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Sweat spots of  Lattice  vs  DR/Model 

n Lattice,  after take continuum/infinite volume limits with all 
disconnected,  

short distance (high energy) : less noisy
long distance (low energy)   : very noisy

n DR / Model ( or experiments )

heavy particle / multiple hadron : less control
light particle, pi0 pole or pion-loop : well controlled 

-> Could  cover sweat spots  complementarily ?

n For HVP, a good comparison/interplay is done 
in Eucliean coordinate space  [ Christoph Lehner’s talk ]
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First try 
[ Luchang Jin’s talk ]

n LMD model in coordinate space
n Fixed min {|x-y|,|x-z|,|y-z| } < R(min)
n Plot  as function of 

max {|x-y|,|x-z|,|y-z| } = R(max) 
n L = 9.6 fm, a=0.1fm, Nf=2+1 physical pion mass

n Subtracted lepton part (to isolate the long-distant 
part in this exercise)

n Connected only. Model is multiplied by 
34/9  according to conn:disconn = 34:(-25) from 
charge factors
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HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2
) at q2 ! 0 limit

F cHLbL

2
(q2 = 0)

m
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2
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P
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2V T
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C
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• Stochastic sampling of x and y point pairs. Sum over x and z.
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Subtraction using current conservation

• From current conservation, @⇢V⇢(x) = 0, and mass gap, hxV⇢(x)O(0)i ⇠
|x|n exp(�m⇡|x|)

X

x

HC
⇢,�,,⌫(x, y, z, xop) =

X

x

hV⇢(x)V�(y)V(z)V⌫(xop)i = 0

X

z

HC
⇢,�,,⌫(x, y, z, xop) = 0

at V ! 1 and a ! 0 limit (we use local currents).

• We could further change QED weight

G(2)

⇢,�,(x, y, z) = G(1)

⇢,�,(x, y, z) � G(1)

⇢,�,(y, y, z) � G(1)

⇢,�,(x, y, y) + G(1)

⇢,�,(y, y, y)

without changing sum
P

x,y,z G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop).

• Subtraction changes discretization error and finite volume error.

• Similar subtraction is used for HVP case in TMR kernel, which makes FV error smaller.

• Also now G(2)

�,,⇢(z, z, x) = G(2)

�,,⇢(y, z, z) = 0, so short distance O(a2
) is suppressed.

• The 4 dimensional integral is calculated numerically with the CUBA library cubature
rules. (x, y, z) is represented by 5 parameters, compute on N5 grid points and
interpolates. (|x � y| < 11 fm).

cHLbL



Integrand :  Lattice vs LVD

(preliminary)
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Integrand (preliminary)
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model integral is extrapolated to con2nuum/infinite volume limits
extrapola2ons to be scru2nized 



Patch-up example

Preliminary
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Preliminary
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Preliminary
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Preliminary
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Is this safe ?

n At given distance, there are other than pi0
contribution in DR and models [ truncation ]

n Probably not large for appropriate choice
n To be safer, we could try to consider 

subtracting pi0 contribution from Lattice

GH = GH(Lat; all) - GH(Lat; pi0) + GH(DR; pi0)

n How to compute  GH(Lat; pi0) is non-trivial
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Similar problem in tau HVP

n In case of Vus analysis of tau -> up-strange
inclusive hadronic decay

n We subtract K-pole contribution from lattice by
fitting HVP in the on-shell long-distance, and 
evaluate the rest:

C(t) =  A exp(- mK t)  + rest( t )

[ A, mK is from fit ]

( also tau-input for g-2 : [ Mattia Brunno’s talk ])
14
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Tau decay

R	ratio(hadron/lepton)	for	the	final	states	with	strangeness	-1

τ	→	ν	+	hadrons	decay	through	V-A	current	(weak	decay)

Tau	decay	experiment

Rij;V/A ⌘
�[�� � �⌧Hij;V/A(�)]

�[�� � �⌧e��̄e(�)]

��
�⌧

ū

s
W�

hadrons

ū

s��
�⌧

W� •{ }Im

From	unitarity	of	S	matrix,	invariant	matrix	elements	are	related	to	the	total	
scattering	cross	section	σ		[Optical	theorem]

V-A	current

The	spin	0,	and	1,	hadronic	vacuum	polarization	function	for	V/A	current-current	

Determination of |Vus| from lattice HVP and
experimental hadronic � decay

1 Preliminary

For SM hadronic � decays, a derivative of the ratio Rij;V/A of the decay width into states
produced hadronic V and A currents with i, j flavors to the electron decay width,

