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Running coupling and Non-Perturbative QCD /N
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o Asymptotic freedom:
High energy — small coupling,
Perturbative expansion of QCD
is very successful in this domain.

e Confinement:
Low energy — Large coupling
Perturbative expansion breaks
down.
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Understanding hadron structure in terms of quarks and gluons means
looking at QCD non-perturbative behaviour.
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Dyson-Schwinger Equations in a nutshell

@ Dyson-Schwinger equations relate Green (Schwinger) functions among
each other.

@ One get in the case of QCD, an infinite system — truncations are
required.

@ DSEs are usually solved in Euclidean space, yielding Schwinger
functions instead of Green functions.

(Although | am now working on solving them directly in Minkowski space)
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Dyson-Schwinger Equations in a nutshell

@ Dyson-Schwinger equations relate Green (Schwinger) functions among
each other.

@ One get in the case of QCD, an infinite system — truncations are
required.

@ DSEs are usually solved in Euclidean space, yielding Schwinger
functions instead of Green functions.

(Although | am now working on solving them directly in Minkowski space)

Truncating the DSEs yields an non-perturbative approximation of QCD
Schwinger functions. J
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The Gap Equation

e The gap equation for the quark propagator S(q):
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The Gap Equation

e The gap equation for the quark propagator S(q):

(@) =(—-

@ It has successfully described the quark mass behaviour:
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Bound-States and the Bethe-Salpeter Equation c‘/')

@ Bound-States appear as poles in the Schwinger functions.

@ Two-body bound states obey their own equation called the
Bethe-Sapeter equation:

o @

@ We need to approximate K consistently with our DSE truncation.
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Bound-States and the Bethe-Salpeter Equation a‘/')

@ Bound-States appear as poles in the Schwinger functions.

@ Two-body bound states obey their own equation called the
Bethe-Sapeter equation:

o @

@ We need to approximate K consistently with our DSE truncation.

Symmetry Considerations

This is critical: for instance we want our truncations to preserve the
Ward-Takahashi Identities (WTI) and the Axial-Vector WTI.
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Baryon and Diquarks

@ The Faddeev equation provides a covariant framework to describe the
nucleon as a bound state of three dressed quarks.
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@ Mostly two types of diquark are dynamically generated by the Faddeev
equation:
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» Axial-Vector (AV) diquarks, whose mass is around 3/4 of the nucleon
one.

C. Mezrag (INFN) Nucleon DA April 25"’, 2018 7/34



Baryon and Diquarks

@ The Faddeev equation provides a covariant framework to describe the
nucleon as a bound state of three dressed quarks.

o It predicts the existence of strong diquarks correlations inside the
nucleon.

@ Mostly two types of diquark are dynamically generated by the Faddeev
equation:
» Scalar diquarks, whose mass is roughly 2/3 of the nucleon mass,
» Axial-Vector (AV) diquarks, whose mass is around 3/4 of the nucleon
one.
@ Can we understand the nucleon structure in terms of quark-diquarks
correlations?
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Some Results on FF
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Today | will focus on the Parton Distribution Amplitude (PDA), telling us
the longitudinal structure of the nucleon and allowing us to compute the
Dirac FF at large momentum transfer.
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%W 2.

Cédric Mezrag, Jorge Segovia, Lei Chang and Craig Roberts
arXiv:1711.09101
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Hadrons seen as Fock States

o Lightfront quantization allows to expand hadrons on a Fock basis:

P.x) o S W qg) + 3 wiqg, q7) + ...

3 3
IP,N) o< > Wi qqq) + > Wi qqq,q3) + ...
E 3
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Hadrons seen as Fock States INEN

o Lightfront quantization allows to expand hadrons on a Fock basis:

P.x) o S W qg) + 3 wiqg, q7) + ...

