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Motivation and Introduction

HVP from the R-ratio↔ Lattice

I (published) HVP results from lattice calculations

ahvpµ · 1010
500 600 700

e+ e− → hadrons

RBC/UKQCD 2018

BMW 2017

HPQCD 2016

ETMC 2013

CLS Mainz 2017

I R-ratio ahvp
µ = (692.3± 4.2± 0.3)× 10−10

[Davier et al., Eur.Phys.J. C71, 1515 (2011)]

I lattice result to be competitive with R-ratio requires precision of . 1%

I comparable upcoming experiment precision of . 0.2%

→ Isospin Breaking Corrections need to be included
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Motivation and Introduction

Sources of IB corrections

I different masses for up- and down quark (of O((md −mu)/ΛQCD))

I Quarks have electrical charge (of O(α))

Status IB corrections to HVP

I QED and strong IB at unphysical quark masses [V.G. et al.,JHEP 09, 153 (2017)]

I QED for s and c; extrapolated to physical masses [D. Giusti et al., JHEP 10, 157 (2017)]

I strong IB at physical (valance + sea) masses [B. Chakraborty et al. Phys. Rev. Lett. 120 152001 (2018)]

I QED and strong IB at physical masses [C. Lehner, V.G. et al. arXiv:1801.07224]

ahvpµ · 1010
500 600 700

e+ e− → hadrons

RBC/UKQCD 2018

BMW 2017

HPQCD 2016

ETMC 2013

CLS Mainz 2017

→ QED/sIB calculation included

→ phenomenology estimate for IB
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Motivation and Introduction

Sources of IB corrections

I different masses for up- and down quark (of O((md −mu)/ΛQCD))

I Quarks have electrical charge (of O(α))

Status IB corrections to HVP

I QED and strong IB at unphysical quark masses [V.G. et al.,JHEP 09, 153 (2017)]

I QED for s and c; extrapolated to physical masses [D. Giusti et al., JHEP 10, 157 (2017)]

I strong IB at physical (valance + sea) masses [B. Chakraborty et al. Phys. Rev. Lett. 120 152001 (2018)]

I QED and strong IB at physical masses [C. Lehner, V.G. et al. arXiv:1801.07224]

I plus work in progress
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Motivation and Introduction

Strong IB corrections

I lattice calculations usually done with mu = md

I different masses for up- and down quark

[PDG] mu = 2.2+0.5
−0.4 MeV md = 4.7+0.5

−0.3 MeV at MS(2 GeV)

I separation of strong IB and QED effects requires renormalization scheme

I strong Isospin Breaking on the lattice
I use different up, down quark masses

sea quark effects: configurations with different up, down masses

I perturbative expansion in ∆m = (mu − md) [G.M. de Divitiis et al, JHEP 1204 (2012) 124]

〈O〉mu 6=md
= 〈O〉mu=md

+ ∆m
∂

∂m
〈O〉

∣∣∣∣
mu=md

+O
(

∆m2
)

S sea quark effects:
quark-disconnected diagrams
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Motivation and Introduction

QED corrections from the lattice

I same order in α as light-by-light

I Euclidean path integral including QED

〈O〉 =
1

Z

∫
D[Ψ,Ψ]D[U]D[A] O e−SF[Ψ,Ψ,U,A] e−SG[U] e−Sγ [A]

I Finite Volume corrections [Talk by A. Portelli]

I two approaches for including QED
I stochastic QED using U(1) gauge configurations

[A. Duncan, E. Eichten, H. Thacker, Phys.Rev.Lett. 76, 3894 (1996)]

I perturbative QED by expanding the path integral in α
[RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

+ tadpole contributions, + diagrams from conserved current expansion
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I Finite Volume corrections [Talk by A. Portelli]

I two approaches for including QED
I stochastic QED using U(1) gauge configurations

[A. Duncan, E. Eichten, H. Thacker, Phys.Rev.Lett. 76, 3894 (1996)]

