-Bogoliubov reference
states [44,45].
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FIG. 6. Same as Fig. 5 but for 208Pb. The single-particle NO
results (left panels) are shown for emax = 14 and emax = 16 model
spaces. The Jacobi NO framework (right panels) uses an emax = 16
and E (3)

max = 28 HF reference state.

of only 500 keV and about 1 MeV remain for EHF and EIMSRG,
respectively (last two rows in the table).

We further apply the Jacobi NO framework to even heavier
systems, studying 208Pb in Fig. 6. For comparison we show
calculations using an increased model space of emax = 16
in the single-particle approach. As before, the HF energy is
well converged around E (3)

max ≈ 20. This is in contrast to the
IMSRG energy, where the ground-state and thus the correla-
tion energy are not fully converged with respect to emax and
still show an E (3)

max-sensitivity beyond E (3)
max = 28. The Jacobi

framework shows similar trends as for 132Sn in Fig. 5. We
observe more binding for the HF and IMSRG energy com-
pared to the single-particle NO and only slight differences
for the correlation energy. As for 132Sn, the differences are
again due to different choices of angular momentum quantum
number truncations, antisymmetrization, and floating point
precision (see Table II). Converged results to within 2 MeV

FIG. 7. Ground-state energy energy of 208Pb based on the
normal-ordered matrix elements obtained in the Jacobi NO frame-
work as a function of the model-space parameter E (2)

max as defined in
Eq. (28). As in Fig. 6 an oscillator frequency of h̄ω = 12 MeV was
used.

(based on the convergence in L̄max
CM and J̄max

tot ) are obtained for
L̄max

CM = J̄max
tot ≈ 13, being only slightly larger than in 132Sn.

We emphasize again that the reference-state construction is
computationally cheap and that the final emax truncation for
the effective two-body interaction can be scaled up in the
Jacobi NO framework.

In Fig. 7 we show the convergence behavior of the Jacobi
NO results for the ground-state energy of 208Pb as a func-
tion of the E (2)

max truncation parameter using a single-particle
basis size of emax = 16. In this case, E (2)

max ! 32 corresponds
to untruncated NO calculations in the radial HO quantum
numbers, while smaller values imply some cuts on NCM and
N (see Eq. (28) and the related discussion). The results of
the figure clearly show that E (2)

max = 26 is already sufficient for
obtaining practically converged calculations for 208Pb.

All these results highlight the versatility of the novel Jacobi
NO framework, being able to target heavy nuclei in good
agreement with standard NO methods and without being lim-
ited by an E (3)

max truncation. The only remaining dependence
on the single-particle basis, due to the reference-state con-
struction, is found to be resolved once the HF solution is
converged.

D. Charge radii

In addition to ground-state energies, we also benchmark
results for charge radii. To this end, we evolve the point-proton
mean-square radius operator R2

p in the IMSRG. To obtain the
charge radius, we add the relativistic Darwin-Foldy correc-
tion 3/(4M2) = 0.033 fm2 [41] (with M denoting the nucleon
mass), the spin-orbit correction 〈r2〉so [42], as well as the
mean-square radii of the proton and neutron 〈r2

p〉 = 0.770 fm2

and 〈r2
n〉 = −0.1149 fm2, respectively, to obtain the charge

radius

R2
ch = R2

p + 〈r2
p〉 + N

Z
〈r2

n〉 + 3
4M2

+ 〈r2〉so. (37)

024310-11

exp.

emax=14
emax=16

s.p. NO Jacobi NO

5-10 MeV difference on a 
1680 MeV scale (~0.5%)!

• Novel Jacobi framework provides 
alternative at low memory cost

Ab initio theory can target 
heavy nuclei in a controlled way!

Heavy-mass frontier

• Monotonic convergence as function 
truncation parameters LCM and Jtot

Chiral EFT involves ~20 
parameters (LECs), but we store billions 

of matrix elements …
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Complex object

simpler object

loss of detailed

information …

… but lower

resources required

Original picture

Example from 

image processing

30 %

(of initial file size)

9 % 3 %

data compression

(singular value decomposition)

791 · 640 pixelsOne can still tell the size of the 
Eiffel tower (observable) from a blurred 

picture (input data)!
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• Decomposition of matrix using singular value decomposition (SVD)
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L
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R†

see also Tichai et al., PRC (2018), EPJA (2018), PLB (2021), PRC (2021); Zhu et al. PRC (2022)
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Minitial matrix

• Important information from dominant singular values (in decreasing order)
<latexit sha1_base64="r3Hg2U3ncJRyNYAX408NVLiziAU="></latexit>