Rij;V/A ⌘ �[�� � ��Hij;V/A(�)]/�[�� � ��e
��̄e(�)] (1)

is related to the spectral functions �(J)
ij;V/A with the spin J = 0, 1 by

dRij;V/A

ds
=

12�2|Vij|2SEW

m2
�

(1 � y�)
2
�
(1 + 2y� )�

0+1
ij;V/A(s) � 2y��

0
ij;V/A(s)

�
, (2)

where y� = s/m2
� , SEW is a known short-distance electroweak conrrection. Fig. 1 repre-

sents hadronic � decays. The spectal function is defined as �(J)
ij;V/A(s) = 1

� Im�(J)
ij;V/A(�s),

where �(J)
ij;V/A(�s) is computed from the usual flavor ij vector (V) or axial vector (A)

current-current two-point functions;

�(µ�)
ij;V/A(q2) ⌘i

�
d4xeiqx�0|T

�
Jµ

ij;V/A(x)J†�
ij;V/A(0)

�
|0�

=(qµq� � q2gµ�)�(1)
ij;V/A(Q2) + qµq��

(0)
ij;V/A(Q2), (3)

where Jµ
ij;V/A are the V/A currents with flavor ij.

The |Vus| extraction uses an analysis of the us two-point function. From Eq. (2), it
shows that the experimental data of dRus;V/A/ds fixes the |Vus|2 and the spectral function
combination

�
1 + 2

s

m2
�

�
Im�(1)(s) + Im�(0)(s). (4)

The experimental situation for the inclusive � decays is shown in 1. The current status
of |Vus| determination can be found in HFAG-tau summary (See Fig. 2). For the Kaon
pole contribution, we assume a simple delta function form as

|Vus|2
��

1 + 2
s

m2
�

�
Im�(1)(s) + Im�(0)(s)

�
= �(s � m2

k)0.0012299(46). (5)

1

(Hadronic)	vacuum	polarization	function	

�

⇧(Q2)• Experiment side :⌧ ! ⌫ + had through V-A vertex. EW correction SEW

Rij =
�(⌧� ! hadronsij ⌫⌧)

�(⌧� ! e�⌫̄e⌫⌧)

=
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�

| {z }
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• Lattice side : The Spin=0 and 1, vacuum polarization, Vector(V) or Axial (A) current-
current two point

⇧µ⌫
ij;V/A(q2) = i

Z
d4xeiqx

D
0|TJµ

ij;V/A(x)J†µ
ij;V/A(0)|0

E

= (qµq⌫ � q2gµ⌫)⇧(1)
ij;V/A

(q2) + qµq⌫⇧(0)
ij;V/A
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Pi0 subtraction on Lattice

[ N. Christ et al @ UConn ]
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Lattice implementation

n lattice pi0-gamma-gamma FF could be computed 
separately, and if it’s accurately determined, we could 
replace for long-distance of the full HLbL

n Or compute pi0-pole contribution simultaneously with 
the full HLbL on the same ensemble and subtract under 
the jack-knife

19



Discussion

n Interplay b/w Lattice and DR/model is  a useful 
“plan-B” for HVP.  Could we apply to HLbL ?

n Lattice : disconnected, continuum/infinite V limit
n Another interplay for HLbL possible ?
n How about the box diagram in DR ?
n Sum-rule for the full HLbL from Lattice to

constraint DR or model ?

Int[ pole, cuts in DR ]  =  Int[ Euclidean Amp ]

n Use of GEVP in subtracting pi0 or other specific 
contribution ? [ A. Meyer’s talk ]
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The finite energy sum rule (FESR) 

w(s) is an arbitrary regular function such as polynomial in s. 

   

• LHS : spectral function ρ(s) is related to the experimental τ inclusive decays  

• RHS … Analytic calculation ����������������������������������������������������������������������������������
with perturbative QCD (pQCD) and OPE

Finite Energy Sum Rule (FESR)

Lattice determination of |Vus| with inclusive hadronic τ decay experiment†

T. Izubuchi,∗1 ∗2 H. Ohki,∗2

The Kobayashi-Maskawa matrix element |Vus| is an
important parameter for flavor physics, which is rele-
vant to the search for new physics beyond the standard
model in particle physics. So far |Vus| has been most
precisely determined by kaon decay experiments. As
an alternative way, from the τ decay, one can also de-
termine |Vus| independently. A conventional method
is to use the so-called finite energy sum rule with poly-
nomial weight function ω(s) and the spectral function

ρ(J)V/A with the spin J = 0, 1 as

∫ s0

0
ω(s)ρ(s)ds = − 1

2πi

∮

|s|=s0

ω(s)Π(s)ds, (1)

where Π(s) is a hadronic vacuum polarization(HVP)
function. Here, ρ(s) on the left hand side is related
to the differential decay of the τ decay by hadronic V
and A currents with u, s flavors as

dRus;V/A

ds
=

12π2|Vus|2SEW

m2
τ

(1− yτ )
2 (2)