I perturbative QED by expanding the path integral in α
[RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

+ tadpole contributions, + diagrams from conserved current expansion

quark-connected

quark-disconnected

unquenched QED
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Motivation and Introduction

QED correction disconnected HVP

I QED correction to the disconnected HVP

I careful not to double count

gluons between the quarks lines

→ QED correction to LO HVP

no gluons between the quarks lines

→ included in NLO HVP
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Results

Results IB corrections - Fermilab/HPQCD/MILC

I strong IB corrections at the physical point [B. Chakraborty et al. Phys. Rev. Lett. 120 152001 (2018)]

I HISQ action, 323 × 48, a ≈ 0.15 fm

I two physical mass ensembles, differ only by light sea with or without sIB

Nf = 2 + 1 + 1

Nf = 1 + 1 + 1 + 1

where bare masses m2+1+1
` = (mu + md)1+1+1+1/2

I allows for testing effects of IB in sea-quark

I quark mass tuning:
tune quark masses to experimental values with removed QED effects [S. Basek et al.

PoS Lattice2015, 259 (2016)]
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Results

Results IB corrections - Fermilab/HPQCD/MILC

I results strong IB corrections [B. Chakraborty et al. Phys. Rev. Lett. 120 152001 (2018)]3

valence quarks. The smeared correlators have smaller
overlap with excited states than the local-local correla-
tor, and therefore improve the determination of the en-
ergies and amplitudes. We fit the correlators over the
symmetric time range [tmin, T − tmin], thereby ensuring
that the fit describes the correlator over the entire lattice
time extent T . To reduce the degrees of freedom in the
fit, in practice we average the correlator at times t and
T − t and fit only to the lattice midpoint; we also av-
erage the smeared-source, local-sink correlator with the
local-source, smeared-sink correlator. Because our lim-
ited number of configurations do not enable us to reli-
ably determine the smallest eigenvalues of the correlation
matrix, we employ singular-value-decomposition (SVD)
cuts with the values chosen to obtain stable fits with
good correlated χ2 values. In practice, we replace all
eigenvalues below the cut with the value of the SVD cut
times the largest eigenvalue; this prescription increases
the variance of the eigenmodes associated with the re-
placed eigenvalues and, thus, the errors on the fit param-
eters. We choose the number of states and fit range based
on the stability of the ground-state and first-excited-state
energies and amplitudes.

For both ensembles and all valence-quark masses, we
obtain good correlated fits with stable central values and
errors using tmin/a ≥ 3, Nstates ≥ 3, and an SVD cut
of 0.015, which modifies about 40% of the eigenvalues
of the correlation matrix. For each of our six fits, the
contribution to the χ2 from the 66 correlator data points
ranges from about 45-80. Although the lowest-energy
states in the vector-current correlators are I = 1 ππ pairs,
we do not see any evidence of such states in our two-point
correlator fits. This is not surprising because there are
only a few ππ states below the ρ mass in these correlators,
and their amplitudes are suppressed by the reciprocal of
the spatial volume. The ground-state energies for the
correlators with mq = ml are E0 = 776.7(6.5) MeV and
E0 = 779.4(5.1) MeV on the Nf = 2 + 1 + 1 and Nf =
1+1+1+1 ensembles, respectively; these are statistically
consistent with the PDG average for the Breit-Wigner
mass Mρ0 = 775.26(25) MeV [25].