� = diag(s�) s� � 0

<latexit sha1_base64="jbFtUngN5E/x+RRuaHERuj23yOE="></latexit>
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Minitial matrix

• Important information from dominant singular values (in decreasing order)
<latexit sha1_base64="r3Hg2U3ncJRyNYAX408NVLiziAU="></latexit>

� = diag(s�) s� � 0
• Low-rank approximation from truncated singular value decomposition
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M̃ =low-rank approximation
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L̃
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R̃†

<latexit sha1_base64="c6r/FwoQOLnB6JugRkFZt8oHGW8="></latexit>

R†

see also Tichai et al., PRC (2018), EPJA (2018), PLB (2021), PRC (2021); Zhu et al. PRC (2022)
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• Decomposition of matrix using singular value decomposition (SVD)

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·=
<latexit sha1_base64="6ZUaV9qRM/rtUtqqCdLeTqO8pWc=">AAACFXicbVDLSsNAFJ34rPVVdekmWARXJRGpLgtuXFa0D2hDmUxv0rEzmTAzKYSQf3An+i/uxK1rf8WV0zYL23pg4HDOvZw7x48ZVdpxvq219Y3Nre3STnl3b//gsHJ03FYikQRaRDAhuz5WwGgELU01g24sAXOfQccf3079zgSkoiJ61GkMHsdhRANKsDZSu/9AQ44HlapTc2awV4lbkCoq0BxUfvpDQRIOkSYMK9VznVh7GZaaEgZ5uZ8oiDEZ4xB6hkaYg/Ky2bW5fW6UoR0IaV6k7Zn6dyPDXKmU+2aSYz1Sy95U/M/rJTq48TIaxYmGiMyDgoTZWtjTr9tDKoFolhqCiaTmVpuMsMREm4IWUkIQHLRM8/JiuIRJbspyl6tZJe3LmluvOfdX1Ua9qK2ETtEZukAuukYNdIeaqIUIekLP6BW9WS/Wu/Vhfc5H16xi5wQtwPr6BZPSn/Q=</latexit>

�
<latexit sha1_base64="1xiYbj+Dp3imTO3RL78iZEQx40o=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUakuiy4cSO0YB/QDiWT3mlDM8mQZArD0C9wJ/ov7sStf+CvuDJtZ2FbDwQO59zLuTlBzJk2rvvtbGxube/sFvaK+weHR8elk9OWlomi0KSSS9UJiAbOBDQNMxw6sQISBRzawfh+5rcnoDST4smkMfgRGQoWMkqMlRqP/VLZrbhz4HXi5aSMctT7pZ/eQNIkAmEoJ1p3PTc2fkaUYZTDtNhLNMSEjskQupYKEoH2s/mhU3xplQEOpbJPGDxX/25kJNI6jQI7GREz0qveTPzP6yYmvPMzJuLEgKCLoDDh2Eg8+zUeMAXU8NQSQhWzt2I6IopQY7tZShmCjMCodFpcDlcwmdqyvNVq1knruuJVK27jplyr5rUV0Dm6QFfIQ7eohh5QHTURRYCe0St6c16cd+fD+VyMbjj5zhlagvP1C3y4ncI=</latexit>

Minitial matrix

• Important information from dominant singular values (in decreasing order)
<latexit sha1_base64="r3Hg2U3ncJRyNYAX408NVLiziAU="></latexit>

� = diag(s�) s� � 0
• Low-rank approximation from truncated singular value decomposition

• High-resolution details can be discarded while enabling data compression

<latexit sha1_base64="jbFtUngN5E/x+RRuaHERuj23yOE="></latexit>

L

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·

<latexit sha1_base64="ea8H2XJ3pPXJ9VFrpAYCU+Wt5pU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHgxWNE84BkCbOznWTIzO460xsIId/hTfRfvIlXwV/x5CTZg0ksaCiquqmmgkQKg6777aytb2xubed28rt7+weHhaPjuolTzaHGYxnrZsAMSBFBDQVKaCYamAokNILB7dRvDEEbEUePOErAV6wXia7gDK3kt1HIEGj7QfQU6xSKbsmdga4SLyNFkqHaKfy0w5inCiLkkhnT8twE/THTKLiESb6dGkgYH7AetCyNmALjj2dPT+i5VULajbWdCOlM/XsxZsqYkQrspmLYN8veVPzPa6XYvfHHIkpShIjPg7qppBjTaQM0FBo4ypEljGthf6W8zzTjaHtaSOlBrAD1aJJfDNcwnNiyvOVqVkn9suSVS+79VbFSzmrLkVNyRi6IR65JhdyRKqkRTp7IM3klb86L8+58OJ/z1TUnuzkhC3C+fgH1HqLI</latexit>

