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Tsnk Lsrc Tsnk Tsrc

e Permutations of the three internal photons are not shown.

e There should be gluons exchange between and within the quark loops, but are not drawn.
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Disconnected diagrams

One diagram (the biggest diagram below, referred to as 2+ 2) do not vanish even in the
SU(3) limit.

e We extend the method and computed this leading disconnected diagram as well.

e Permutations of the three internal photons are not shown.

There should be gluons exchange between and within the quark loops, but are not drawn.

We need to make sure that the loops are connected by gluons by “vacuum” subtraction.
So the diagrams are 1-particle irreducible.
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Lop, V

xSI‘C

e STIL WORKING IN PROGHESS.

e The right loop has been calculated by Christoph Lehner (can also be used to calculated
disconnected HVP) and saved to disk.

e The left loop can be evaluated by two point source propagators at = and y. We can then
randomly sample x and 1y, similar to the way we evaluted the connected diagrams.
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Pion Transition Form Factor (TFF) on Lattice:
RBC results
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We will be working in Euclidean space by default.

e PioN TFF FORM UIATION
e Model and Lattice results

e Contribution to HLbL with pion TFF
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(01T'i J () i Jy(v)|7°(P)) (1)
Momentum space TFF F(q7f, ¢5) (X.D. Ji, C. Jung, [hep-lat/0101014]):

—1q1-U—1q2-V ; ; = U
/d4ue qu=1a20 (0| T J,(u) i J,(v)|70(p)) = MTFEM,V,p,UQLpQQ,O’F(q%)q%>' (2)

Coordinate space TFF F.(z, z?) (previously presented at UConn by Cheng Tu):

(O[T 7, () o (0) 7))
. (=i 0%) (i 0Y) F'(p- (u—v), (u—v)2) P, (3)

———— €, v
47.‘.2 Fﬂ_ um,v,p,0

Let r =u — v, F.(x,r?) is the Fourier transformation of F/(p-r,r?):
F'(p-r,r?) = / dx F.(x,r?)e'*Pr, (4)

— o0

Interestingly, we can prove that:

F.z,r?) = 0 ifx<0oraz>1. (5)



Pion TFF formulation 8/29

(O[T T, (u) i T, (0)|7°(7))
. (—i 9%) (—i )

o~ Cu,v,p,o
47T2F71- u,v,p,

1
><<O/ dr F.(z, (u—v)?)7%(zu+ (1—x)v)
0
1
TATE, e

X <O /01 da =0} Fe(z, (u—v)?)] dpn®(xu+ (1 —x)v)

The coordinate space form factor F.(x,7?) can be interpreted this way:

() ) )

e The dependence on x describe the distribution of the pion source along the segment
between the two EM currents.

e In the r? — 0 limit, the function can be factorized into PION DISTRBUTION AMPIITUDES
(PDA). At tree level, F.(z,r?) is the same as PDA after normalization.

F.(z,r?)~z(1—1x).

e The parameter = (u — v) is the separation between the two EM currents.
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Define

> d’ 0(= 0(7
P = [ 55150 7 () (5)

d4p et (z—y)
2m)* p?4+m3

(0]7°(a) Pan(n)]0) = Glo—n)= [ -

(0| i gu(u)i J,(v)] Prom0(w)|0)

= <0‘ 47_‘_; F Eu,l/,p,a/ dz [—8}; FC(CC, (u — U)2)] 807-‘-0(33“ + (1 _ IB) U)pﬂ-oﬂ'o(’w)|0>
= _47T;F_ €u,u,p,a/ dzr [—85Fc(a;,(u—v)2)] 0,G(xru+ (1 —z)v—w). (10)

Let w =xu + (1 — x)v, the above expression should not be singular when = > 1 or = < 0.
Therefore F.(z, (u —v)?) should be zero for z outside of [0, 1].
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Let f(|r|) be the function which describes the strength of the 7w’y coupling:

/Old:v[—@?;Fc(x,r?)] _ zzp[2§2 (Té) ] £(Ir). (11)

e Based on Chiral anomaly, (7%/2) [ ™ (2F%/3) f(r)2rdr=1, (F(0,0)=1).
e Based on OPE, in the » — 0 limit, f(|r|) — 1, (F(Q? Q%) — 872F2/(3 Q?)).