×
[
(1 + 2yτρ

(0+1)
us;V/A − 2yτρ

0
us;V/A)

]
,

where yτ = s/m2
τ , SEW is a known short-distance elec-

troweak correction. The HVP function Π(s) on the
right hand side in Eq.(1) is analytically calculated by
using OPE based on perturbative QCD (pQCD). Thus,
the momentum s0 should be taken large enough to use
a perturbative OPE result. By combining both the
inclusive τ decay experiments and pQCD, one can ob-
tain |Vus|. Recent analyses suggest that there is 3 σ
discrepancy between two results from the method that
uses the inclusive τ decay and the CKM unitarity con-
straint. While there might be a possibility that such a
discrepancy could be explained by new physics effect,
we should note that the OPE yields a potential prob-
lematic uncertainty in the |Vus| determination from the
inclusive hadronic τ decay using the finite energy sum
rule a). Thus it is important to reduce the uncertainty
of the QCD part, so that we aim to resolve the so-called
|Vus| puzzule.
In this report, in order for that purpose, we would

like to propose an alternative method to determine
|Vus|, in which we use non-perturbative lattice QCD
results for Π(s) in addition to pQCD. Combing two in-
puts, we would expect that more reliable result could
be obtained. In order to use lattice QCD inputs, we

† All the results shown here are preliminary.
∗1 Physics Department, Brookhaven National Laboratory, Up-

ton, NY 11973, USA
∗2 RIKEN Nishina Center
a) For a recent study of the inclusive τ decay using the finite

energy sum rule, see1).
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Fig. 1. Q2
1 dependence of the ratio of the pQCD to the kaon

pole contribution. For pQCD result, the D = 0 OPE

(Nf = 3) and a conventional value of |Vus| are used.

adopt a different weight function ω(s) which has poles
in the Euclidean momentum region. As an illustra-
tive example, we take a following weight function as
ω(s) = 1

(s+Q2
1)(s+Q2

2)···(s+Q2
N )

, where −Q2
k < 0 (for

k = 1, ..., N), and N ≥ 3. Taking s0 → ∞ in Eq.(1),
we obtain

∫ ∞

0
ρ(s)ω(s)ds =

N∑

k

Res
(
Π(−Q2

k)ω(−Q2
k)
)
. (3)

The lattice result is used for residues on the right hand
side. The left hand side can be evaluated up to s = m2

τ

from the experimental data, and we use a pQCD re-
sult for s > m2

τ . There is an advantage in this method.
Since above weight function ω(s) is highly suppressed
in high momentum region, so the uncertainty coming
from pQCD can be reduced. In fact, Fig. 1 shows the
weight function dependence of the ratio of the OPE
contribution of the spectrum integral in Eq.(3) to the
one from the dominant kaon pole contribution. As
shown in Fig. 1, the OPE contribution can be sup-
pressed by adding poles in the weight function.

As a preliminary study, we calculate |Vus| deter-

mined from ρ(0)A . As for the lattice calculation of ρ(0)A ,
we use L = 48 lattice result near the physical quark
massb). Using a weight function with three poles of
(Q2

1, Q
2
2, Q

2
3) = (0.1, 0.2, 0.3), we obtain 0.3% statisti-

cal relative error, which is competitive with previous
results. As a future work, we need to estimate sys-
tematic uncertainties such as lattice discretization, un-
physical mass, and contributions from other channels,
in particular pQCD effects.

References
1) P. A. Boyle et al. Int. J. Mod. Phys. Conf. Ser.

35, 1460441 (2014) doi:10.1142/S2010194514604414
[arXiv:1312.1716 [hep-ph]].

b) We thank RBC-UKQCD collaboration and Kim Maltman
for providing lattice HVP and experimental data.
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Our new method : Combining FESR and Lattice

• If we have a reliable estimate for ⇧(s) in Euclidean (space-like) points, s = �Q2
k < 0,

we could extend the FESR with weight function w(s) to have poles there,

Z 1

sth

w(s)Im⇧(s) = ⇡

NpX

k

Resk[w(s)⇧(s)]s=�Q2
k

⇧(s) =

✓
1 + 2

s

m2
⌧

◆
Im⇧(1)(s) + Im⇧(0)(s) / s (|s| ! 1)

• For Np � 3, the |s| ! 1 circle integral vanishes.