�̃
<latexit sha1_base64="YOSUwxcgqvTwRhjDtdFTM7FaN8s=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhd0gahmwsREimAckIcxO7iZDZnaXmbuBEPYn7ET/xU5sLf0VKyfJFibxwMDhnHs5d44fS2HQdb+d3Mbm1vZOfrewt39weFQ8PmmYKNEc6jySkW75zIAUIdRRoIRWrIEpX0LTH93N/OYYtBFR+ISTGLqKDUIRCM7QSq0OCtkH+tArltyyOwddJ15GSiRDrVf86fQjnigIkUtmTNtzY+xOmUbBJaSFTmIgZnzEBtC2NGQKTHc6vzelF1bp0yDS9oVI5+rfjSlTxkyUbycVw6FZ9Wbif147weC2OxVhnCCEfBEUJJJiRGefp32hgaOcWMK4FvZWyodMM462oqWUAUQKUE/SwnK4hnFqy/JWq1knjUrZuy67j1elaiWrLU/OyDm5JB65IVVyT2qkTjiR5Jm8kjfnxXl3PpzPxWjOyXZOyRKcr1/PxKCS</latexit>

M̃ =low-rank approximation
<latexit sha1_base64="3Lonq4q1HtXtLG4ZTf2RmLYamVE="></latexit>

L̃

<latexit sha1_base64="OfeZsiZGc8ioS+0BXzkT0D5micg="></latexit>

R̃†

<latexit sha1_base64="c6r/FwoQOLnB6JugRkFZt8oHGW8="></latexit>

R†

see also Tichai et al., PRC (2018), EPJA (2018), PLB (2021), PRC (2021); Zhu et al. PRC (2022)
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• Decomposition of matrix using singular value decomposition (SVD)

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·=
<latexit sha1_base64="6ZUaV9qRM/rtUtqqCdLeTqO8pWc=">AAACFXicbVDLSsNAFJ34rPVVdekmWARXJRGpLgtuXFa0D2hDmUxv0rEzmTAzKYSQf3An+i/uxK1rf8WV0zYL23pg4HDOvZw7x48ZVdpxvq219Y3Nre3STnl3b//gsHJ03FYikQRaRDAhuz5WwGgELU01g24sAXOfQccf3079zgSkoiJ61GkMHsdhRANKsDZSu/9AQ44HlapTc2awV4lbkCoq0BxUfvpDQRIOkSYMK9VznVh7GZaaEgZ5uZ8oiDEZ4xB6hkaYg/Ky2bW5fW6UoR0IaV6k7Zn6dyPDXKmU+2aSYz1Sy95U/M/rJTq48TIaxYmGiMyDgoTZWtjTr9tDKoFolhqCiaTmVpuMsMREm4IWUkIQHLRM8/JiuIRJbspyl6tZJe3LmluvOfdX1Ua9qK2ETtEZukAuukYNdIeaqIUIekLP6BW9WS/Wu/Vhfc5H16xi5wQtwPr6BZPSn/Q=</latexit>

�
<latexit sha1_base64="1xiYbj+Dp3imTO3RL78iZEQx40o=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUakuiy4cSO0YB/QDiWT3mlDM8mQZArD0C9wJ/ov7sStf+CvuDJtZ2FbDwQO59zLuTlBzJk2rvvtbGxube/sFvaK+weHR8elk9OWlomi0KSSS9UJiAbOBDQNMxw6sQISBRzawfh+5rcnoDST4smkMfgRGQoWMkqMlRqP/VLZrbhz4HXi5aSMctT7pZ/eQNIkAmEoJ1p3PTc2fkaUYZTDtNhLNMSEjskQupYKEoH2s/mhU3xplQEOpbJPGDxX/25kJNI6jQI7GREz0qveTPzP6yYmvPMzJuLEgKCLoDDh2Eg8+zUeMAXU8NQSQhWzt2I6IopQY7tZShmCjMCodFpcDlcwmdqyvNVq1knruuJVK27jplyr5rUV0Dm6QFfIQ7eohh5QHTURRYCe0St6c16cd+fD+VyMbjj5zhlagvP1C3y4ncI=</latexit>

Minitial matrix

• Important information from dominant singular values (in decreasing order)
<latexit sha1_base64="r3Hg2U3ncJRyNYAX408NVLiziAU="></latexit>