3 3
IP,N) o< > Wi qqq) + > Wi qqq,q3) + ...
E 3

@ Non-perturbative physics is contained in the N-particles
Lightfront-Wave Functions (LFWF) WV

@ Schematically a distribution amplitude ¢ is related to the LFWF

through:
d?k,
o(x) W\U(X, ki)

S. Brodsky and G. Lepage, PRD 22, (1980)
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Nucleon Distribution Amplitudes IN

@ 3 bodies matrix element:

(Ofe¥ uf, (z1)uy (22)df (23)| P)
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Nucleon Distribution Amplitudes a/')

@ 3 bodies matrix element expanded at leading twist:
ijk i ' 1 —
(Ol (z1)ut(22) i (22) P} = 5 [(BC) 5 (3sF)., Vi)
+(P15C) oy (V) AZT) = (0030, C) s (135N F), T(2)]

V. Chernyak and I. Zhitnitsky, Nucl. Phys. B 246, (1984)
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Nucleon Distribution Amplitudes (ﬁ?

@ 3 bodies matrix element expanded at leading twist:
ijk i ' 1 —
(Ol (z1)ut(22) i (22) P} = 5 [(BC) 5 (3sF)., Vi)
+(P15C) oy (V) AZT) = (0030, C) s (135N F), T(2)]

V. Chernyak and I. Zhitnitsky, Nucl. Phys. B 246, (1984)
@ Usually, one defines p =V — A
@ 3 bodies Fock space interpretation (leading twist):

B [dx]
P1) = [ Gamluud) @ [l 2.5 144)

+o(x2, x1,x3)| 111) — 2T (x1, x2, x2)| T14)]
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Nucleon Distribution Amplitudes INEN
@ 3 bodies matrix element expanded at leading twist:
ijk i ' 1 .
(Ol (z1)ut(22) i (22) P} = 5 [(BC) 5 (3sF)., Vi)

+(P15C) oy (V) AZT) = (0030, C) s (135N F), T(2)]

V. Chernyak and I. Zhitnitsky, Nucl. Phys. B 246, (1984)
@ Usually, one defines p =V — A
@ 3 bodies Fock space interpretation (leading twist):

B [dx]
P1) = [ Gamluud) @ [l 2.5 144)

o (x2, x1,x3)[ 1) — 2T (x1, x2, x2)| T1)]
@ Isospin symmetry:

2T (x1,x2,x3) = p(x1,X3,%2) + ©(x2, X3, X1)
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Evolution and Asymptotic results

@ Both ¢ and T are scale dependent objects: they obey evolution
equations
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Evolution and Asymptotic results INFN

@ Both ¢ and T are scale dependent objects: they obey evolution
equations

@ At large scale, they both yield the so-called asymptotic DA ¢ag:

2
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u(xy)
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Form Factors: Nucleon case
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Form Factors: Nucleon case
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Some previous studies of DA

e QCD Sum Rules
» V. Chernyak and . Zhitnitsky, Nucl. Phys. B 246 (1984)

@ Relativistic quark model

» Z. Dziembowski, PRD 37 (1988)
Scalar diquark clustering

» Z. Dziembowski and J. Franklin, PRD 42 (1990)
Phenomenological fit

> J. Bolz and P. Kroll, Z. Phys. A 356 (1996)
Lightcone quark model

» B. Pasquini et al., PRD 80 (2009)
Lightcone sum rules

> 1. Anikin et al., PRD 88 (2013)
Lattice Mellin moment computation

» G. Bali et al.,, JHEP 2016 02
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Our Approach

@ Inspired by the results obtained from DSEs and Faddeev equations.

@ We do not use numerical solution of the Faddeev equation, but
algebraic parametrisations based on the Nakanishi representation.

@ This is an exploratory work: we want to know what we can or cannot

do.

@ We also assume the dynamical diquark correlations, both scalar and
AV, and compare in the end with Lattice QCD one.
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Nucleon DA as a Matrix Element INEN

@ Operator point of view for every DA (and at every twist):

(0l (ui(21)Cyiu](22)) i (23) P, A) = () = O,
(Ol ((ui(z1) Cir 10" (22)) 7 idk (23) P, A) = T(x) = O,

Braun et al., Nucl.Phys. B589 (2000)
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Nucleon DA as a Matrix Element IN

@ Operator point of view for every DA (and at every twist):
(Ol (ui(z) Cp](22)) pdf(23)| P, A) = (x) = O,
(0] (u4(zl)c,'alynw¢'(zz)) v pdf(z3)|P,A) = T(x;) = O,

Braun et al., Nucl.Phys. B589 (2000)