For HLbL, the long distance contribution should be dominated by the 7" exchange process,
where the 7¥ propagator for a relatively long distance, while the two photons created/anni-
hilated the pion are fairly close.

Therefore, the = dependence of F.(x,1?) is less important. Instead, we should focus on the
total strength f(|7]).
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We will be working in Euclidean space by default.

e Pion TFF formulation
e MODEL AND LATTIICE RESUITS

e Contribution to HLbL with pion TFF



Pion TFF formulation

Vector Meson Dominance model

my  my

g +m3 g3 +mi

FYMP(q?, ¢3) =

Two Ends model

mi /2 mi /2
gi+my g +mi

FTE(q?, q3) =

Lowest Meson Dominance model

872 F? 8m2F?
PR @) = SR PR )+ (1 T )PP
% \%

Relation between Momentum space form and Coordinate space form:
. 1 .
F(¢?, ¢3) = /d4ze_“11'r/ dx F.(x,r?)e'*P T
0

1
— / d:r;/d4re_i((l_x)qrm@)'ch(x,7“2)
0
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(12)

(13)

(14)

(15)



Pion TFF formulation: VMD model

2 2
FYNP(gh @) = oy
gt +mi ¢35+ m3;
1 4
= / dx 5 TV 2 219
0 (1 —2)(q7 +mi) +z(g5 +m7)]

my

- /0 i [(1=2)q1 =z g2> + miy — (1 — 2)m7]?

Recall

ql q2 / dzc/d4re (I—z)q1—xq2): "Fo(x,r )

4 4 ip-r
FMP(z,r?) :/ dp4 2mV€ 2
(2m)* [p? +mi — (1 — z)mz]?

The dependence on z is very weak.

Pion is uniformly created/annihilated between the two EM currents.
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(16)

(17)

(18)



Pion TFF formulation: TE model

2 9
msi /2 my /2
FTE(Q%Q%) _ 2\// d 2V/ g
qgi +my g3 +my;
/1 o(x)+d(x—1) mss
= dx 5 5
0 2 (1—2)q1 —x q2)* +my

Recall

1
Flghah) = | do e Cmommew p G, )
0

o 4 2 ip-r
FTE(z 1?) — o(x)+6(x 1)/ d p mye?
2 (2m)* p2 4+ mi
The value for x is either 0 or 1.

Pion is created/annihilated at the two ends of the segment between the two EM
location.
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(19)

(20)

(21)

currents



Pion TFF formulation: LMD model 15/29

8w2F? 82 F?
PG = SR Pt )+ (1- SR )it g 22
mv mV
3 I |
VMD model
TE model
25 LMD model 7
2 a
E 15+ _
1} a
0.5 |- a
0 | | |
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r (fm)



Lattice results 16/29

RBC/UKQCD 24° x 64 lwasaki+DSDR ensemble: m, =139 MeV, a1 =1.015 GeV.

With z; =0, f(|z|) can be evaluated with (tsep =10a)

(O[T 7, (=) 7, (0) w05 = 0))
i . [2F%2 1
2zpzpa[ : (22>2]f(\2\), (23)

= — € v
47T2F71- u,v,p,0

Using 16 configurations and the point source propagators generated by computing the leading
disconnected contribution to HLbL, we obtained:



|
VMD model
TE model
LMD model
24D lattice
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We will be working in Euclidean space by default.

e Pion TFF formulation
e Model and Lattice results

e CoNmBuUNON 10 HIBL wrtH pioN TFF



Contribution to HLbL with pion TFF

Lsrc Lsnk
Rmax = max{\x—y\,\y—Z\,\Z—ZL’\}
Rypin = minx{|z —y|, |y — 2|,z — 2|}

We will evaluate with the following parameter.

my =770MeV  F,=93MeV
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(24)

(25)

(26)

The QED part, we use the weighting function developed in [arXiv:1705.01067] by us.