� = diag(s�) s� � 0
• Low-rank approximation from truncated singular value decomposition

• High-resolution details can be discarded while enabling data compression

<latexit sha1_base64="jbFtUngN5E/x+RRuaHERuj23yOE="></latexit>

L

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·

<latexit sha1_base64="ea8H2XJ3pPXJ9VFrpAYCU+Wt5pU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHgxWNE84BkCbOznWTIzO460xsIId/hTfRfvIlXwV/x5CTZg0ksaCiquqmmgkQKg6777aytb2xubed28rt7+weHhaPjuolTzaHGYxnrZsAMSBFBDQVKaCYamAokNILB7dRvDEEbEUePOErAV6wXia7gDK3kt1HIEGj7QfQU6xSKbsmdga4SLyNFkqHaKfy0w5inCiLkkhnT8twE/THTKLiESb6dGkgYH7AetCyNmALjj2dPT+i5VULajbWdCOlM/XsxZsqYkQrspmLYN8veVPzPa6XYvfHHIkpShIjPg7qppBjTaQM0FBo4ypEljGthf6W8zzTjaHtaSOlBrAD1aJJfDNcwnNiyvOVqVkn9suSVS+79VbFSzmrLkVNyRi6IR65JhdyRKqkRTp7IM3klb86L8+58OJ/z1TUnuzkhC3C+fgH1HqLI</latexit>

�̃
<latexit sha1_base64="YOSUwxcgqvTwRhjDtdFTM7FaN8s=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhd0gahmwsREimAckIcxO7iZDZnaXmbuBEPYn7ET/xU5sLf0VKyfJFibxwMDhnHs5d44fS2HQdb+d3Mbm1vZOfrewt39weFQ8PmmYKNEc6jySkW75zIAUIdRRoIRWrIEpX0LTH93N/OYYtBFR+ISTGLqKDUIRCM7QSq0OCtkH+tArltyyOwddJ15GSiRDrVf86fQjnigIkUtmTNtzY+xOmUbBJaSFTmIgZnzEBtC2NGQKTHc6vzelF1bp0yDS9oVI5+rfjSlTxkyUbycVw6FZ9Wbif147weC2OxVhnCCEfBEUJJJiRGefp32hgaOcWMK4FvZWyodMM462oqWUAUQKUE/SwnK4hnFqy/JWq1knjUrZuy67j1elaiWrLU/OyDm5JB65IVVyT2qkTjiR5Jm8kjfnxXl3PpzPxWjOyXZOyRKcr1/PxKCS</latexit>

M̃ =low-rank approximation
<latexit sha1_base64="3Lonq4q1HtXtLG4ZTf2RmLYamVE="></latexit>

L̃

<latexit sha1_base64="OfeZsiZGc8ioS+0BXzkT0D5micg="></latexit>

R̃†

<latexit sha1_base64="c6r/FwoQOLnB6JugRkFZt8oHGW8="></latexit>

R†

see also Tichai et al., PRC (2018), EPJA (2018), PLB (2021), PRC (2021); Zhu et al. PRC (2022)

• Validated in two-body sector: binding energies, NN phase shifts, nuclear matter, …
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• Decomposition of matrix using singular value decomposition (SVD)

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·=
<latexit sha1_base64="6ZUaV9qRM/rtUtqqCdLeTqO8pWc=">AAACFXicbVDLSsNAFJ34rPVVdekmWARXJRGpLgtuXFa0D2hDmUxv0rEzmTAzKYSQf3An+i/uxK1rf8WV0zYL23pg4HDOvZw7x48ZVdpxvq219Y3Nre3STnl3b//gsHJ03FYikQRaRDAhuz5WwGgELU01g24sAXOfQccf3079zgSkoiJ61GkMHsdhRANKsDZSu/9AQ44HlapTc2awV4lbkCoq0BxUfvpDQRIOkSYMK9VznVh7GZaaEgZ5uZ8oiDEZ4xB6hkaYg/Ky2bW5fW6UoR0IaV6k7Zn6dyPDXKmU+2aSYz1Sy95U/M/rJTq48TIaxYmGiMyDgoTZWtjTr9tDKoFolhqCiaTmVpuMsMREm4IWUkIQHLRM8/JiuIRJbspyl6tZJe3LmluvOfdX1Ua9qK2ETtEZukAuukYNdIeaqIUIekLP6BW9WS/Wu/Vhfc5H16xi5wQtwPr6BZPSn/Q=</latexit>