@ We can apply it on the wave function:

V41 921
/ :) O(’O
P2

D3 03

¥
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Nucleon DA as a Matrix Element INEN

@ Operator point of view for every DA (and at every twist):
(O™ (ui(z) Chv](22)) pdf(25)|P. \) = (x) = O,
(0] (u4(zl)C/aL,,nvt4(zz)) v hdk(z3)| P, ) = T(x) = Or,

Braun et al., Nucl.Phys. B589 (2000)

@ We can apply it on the wave function:
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Nucleon DA as a Matrix Element INEN

@ Operator point of view for every DA (and at every twist):
(O™ (ui(z) Chv](22)) pdf(25)|P. \) = (x) = O,
(0] (u4(zl)C/aL,,nut4(zz)) v hdk(z3)| P, ) = T(x) = Or,

Braun et al., Nucl.Phys. B589 (2000)

@ We can apply it on the wave function:

@ The operator then selects the relevant component of the wave
function.
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Scalar diquark contribution

@ In the scalar diquark case, only one contribution remains (¢ case):

PL 14

21 21
% b
- — P2

= o Z

p3
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Scalar diquark contribution

@ In the scalar diquark case, only one contribution remains (¢ case):
— 21 - 21
Dot Dot
P2 — P2

L O} o}

p3 ¥

@ The contraction of the Dirac indices between the single quark and the
diquark makes it hard to understand.
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Scalar diquark contribution

@ The contraction of the Dirac indices between the single quark and the
diquark makes it hard to understand.

@ The way to write the nucleon Dirac structure is not unique, and can
be modified (Fierz identity):

We recognise the leading twist DA of a scalar diquark )
Nucleon DA April 25th 2018 17/ 34
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AV Contributions N E B e

(01 (uh(2)Cpe(22)) ok (25)1P,A) = o(x) = O
(017 (ul(z1) Ci 10"t (22) ) 7 id(23) | P, ) = T(x) = O
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AV Contributions INFN

(01 (uh(2)Cpe(22)) ok (25)1P,A) = o(x) = O
(05 (64(22)Cir 0 (2) 7" el ()], ) — T(x) — O
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- - /—)
AV Contributions P> —

(01 (uh(2)Cpe(22)) ok (25)1P,A) = o(x) = O
(05 (64(22)Cir 0 (2) 7" el ()], ) — T(x) — O

Two chiral-even DAs One chiral-odd DA
(longitudinal) (transverse)
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AV Contributions INER

(01 (uh(2)Cpe(22)) ok (25)1P,A) = o(x) = O
(05 (64(22)Cir 0 (2) 7" el ()], ) — T(x) — O

Two chiral-even DAs One chiral-odd DA
(longitudinal) (transverse)

_ ) Op N ) Op n ) Op

Or Or Or
One chiral-odd DA Two chiral-even DAs
(transverse) (longitudinal)
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AV Contributions INER

(01 (uh(2)Cpe(22)) ok (25)1P,A) = o(x) = O
(017 (ul(z1) Ci 10"t (22) ) 7 id(23) | P, ) = T(x) = O

Two chiral-even DAs One chiral-odd DA
(longitudinal) (transverse)

B ) Op N ) Op n ) Op

Or Or Or
One chiral-odd DA Two chiral-even DAs
(transverse) (longitudinal)

2T(X17X27X3) = 90(X17X37X2) + SO(X27X37X1)
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Modeling the Diquarks
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Modeling hypotheses

@ For the scalar diquark, we assume:
» a point like structure
» a extended structure based on a algebraic Nakanishi Ansatz
o For the Nakanishi Ansatz, the results are consistent with the numerical
one obtained in the case of the pion, i.e. broader than the meson
asymptotic PDA and concave.
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Modeling hypotheses

For the scalar diquark, we assume:

» a point like structure
» a extended structure based on a algebraic Nakanishi Ansatz

For the Nakanishi Ansatz, the results are consistent with the numerical
one obtained in the case of the pion, i.e. broader than the meson
asymptotic PDA and concave.

In the AV case, we looked only at an extended diquark.

The results of the chiral-even and chiral-odd are consistent with what
has been obtained on p meson i.e. broad and concave.