Contribution to HLbL with pion TFF: VMD 19/29

Discretization effect: a =0.223 fm, 0.171 fm, 0.114fm.

7 +¢fﬁ 24nt48-coarse-2-phys sub ¢
;Jr +# 24nt48-coarse-2-phys no-sub  +
6 - ®, ] 32nt64-coarse-phys sub ¢
s =+ + 32nt64-coarse-phys no-sub  +
S FEER T 48nt96-phys sub
* PR 48nt96-phys no-sub
S 4+ * SRS
S 3
Z 3 2 ]
4
S ; s
&2 <§>@ ]
90
1 7 & -
+ 0‘5}
0 5 @:}@Q@,\Q& —
1 | | | | |
0 5 10 15 20 25 30
Rmax

The unit of z-axis is 0.223 fm, the lattice spacing of the coarsest lattice.
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Finite volume effect: ¢ =0.223fm, L =5.5fm, 7.3 fm, 10.9fm.

7 |

ST 24nt48-coarse-2-phys sub ¢
_+ + T+ N 24nt48-coarse-2-phys no-sub +
6 i T, 7 32nt64-coarse-2-phys sub ¢
= ++ Tl 32nt64-coarse-2-phys no-sub  +
5 ++++++:I:t++**“ AR | 48nt96-coarse-2-phys sub
RS e 35883853850000000 48nt96-coarse-2-phys no-sub
= e 3g<><><><>o<><><><><><><><> 7
o 00@
Z 3F 000 -
& 2 $° =
R
¢
1 [ Toy —
o
0 4 o _
1 | | | | | | |

Rmax

The unit of z-axis is 0.223 fm, the lattice spacing of the lattices.



Contribution to HLbL with pion TFF: VMD

Extrapolations:

21/29

e Infinite volume: use the largest volume L =10.9fm as approximation.

o Continuum: extrapolate from the two lattice spacing & =0.223fm, 0.114fm, O(a?) scaling.

8 ! l ! I

R Skt

sub FH—<—
no-sub H——+—

sub Ryin < 1.0 fm +—o—
no-sub Ryin, < 1.0 fm +——+—
sub Rpyin < 0.5 fm o
no-sub Ryin, < 0.5 fm
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Rpax (fm)

Errorbars are statistical only.
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Discretization effect: a =0.223 fm, 0.171 fm, 0.114fm.

14

24nt48-coarse-2-phys sub ¢
24nt48-coarse-2-phys no-sub  +
12 1= . ] 32nt64-coarse-phys sub ¢
A ' +I+ N 32nt64-coarse-phys no-sub ~ +
10 - o Ty i n 48nt96-phys sub
+ FHy 48nt96-phys no-sub
~ gL " + +++++++++++++++++++4:-
= ¥ B St 5 Jobddubddobs
= 292 6060600000000
— + 0<><>
S e
SN %oé” _
L8
2 -+ p %‘)0 -
S
0 q.@mv@% -
_9 | | | | |
0 5 10 15 20 25 30
Rmax

The unit of z-axis is 0.223 fm, the lattice spacing of the coarsest lattice.



Contribution to HLbL with pion TFF: TE 23/29

Finite volume effect: ¢ =0.223fm, L =5.5fm, 7.3 fm, 10.9fm.