�
<latexit sha1_base64="1xiYbj+Dp3imTO3RL78iZEQx40o=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUakuiy4cSO0YB/QDiWT3mlDM8mQZArD0C9wJ/ov7sStf+CvuDJtZ2FbDwQO59zLuTlBzJk2rvvtbGxube/sFvaK+weHR8elk9OWlomi0KSSS9UJiAbOBDQNMxw6sQISBRzawfh+5rcnoDST4smkMfgRGQoWMkqMlRqP/VLZrbhz4HXi5aSMctT7pZ/eQNIkAmEoJ1p3PTc2fkaUYZTDtNhLNMSEjskQupYKEoH2s/mhU3xplQEOpbJPGDxX/25kJNI6jQI7GREz0qveTPzP6yYmvPMzJuLEgKCLoDDh2Eg8+zUeMAXU8NQSQhWzt2I6IopQY7tZShmCjMCodFpcDlcwmdqyvNVq1knruuJVK27jplyr5rUV0Dm6QFfIQ7eohh5QHTURRYCe0St6c16cd+fD+VyMbjj5zhlagvP1C3y4ncI=</latexit>

Minitial matrix

• Important information from dominant singular values (in decreasing order)
<latexit sha1_base64="r3Hg2U3ncJRyNYAX408NVLiziAU="></latexit>

� = diag(s�) s� � 0
• Low-rank approximation from truncated singular value decomposition

• High-resolution details can be discarded while enabling data compression

<latexit sha1_base64="jbFtUngN5E/x+RRuaHERuj23yOE="></latexit>

L

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·

<latexit sha1_base64="ea8H2XJ3pPXJ9VFrpAYCU+Wt5pU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHgxWNE84BkCbOznWTIzO460xsIId/hTfRfvIlXwV/x5CTZg0ksaCiquqmmgkQKg6777aytb2xubed28rt7+weHhaPjuolTzaHGYxnrZsAMSBFBDQVKaCYamAokNILB7dRvDEEbEUePOErAV6wXia7gDK3kt1HIEGj7QfQU6xSKbsmdga4SLyNFkqHaKfy0w5inCiLkkhnT8twE/THTKLiESb6dGkgYH7AetCyNmALjj2dPT+i5VULajbWdCOlM/XsxZsqYkQrspmLYN8veVPzPa6XYvfHHIkpShIjPg7qppBjTaQM0FBo4ypEljGthf6W8zzTjaHtaSOlBrAD1aJJfDNcwnNiyvOVqVkn9suSVS+79VbFSzmrLkVNyRi6IR65JhdyRKqkRTp7IM3klb86L8+58OJ/z1TUnuzkhC3C+fgH1HqLI</latexit>

�̃
<latexit sha1_base64="YOSUwxcgqvTwRhjDtdFTM7FaN8s=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhd0gahmwsREimAckIcxO7iZDZnaXmbuBEPYn7ET/xU5sLf0VKyfJFibxwMDhnHs5d44fS2HQdb+d3Mbm1vZOfrewt39weFQ8PmmYKNEc6jySkW75zIAUIdRRoIRWrIEpX0LTH93N/OYYtBFR+ISTGLqKDUIRCM7QSq0OCtkH+tArltyyOwddJ15GSiRDrVf86fQjnigIkUtmTNtzY+xOmUbBJaSFTmIgZnzEBtC2NGQKTHc6vzelF1bp0yDS9oVI5+rfjSlTxkyUbycVw6FZ9Wbif147weC2OxVhnCCEfBEUJJJiRGefp32hgaOcWMK4FvZWyodMM462oqWUAUQKUE/SwnK4hnFqy/JWq1knjUrZuy67j1elaiWrLU/OyDm5JB65IVVyT2qkTjiR5Jm8kjfnxXl3PpzPxWjOyXZOyRKcr1/PxKCS</latexit>

M̃ =low-rank approximation
<latexit sha1_base64="3Lonq4q1HtXtLG4ZTf2RmLYamVE="></latexit>

L̃

<latexit sha1_base64="OfeZsiZGc8ioS+0BXzkT0D5micg="></latexit>

R̃†

<latexit sha1_base64="c6r/FwoQOLnB6JugRkFZt8oHGW8="></latexit>

R†

see also Tichai et al., PRC (2018), EPJA (2018), PLB (2021), PRC (2021); Zhu et al. PRC (2022)

• Validated in two-body sector: binding energies, NN phase shifts, nuclear matter, …

How well does it work 
for 3N forces?
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Low-rank interactions from chiral EFT
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• Strong suppression of singular values 
across different partial-wave channels

• Higher partial waves suppressed 
compared to triton channel 

• Similar spectrum for parity-partner 
channels/isospin triplet suppressed

• Has been validated for different 
chiral three-body interactions

Singular spectrum reveals 
pronounced low-rank character!