@ But the broadness is probably to high in the chiral-odd case and too
low in the chiral-even case. And that has some consequences in the
following.

C. Mezrag (INFN) Nucleon DA April 25"', 2018 20 / 34



Results in the
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Comparison with lattice |

< Xi >p= /Dx xip(x1, X2, X3)

[
0.401
A = » Latice 2016
\7 0.35¢ = Lattice 2014
e Scalar Only
. = ==- Asymptotic Value
0.301
[ J [ J
1 2 3
i

Lattice data from V.Braun et al, PRD 89 (2014)

G. Bali et al., JHEP 2016 02
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Complete results for ¢

@ We use the prediction from the Faddeev equation to weight the scalar
and AV contributions 65/35:

01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09

u(x u(x
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Comparison with lattice |l
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Comparison with lattice |l
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0.40r ‘
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/.l === Asymptotic Value
\? 0.35¢ = Lattice 2016
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Comparison with lattice [l
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Computations done by J. Segovia
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G. Bali et al., JHEP 2016 02
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Evolved Results

02 5
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@ Results for the nucleon and Roper at 2 GeV.

@ The nucleon remains broader and the peak shifted toward large x;

@ The roper present a negative area consistently with our understanding
of n =1 excited states.

@ We provide a parametrisation of our results at 2 GeV.

CM et al., arXiv 1711.09101 submitted to PLB
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WORK IN PROGRESS
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Form Factors IN

I h—
===

F(Q%) =N / [dx][dyi] [¢(xi, B Ho (i, vi Q2 G2 D)y, CB)
+T (i, GYHT (%, yin Q% G2, ) T (vi, )]
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Form Factors IN

I h—
===

F(Q%) = j\f/[d><i][dyi] [o(xi, 2 Ho(xis yi, Q% 2. C2)eoyis C5)

+T (i, GYHT (%, yin Q% G2, ) T (vi, )]

&y

e LO Kernel well known since more than 30 years...

o ...but different groups have argued different choices for the treatment
of scales:

» for the DA : ¢(Q?), o((min(x;) x Q)3)...,
» for the strong coupling constant :

aS(Q2)>as(< Xi >2 Q2)a O‘;eg(g(xi7.yj)o2)
@ Use of perturbative coupling vs. effective coupling?
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Digression: Pion FF

@ In the pion case, the hard kernel is known at NLO allowing us to
discuss more extensively the scale effects.
R Field et al., NPB 186 429 (1981)

F. Dittes and A. Radyushkin, YF 34 529 (1981)
B. Melic et al., PRD 60 074004 (1999)

@ The UV scale dependent term behaves like:

fovti) o o (53— (1= 1)1 - ) +1n (1))

o Here | take two examples:
> the standard choice of (2 = (2 = pi? = Q*/4
> the regularised BLM-PMC scale (2 = C}% =pu? = e*5/3Q2/4

S. Brodsky et al.,, PRD 28 228 (1983)
S. Brodsky and L. Di Giustino, PRD 86 085026 (2011)

o What is the effect on our meson like DA?

In[1 + ax(1 —x)]>

ax(1l—x)

or(x, > =4GeV?) =N (1 —

« is tuned on LQCD Mellin Moments
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Digression: Pion FF
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== LO Effective Coupling
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Digression: Pion FF

@ In the pion case, the hard kernel is known at NLO allowing us to

discuss more extensively the scale effects.

R Field et al., NPB 186 429 (1981)
F. Dittes and A. Radyushkin, YF 34 529 (1981)
B. Melic et al., PRD 60 074004 (1999)

@ The UV scale dependent term behaves like:

2
fuv (i) < Bo (5/3 —In((L=x)(1—y))+1In <Q2>)
@ Here | take two examples:
> the standard choice of (? = (7 = p® = 02/4
» the regularised BLM-PMC scale Cz (2 =u? =e53Q%/4

S. Brodsky et al.,, PRD 28 228 (1983)
S. Brodsky and L. Di Giustino, PRD 86 085026 (2011)

@ BLM scale reduces significantly the impact of the NLO corrections and
increase dramatically the LO one.
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P IN ?
roton case C o e