Re(s)

Im(s)
pQCD OPE spectral data

1

XXX

Lattice HVPs
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(generalized dispersion relation )

If we have a reliable estimate for Π(s) in Euclidean (space-like) points, 

we could extend the FESR with weight function w(s) to have N poles there,

Our strategy

Lattice determination of |Vus| with inclusive hadronic τ decay experiment†

T. Izubuchi,∗1 ∗2 H. Ohki,∗2

The Kobayashi-Maskawa matrix element |Vus| is an
important parameter for flavor physics, which is rele-
vant to the search for new physics beyond the standard
model in particle physics. So far |Vus| has been most
precisely determined by kaon decay experiments. As
an alternative way, from the τ decay, one can also de-
termine |Vus| independently. A conventional method
is to use the so-called finite energy sum rule with poly-
nomial weight function ω(s) and the spectral function

ρ(J)V/A with the spin J = 0, 1 as

∫ s0

0
ω(s)ρ(s)ds = − 1

2πi

∮

|s|=s0

ω(s)Π(s)ds, (1)

where Π(s) is a hadronic vacuum polarization(HVP)
function. Here, ρ(s) on the left hand side is related
to the differential decay of the τ decay by hadronic V
and A currents with u, s flavors as
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=
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2 (2)

×
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0
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]
,

where yτ = s/m2
τ , SEW is a known short-distance elec-

troweak correction. The HVP function Π(s) on the
right hand side in Eq.(1) is analytically calculated by
using OPE based on perturbative QCD (pQCD). Thus,
the momentum s0 should be taken large enough to use
a perturbative OPE result. By combining both the
inclusive τ decay experiments and pQCD, one can ob-
tain |Vus|. Recent analyses suggest that there is 3 σ
discrepancy between two results from the method that
uses the inclusive τ decay and the CKM unitarity con-
straint. While there might be a possibility that such a
discrepancy could be explained by new physics effect,
we should note that the OPE yields a potential prob-
lematic uncertainty in the |Vus| determination from the
inclusive hadronic τ decay using the finite energy sum
rule a). Thus it is important to reduce the uncertainty
of the QCD part, so that we aim to resolve the so-called
|Vus| puzzule.
In this report, in order for that purpose, we would

like to propose an alternative method to determine
|Vus|, in which we use non-perturbative lattice QCD
results for Π(s) in addition to pQCD. Combing two in-
puts, we would expect that more reliable result could
be obtained. In order to use lattice QCD inputs, we

† All the results shown here are preliminary.
∗1 Physics Department, Brookhaven National Laboratory, Up-

ton, NY 11973, USA
∗2 RIKEN Nishina Center
a) For a recent study of the inclusive τ decay using the finite

energy sum rule, see1).

0 1 2
Q1

2 [GeV2]

0.0001

0.001

0.01

0.1

1

N=3, (Q2
2, Q3

2)=(0.2,0.3)

N=4, (Q2
2, Q3

2, Q4
2)=(0.2,0.3,0.4)

N=5, (Q2
2, Q3

2, Q4
2, Q5

2)=(0.2,0.3,0.4,0.5)

Fig. 1. Q2
1 dependence of the ratio of the pQCD to the kaon

pole contribution. For pQCD result, the D = 0 OPE

(Nf = 3) and a conventional value of |Vus| are used.

adopt a different weight function ω(s) which has poles
in the Euclidean momentum region. As an illustra-
tive example, we take a following weight function as
ω(s) = 1

(s+Q2
1)(s+Q2

2)···(s+Q2
N )

, where −Q2
k < 0 (for

k = 1, ..., N), and N ≥ 3. Taking s0 → ∞ in Eq.(1),
we obtain

∫ ∞

0
ρ(s)ω(s)ds =

N∑

k

Res
(
Π(−Q2

k)ω(−Q2
k)
)
. (3)

The lattice result is used for residues on the right hand
side. The left hand side can be evaluated up to s = m2

τ

from the experimental data, and we use a pQCD re-
sult for s > m2

τ . There is an advantage in this method.
Since above weight function ω(s) is highly suppressed
in high momentum region, so the uncertainty coming
from pQCD can be reduced. In fact, Fig. 1 shows the
weight function dependence of the ratio of the OPE
contribution of the spectrum integral in Eq.(3) to the
one from the dominant kaon pole contribution. As
shown in Fig. 1, the OPE contribution can be sup-
pressed by adding poles in the weight function.

As a preliminary study, we calculate |Vus| deter-

mined from ρ(0)A . As for the lattice calculation of ρ(0)A ,
we use L = 48 lattice result near the physical quark
massb). Using a weight function with three poles of
(Q2

1, Q
2
2, Q

2
3) = (0.1, 0.2, 0.3), we obtain 0.3% statisti-

cal relative error, which is competitive with previous
results. As a future work, we need to estimate sys-
tematic uncertainties such as lattice discretization, un-
physical mass, and contributions from other channels,
in particular pQCD effects.
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