Chiral EFT

Singular spectrum in different partial-wave channels

Tichai et al., arXiv:2307.15572

<latexit sha1_base64="ZpCY8EEOk7ANWP+b78IkGPq24bU="></latexit>

hpq,�|V3N|p0q0,�0i
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Few-body calculations

• Observables from momentum-space 
Fadeev solver with full 3N force
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Ground-state observables for 3H

• Very low error on ground-state 
observables for different interactions

99% of singular values can be 
discarded at zero loss in accuracy!

• 1% of singular values yield less than 
keV errors on ground-state energy

Few-body systems 

• Even better compression than in 
previous low-rank NN studies

Tichai et al., PLB (2021)

Tichai et al., arXiv:2307.15572
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Medium-mass nuclei

• Matrix elements from transformation 
of low-rank 3N interactions

17

Ground-state observables for closed-shell nuclei

• Low error on observables from 
different many-body schemes

• Slight increase of decomposition 
error with mass number 

• 1% of singular values yield less than 
keV errors on ground-state energy

99% of singular values can be 
discarded at zero loss in accuracy!

Many-body systems 

Tichai et al., arXiv:2307.15572
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Medium-mass nuclei

• Matrix elements from transformation 
of low-rank 3N interactions

17

Ground-state observables for closed-shell nuclei

• Low error on observables from 
different many-body schemes

• Slight increase of decomposition 
error with mass number 

• 1% of singular values yield less than 
keV errors on ground-state energy

99% of singular values can be 
discarded at zero loss in accuracy!

Many-body systems 

Tichai et al., arXiv:2307.15572

If the interaction has low-rank 
properties, what about the wave 

function?
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In-medium similarity renormalization group
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Representing the Hamiltonian

• reference state: single Slater 
determinant

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, March 1, 2018
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Decoupling in A-Body Space

H. Hergert - “Progress in Ab Initio Techniques in Nuclear Physics”, TRIUMF, Vancouver, March 1, 2018

aim: decouple reference state  
from excitations
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In-medium 

decoupling

Hergert et al., Phys. Rep. (2016)

• Goal: decoupling of elementary ph-excitations

H(s) = U†(s)HU(s)
<latexit sha1_base64="6hjjLySVM5SBZHEf8gmNccBQ9eI="></latexit>

• Input: nuclear Hamiltonian in second quantization

<latexit sha1_base64="sONL4hw/rBOYROH7ZOgSBozeVAI="></latexit>

Hnucl. = T + V2N + V3N + ...



A. Tichai EFB25 - European conference on few-body problems in physics

In-medium similarity renormalization group
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In-medium 

decoupling

Hergert et al., Phys. Rep. (2016)

• Goal: decoupling of elementary ph-excitations

H(s) = U†(s)HU(s)
<latexit sha1_base64="6hjjLySVM5SBZHEf8gmNccBQ9eI="></latexit>

• Approximation: discard induced operators

Keep operators to k-body level: 

IMSRG(k)

• Input: nuclear Hamiltonian in second quantization

<latexit sha1_base64="sONL4hw/rBOYROH7ZOgSBozeVAI="></latexit>

Hnucl. = T + V2N + V3N + ...
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In-medium 

decoupling

Hergert et al., Phys. Rep. (2016)

• Goal: decoupling of elementary ph-excitations

• Ground-state energy from flowing Hamiltonian
<latexit sha1_base64="xLcX6r5jdDh8yW7A8TnL9gl7joM="></latexit>

lim
s!�h�|H(s)|�i = E0

H(s) = U†(s)HU(s)
<latexit sha1_base64="6hjjLySVM5SBZHEf8gmNccBQ9eI="></latexit>

• Approximation: discard induced operators

Keep operators to k-body level: 

IMSRG(k)

• Input: nuclear Hamiltonian in second quantization

<latexit sha1_base64="sONL4hw/rBOYROH7ZOgSBozeVAI="></latexit>

Hnucl. = T + V2N + V3N + ...
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In-medium 

decoupling

• Versatility: generate input for other approaches
Hergert et al., Phys. Rep. (2016)

• Goal: decoupling of elementary ph-excitations

• Ground-state energy from flowing Hamiltonian
<latexit sha1_base64="xLcX6r5jdDh8yW7A8TnL9gl7joM="></latexit>

lim
s!�h�|H(s)|�i = E0

H(s) = U†(s)HU(s)
<latexit sha1_base64="6hjjLySVM5SBZHEf8gmNccBQ9eI="></latexit>

• Approximation: discard induced operators

Keep operators to k-body level: 

IMSRG(k)

• Input: nuclear Hamiltonian in second quantization

<latexit sha1_base64="sONL4hw/rBOYROH7ZOgSBozeVAI="></latexit>

Hnucl. = T + V2N + V3N + ...
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The valence-space IMSRG
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• Construction of ab-initio inspired valence-
space interactions rooted in QCD

Stroberg et al.,  Ann. Rev. Nucl. Part. Sci (2019)

In the language of the renormalization group, He↵ is a fixed point of the RG flow.