@ Unfortunately, only the LO treatment has been performed
= BLM scale is therefore unknown
@ We use the Chernyak-Zhitnitsky formalism to compute the nucleon for
factor with:
» the CZ scale setting — as(Q%/9)as(4Q%/9)
» the pion BLM factor — as(Q%/9 e7%/3)as(4Q%/9 e75/3)
and using both perturbative and effective couplings.
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Proton case

CZ scale setting with frozen PDA

1.5+
@ 1.01 A { — Q*F)(Q?) with .
:E: o — Q'F}(Q?) with a0
QA 0.5t : \ — Q'FY(Q?) with ap
TT——— . DataFromSLAC
0.0 : : : ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35

0*(GeV?)

Data from Arnold et al. PRL 57
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Proton case

CZ scale setting + evolution

1.5¢
@ 1.0r L. i { — Q*F)(Q?) with .
:E: o — Q'F}(Q?) with a0
Q) 0.5F : — Q4F};(Q2) with ap
\ - Data From SLAC
K
0.0 : ‘ : ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35

0*(GeV?)

Data from Arnold et al. PRL 57
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Proton case

Pion BLM Factor + evolution

1.5¢
@ 1.0+ L. — Q*FY(Q?) with oy,
:E: o — Q'F}(Q?) with @y
QA 0.5F . - Q4F11’(Q2) with ap
« Data From SLAC
0.0 : ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 35

0*(GeV?)

Data from Arnold et al. PRL 57
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P IN//I—*I)
roton case C

@ Unfortunately, only the LO treatment has been performed
= BLM scale is therefore unknown

@ We use the Chernyak-Zhitnitsky formalism to compute the nucleon for
factor with:

» the CZ scale setting — as(Q%/9)as(4Q%/9)
» the pion BLM factor — as(Q%/9 e7%/3)as(4Q%/9 e75/3)

and using both perturbative and effective couplings.

@ The data remain flat while the perturbative running show a
logarithmic decreasing.

@ More work are required to conclude on the validity of the perturbative

approach:
» Theory side : we need NLO corrections and work with more advanced
PDA models
» Experimental side : more precise data to spot a logarithmic decreasing
(or not!)
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N

Summary L’_ﬁ e
@ Both nucleon DAs ¢ and T can be described using a quark-diquark

approximation.

We show how the diquark types and chiralities are selected.

The comparison with lattice computation is very encouraging and
explains how the different diquarks contribute to the total DAs, and
the respective sensitivity of the latter to the AV-diquarks.

It is possible to extend the work on the nucleon to the Roper case.

In the Roper case, the results of individual diquarks contributions seem
to be consistent with a n = 1 excited state.

We now have a working evolution code.

We have preliminary results on the nucleon Form Factors.
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Conclusion INFN
[

@ Our results on the Baryon PDA are very encouraging within our simple
assumptions as they almost match the lattice one. This bring us
confidence in the computations of LFWFs.

o Comparison to experimental data on the nucleon form factor at large
momentum transfer remains however unsatisfactory, as the
experimental data suggest a flat behaviour instead of a logarithmic
decreasing one.

@ NLO corrections are needed, as testifies the pion case.

@ We want to go beyond both the algebraic model and the PDA
computations. Other matrix elements could be computed from the
LFWF such as PDFs, GPDs, TMDs...
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Thank you for your attention
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Back up slides
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Frozen IR scale

1.5¢
“'g 1.0r Co { — Q*FJ(Q?) with o,
3 L — QFQY) with ayyug
Stosp \ — Q'FI(Q) with apy

\ « Data From SLAC
0.0
0 5 10 15 20 25 30 35
0*(GeV?)
Data from Arnold et al. PRL 57
More work is required before we can conclude anything. J
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Pion distribution amplitude

Pas(x) =6x(1 — x)

1.5F

1.0t (8 )
3 =
< s

0.5+

%0 025 050 075 1.0

X

L. Chang et al. (2013) L. Chang et al. (2013)

@ Broad DSE pion DA is much more consistent with the form factor
than the asymptotic one.
@ The scale when the asymptotic DA become relevant is huge.
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N(1535)

Figure from V. Braun et /a.,Phys. Rev. D89, 094511 (2014)
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Modeling the Diquarks
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Scalar diquark I: the point-like case /N