12

24nt48-coarse-2-phys sub ¢
e 24nt48-coarse-2-phys no-sub +
10 O Ty - 32nt64-coarse-2-phys sub ¢
+ ot 32nt64-coarse-2-phys no-sub ~ +
s | +, ++++++++++++~-:-+++++++++-- 48nt96-coarse-2-phys sub
THHE60RPIERPPREOOCOOOTS 48nt96-coarse-2-phys no-sub
& Ogogooooooooooooo
lc; 6 - . <><> o ]
= - 000
S 4f RY .
X o
3 o
2 © -
0 4+ i
_9 | | | | | | |

0 5 10 15 20 25 30 35 40
Rmax

The unit of z-axis is 0.223 fm, the lattice spacing of the lattices.



Contribution to HLbL with pion TFF: TE 24 /29

Extrapolations:
e Infinite volume: use the largest volume L =10.9fm as approximation.

o Continuum: extrapolate from the two lattice spacing & =0.223fm, 0.114fm, O(a?) scaling.

" | l sub F——
S no-sub F—+—

2 ; ot - sub Ry < 1.0 fm +—<—
- no-sub Ryin < 1.0 fm +——+—
sub Rpyin < 0.5 fm o
no-sub Ryin, < 0.5 fm

—
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—
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(@)
— 4
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— A OO
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« PRI
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Rpax (fm)

Errorbars are statistical only.
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Discretization effect: a =0.223 fm, 0.171 fm, 0.114fm.

9 |

24nt48-coarse-2-phys sub ¢
] L +:j:++ i 24nt48-coarse-2-phys no-sub  +
+J5r T 32nt64-coarse-phys sub ¢
7 + Ty - 32nt64-coarse-phys no-sub ~ +
* ’ F i 48nt96-phys sub
6 ++ B A A A A 48nt96-phys no-sub
= st RRSREEH
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~— 20
S >
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2 F K i
&
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0 5 10 15 20 25 30
Rmax

The unit of z-axis is 0.223 fm, the lattice spacing of the coarsest lattice.



Contribution to HLbL with pion TFF: LMD 26/29

Finite volume effect: ¢ =0.223fm, L =5.5fm, 7.3 fm, 10.9fm.

9 |

24nt48-coarse-2-phys sub ¢
] - $it+s _ 24nt48-coarse-2-phys no-sub  +
£ Ty TH 32nt64-coarse-2-phys sub ¢
7T + oot ~ 32nt64-coarse-2-phys no-sub  +
.t Tt 48nt96-coarse-2-phys sub
6 | + ++++++ESPEFFFFFFFET 48 t96— _2_ h ~ b
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50 o
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= 08
Z 4+ o2 -
s
™ — o0 .
= 0@
2 o -
o
J R o =
0 |- ]
1 | | | | | | |

Rmax

The unit of z-axis is 0.223 fm, the lattice spacing of the lattices.



Contribution to HLbL with pion TFF: LMD 27/29

Extrapolations:
e Infinite volume: use the largest volume L =10.9fm as approximation.

o Continuum: extrapolate from the two lattice spacing & =0.223fm, 0.114fm, O(a?) scaling.

10 ! ! sub H——

no-sub FH—+—

sub Ryin < 1.0 fm +—o—
no-sub Ryin, < 1.0 fm +——+—
sub Ry < 0.5 fm —<—
no-sub Ryin, < 0.5 fm

F»(0) (10719)
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Rpax (fm)

Errorbars are statistical only.
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e We developed coordinate space formulation of the pion transition form factor (TFF). It
turned out to be pion distribution amplitude at short distance.

e We defined f(r) to describe the r (relative coordinate between the two EM currents)
dependence of the coordinate space TFF.

e We calculated f(r) for three models (VMD, TE, LMD) and using lattice data (24D).

e LMD model is designed to satisfy both the Chiral anomaly constraint and the OPE
constraint. Among the three models, it also agrees the lattice data the most.

e We computed the 7" contribution to HLbL using the three models using lattice.
— The total results agree with the momentum space more analytical evalution.

— We also obtained the models results in the long distance region, which can be used
to correct the QCD finite volume errors of the lattice calculation of HLbL.
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Thank You!
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