One choice for ⌘(s), which is used in the calculations we will describe here is the White

generator (145, 169)

⌘Wh(s) ⌘ Hod(s)
�(s)

. (17)

For present and future use, we have introduced a convenient superoperator notation

(cf. (170)), in which we indicate division of the operator O by a suitably defined energy

denominator � is defined as

h�i|
O
�
|�ji ⌘

h�i|O|�ji
✏i � ✏j

(18)

which can be thought of as element-wise division. Here ✏i, ✏j are energies associated with

the basis states �i, �j . The quantity O
�

itself is an operator whose Fock-space expression is

O
�

=
X

ij

Oij
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a†
iaj +

1
4

X

ijkl

Oijkl
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a†
ia

†
jalak + . . . (19)

Returning to the flow equation, it is clear that if Hod ! 0, then ⌘ ! 0 and by Eq. (11)
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• DMRG provides a variational procedure for the calculation of expectation values
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• DMRG provides a variational procedure for the calculation of expectation values
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Hybrid approach:
Map no-core problem to small active 

space (IMSRG) and find variational 
approximation (DMRG)!
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DMRG/CI energies vs. effective dimension of HA

• DMRG: economic representation 
of the many-body wave function

• Very slow convergence of the 2+ 
excited state in CI calculations

• Robust convergence of DMRG 
energies at large bond dimension

104 106 108 1010 1012

dimHA

≠198

≠197

≠196

≠195

≠194

≠193

≠192

E
[M

eV
]

78Ni

E0+=≠197.131± 0.005MeV

E2+=≠194.124± 0.008MeV

0+

2+

FullC
I

VS-DMRG
CI

Tichai, Knecht, Kruppa, Legeza, Moca, Schwenk, Werner, Zarand

arXiv:2207.01438

Experimental input for
neutron-rich nuclei needed!

• DMRG does extend CI capacities
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• Entanglement measures offer better understanding of (nuclear) correlation effects

see also Robin et al., PRC (2021)
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• Entanglement measures offer better understanding of (nuclear) correlation effects

• Partition orbital space: reduced density matrices from partial trace operations

�A = TrB �AB
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(A, B two subsystems)

see also Robin et al., PRC (2021)
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• Entanglement measures offer better understanding of (nuclear) correlation effects

• Partition orbital space: reduced density matrices from partial trace operations
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(A, B two subsystems)

• Orbital entanglement from orbital-reduced density matrix: A={i} and B={rest of basis}

�� =
Å
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0 ���

ã
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𝛾: reduced density matrix
(NOT orbital-reduced matrix!)

see also Robin et al., PRC (2021)
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Entropies and shell structure

26

• Agreement with conventional prediction 
based on 2+ excitation energies

• Pronounced kink at 78Ni hints at neutron 
shell closure (~ dominated by HF)

Total entropy in even-mass nickel isotopes

Total entropy is a good 
proxy for shell closures!

• Larger bond dimensions required to 
converge 78Ni excited state

• Deviation from experiment attributed 
to missing triples corrections: IMSRG(3)

(… but non-observable and basis dependent!)

see also Taniuchi et al., Nature (2019)

Tichai et al., arXiv:2207.01438
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FIG. 2. Neutron, proton, and total entropies (top) and 2+ excitation
energies (bottom) along even-mass nickel isotopes. Entropies are
calculated at bond dimension M = 10240 whereas for the excitation
energies the bond dimension was varied between M = 256 � 10240.
Experimental values are taken from Ref. [65].

Neutron-rich nickel isotopes from VS-DMRG.– To show
the power of the VS-DMRG, we apply this new approach
to the description of neutron-rich nickel isotopes that are at-
tracting significant experimental attention, e.g., with the re-
cent discovery of the doubly magic nature of 78Ni [66]. In
fact, ab initio calculations approaching 78Ni require addi-
tional truncations of the configuration interaction (CI) or shell
model space when exploring a 0~! valence space on top of
a 60Ca core [67]. In this work, the CI calculations haven
been performed using the KSHELL [68] and BIGSTICK [69]
codes, while the DMRG calculations together with quantum-
information-based analysis tools used the DMRG-Budapest
program package [70].