—@ )
@ Quark propagator:
—ig+ M
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Scalar diquark I: the point-like case /N

—@ )
@ Quark propagator:
—ig+ M

@ Bethe-Salpeter amplitude (1 out of 4 structures):

% (g, K) = ins CNOF
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Scalar diquark I: the point-like case (ﬁ?
—@ )
@ Quark propagator:
—ig+ M
S(q) - q2 ‘I’ M2

@ Bethe-Salpeter amplitude (1 out of 4 structures):
MBL(g, K) = irs CNF
@ This point-like case leads to a flat DA:

dpL(x) =1
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Scalar diquark II: the Nakanishi case a‘/') IIIIII
—@ )
@ Quark propagator:
—ig+M
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Scalar diquark Il: the Nakanishi case INEN
—@ )
@ Quark propagator:
—ig+M
S(q) - q2 + M2

@ Bethe-Salpeter amplitude (1 out of 4 structures):

% (g, K) = ins CNOF /1 dz c _222,)
(a5 4 g
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Scalar diquark Il: the Nakanishi case N
—@ )
@ Quark propagator:
—ig+ M
S(q) - q2 + M2

@ Bethe-Salpeter amplitude (1 out of 4 structures):

0+ _ or [ (1-2%)
(g, K) = ivsCN dz ; 3
1 {(q — %ZK) + /\‘27}

@ The Nakanishi case leads to a non trivial DA:

M2 In [1 + A’;—zx(l - x)}
¢(X)O<1_ﬁ x(1—x)
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Scalar DA behaviour

M2 In 1+ %X(l — x)}
K2 x(1 - x)

d(x) x1—

Scalar diquark

— Asymptotic
-—- KA2 = 4MM2
s KR2 = 16 MA2
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Scalar DA behaviour

M2 In 1+ %X(l — x)}

d)(X)OCl_W x(1 - x)

Scalar diquark

— Asymptotic .
—-- K2 = 4M%2 z
- KA2 = 16 MA2 <
X
Pion figure from L. Chang et al.,, PRL 110 (2013)
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Scalar DA behaviour

M2 In 1+ %X(l — x)}

d)(X)OCl_W x(1 - x)

Scalar diquark

— Asymptotic .
—ms KA2 = 4MA2 5':
e KA2 = 16 MA2 <
X
Pion figure from L. Chang et al.,, PRL 110 (2013)
This extended version of the DA seems promising! J
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AV diquark DA INFN |

S OIS o

@ Quark propagator:
—ig+ M
5(9) = 557
@2+ M
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AV diquark DA o

S OIS o

@ Quark propagator:
—ig+ M
(@)= e
?+M
@ Bethe-Salpeter amplitude (2 out of 8 structures):
(1-2%

(a-52K)" + 3]

1
M (g, K) = (N17f+NQT£‘)C/1dz

o= <7“ - K“;é) — Chiral even

K-q ) .
= —ittg + igr!") — Chiral odd
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Comparison with the p meson &‘/'2

AV diquark p meson

-=- 1, DA
— 7 (Asymptotic) DA I~

longitudinal part
transverse part
transverse part with only a,
pion B
-asymptotic A

0.0 0.2 0.4 06 08 1.0

p figure from F. Gao et al., PRD 90 (2014)
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Comparison with the p meson N

AV diquark p meson

16+

-=- 1, DA
— 71 (Asymptotic) DA - S
/A AR
06} //_~ longitudinal part BAT
04 R - — transverse part A
MU —-— transverse part with only a, L\
0.2 ~--=pion
g - - - -asymptotic
0.0 h n n N
0.0 0.2 0.4 0.6 0.8 1.0
X

p figure from F. Gao et al., PRD 90 (2014)

@ Same “shape ordering” — ¢, is flatter in both cases.

e Farther apart compared to the p meson case.
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Modeling the Faddeev Amplitude
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Faddeev Amplitude INFN

@ Scalar case:

[ G-
si(K, P) _Nl/—ld {(K_l%zP) +/\%V]

@ AV case (2 out of 6 structures):

(1-2°)
(k= 152P)* + 1

AYK,P) = (vw"—ivﬁ’“) /_11012{
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