In Fig. 1 we compare large-scale CI and VS-DMRG calcu-
lations for 78Ni based on the same VS-IMSRG interaction as
in Ref. [66]. The top panel shows the dimension of the CI and
VS-DMRG spaces, respectively. For 78Ni, the FCI dimension
is 2.3 ·1011, while our largest CI calculations involved 1.9 ·109

configurations employing a truncation at Tmax = 7 particle-
hole (ph) excitations. In contrast, the dimension of the DMRG
space increases only gradually, and is well tractable even for
the largest considered bond dimension M = 10240, with cor-
responding configuration space of ⇡ 107, two orders of mag-
nitude below the largest accessible CI dimension. The DMRG
dimension is essentially the dimension of the space spanned

FIG. 3. Neutron and proton entropies from VS-DMRG calculations
for the oxygen chain (left) and for the evolution at N = 16 from the
closed proton shell to 26Ne and 28Mg (right). Vertical dashed lines
indicate neutron shell closures.

by the two block spaces and the two orbitals, ⇠ M2d2, further
constrained by selection rules for parity, isospin and angular-
momentum projection. Figure 1 clearly shows that the VS-
DMRG results for the ground and first 2+ excited states reveal
a more robust convergence pattern compared to the CI cal-
culation. While the ground-state energy converges system-
atically in the CI case, there is still a sizeable linear trend
present for the first excited 2+ state, making the extrapola-
tion of the excitation energy challenging. This may poten-
tially hint at relevant 8p8h excitations missing in the Tmax = 7
truncation. In contrast, the VS-DMRG results converge sys-
tematically beyond M = 1024. Fitting a quadratic polynomial
fextr.(1/M) = a/M2 + b/M + c enables a robust extrapolation
of the energies [42]. Extrapolation uncertainties are obtained
by taking into account only the 3, 4, 5 data points correspond-
ing to the largest bond dimensions, yielding a VS-DMRG es-
timate of E?2+ = 3.007 ± 0.017 MeV. At much lower space
dimensions, the VS-DMRG approach thus yields much lower
uncertainties compared to CI (E?2+ = 3.141 ± 0.205 MeV).

Next we study the emergence of shell structure from the
perspective of the information entropy from our VS-DMRG
calculations. Figure 2 displays neutron, proton and total en-
tropies and 2+ excitation energies for 70�80Ni. The total en-
tropy shows a pronounced kink for 78Ni consistent with its
doubly magic nature. The proton contribution to the total en-
tropy is small from 70Ni to 78Ni and then exhibits a strong
increase to 80Ni. We attribute this sudden increase of proton
correlations to the onset of nuclear deformation e↵ects. This
is also consistent with the rapid transition from spherical to
deformed ground states beyond 78Ni predicted in Ref. [66].
As expected from the VS-IMSRG results in Ref. [66], the
VS-DMRG reproduces nicely the high 2+ excitation energy
in 78Ni, with an improved result of E?2+ = 3.01 MeV com-
pared to the published VS-IMSRG excitation energy E?2+ .
3.34 MeV) [67]. The di↵erence to the experimental value of
E?2+ = 2.6 MeV is therefore significantly decreased for this

shell closure
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• Better understanding of orbital correlation effects between two states

�AB = TrC �ABC
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��j =

0
B@
1 � ��� � �jj + ��j�j 0 0 0

0 �jj � ��j�j ��j 0
0 ��j ��� � ��j�j 0
0 0 0 ��j�j

1
CA

two-body density required!
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Mutual information in sd-shell nuclei
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MI for N=16 isotones using 16O core

• Vanishing MI from proton contributions in oxygen isotopes due to sd-shell

• Indications of BCS-type nn- and pp-pairing within the same shell (J=0, M=0, T=1)

• Proton-neutron correlations suppressed but off-diagonal coupling present
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• Normal-ordering: complicated 3N as density dependent NN

Approximations for three-nucleon forces

• Converged ab initio calculations from 3H up to 208Pb

Next steps: normal ordering for open-shell nuclei/leverage factorization

Compression of wave function from DMRG

• Understanding entanglement using information-theory tools

Next steps: electromagnetic observables/large-scale DMRG runs

• Superior scaling properties of DMRG over diagonalization approaches

• Singular value decomposition: complicated 3N as sum of operators
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Thank you for your attention!