Following Ref. [8], we reduce the statistical errors in
aHVP

µ by replacing the correlator data at large times by
the result of the multiexponential fit. Although the fit
function is appropriate for the periodic lattice tempo-
ral boundary conditions, we correct for the finite lattice
temporal size by using the infinite-time fit function and
doubling the correlator extent to t = 2T . We use the
fitted correlator above t∗ > 1.5 fm; with this choice,
roughly 80% of the value of aHVP

µ comes from the data

region. The values of aHVP
µ computed with Gfit(t) for

t∗ > 1.5 fm agree within ∼ 1σ with those computed en-
tirely from data, but with more than ten times smaller
statistical errors for mq = mu.
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FIG. 2. Valence-quark-mass dependence of the light-quark-
connected contribution to aHVP

µ on the Nf = 1 + 1 + 1 + 1
ensemble without rescaling (open symbols) and with rescaling

each Π
(qq)
j by (E0/Mρ0)2j (closed symbols). From left to right,

the pairs of data points correspond to mu, ml = (mu+md)/2,
and md; each pair of data points is horizontally offset for
clarity. The values of aqq

µ include the charge factor q2
u + q2

d =
5/9 appropriate for the isospin-symmetric case.

III. ANALYSIS

We calculate aHVP
µ using the method introduced by the

HPQCD Collaboration [26], in which one constructs the
[n, n] and [n, n− 1] Padé approximants for the renormal-

ized hadronic vacuum polarization function [�Π(q2)] from
time moments of zero-momentum vector-current correla-
tion functions. These moments are proportional to the

coefficients Πj in a Taylor expansion of �Π(q2) around
q2 = 0. The true result is guaranteed to lie between
the [n, n] and [n, n − 1] Padé approximants. We em-

ploy the [3, 3] Padé approximant for �Π(q2) obtained from
the first six Taylor coefficients; the values of aHVP

µ com-
puted from the [3, 2] and [3, 3] Padé approximants differ
by 0.1 × 10−10.

In Ref. [8], the [n, n] and [n, n− 1] Padé approximants

for �Π(q2) are constructed from rescaled Taylor coeffi-
cients Πj × (E0/Mρ0)2j , where E0 is the ground-state
energy obtained from the two-point correlator fits. The
rescaling was found to reduce the valence-quark-mass de-
pendence of aHVP

µ because the ρ-meson pole dominates
the vacuum polarization. In addition, the rescaling can-
cels most of the error from the uncertainty on the lattice
scale w0, which enters via the muon mass present in the
one-loop QED integral for aHVP

µ . Figure 2 shows aHVP
µ

on (1 + 1 + 1 + 1)-flavor ensemble at the up, down, and
average light-quark masses. The valence-quark-mass de-
pendence is statistically well resolved because the three
points are strongly correlated, and is smaller after rescal-
ing.

Nf = 1 + 1 + 1 + 1

I ∆mu 6=md aµ = 7.7(3.7)× 10−10 Nf = 2 + 1 + 1
∆mu 6=md aµ = 9.0(2.3)× 10−10 Nf = 1 + 1 + 1 + 1

I sea-quark effect smaller than statistical error

I work in progress: generate dynamical QCD+QED ensemble at physical quark
masses
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Results

Results IB corrections - ETMC

I QED corrections to strange and charm HVP [D. Giusti et al., JHEP 10, 157 (2017)]

I physical strange and charm masses; matched renormalized quark masses at
MS(2 GeV) in QCD and QED+QCD
[N. Carrasco et al., Nucl.Phys. B887 (2014) 19-68, D. Giusti et al., Phys. Rev. D 95, 114504 (2017)]

I perturbative expansion in α and ∆mq

I results QED correction to integrand (aµ =
∫

dt wtC(t))
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Results

Results IB corrections - ETMC

I QED corrections to strange and charm HVP [D. Giusti et al., JHEP 10, 157 (2017)]

I several ensembles: three lattice spacings, mπ = 210− 450 MeV

I δas
µ = (−0.018± 0.011)× 10−10 δac

µ = (−0.030± 0.013)× 10−10

I negligible within current uncertainties of aµ
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Results

Results IB corrections - ETMC

I preliminary results: IB correction to light-quark contribution [see talk by S. Simula]

		

@M
π
phys:				
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~ 80% due to strong IB

(quark connected only and qQED)

Friday, June 15, 18

I δa`µ = 6.9(1.9)× 10−10 (strong IB and QED)
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Results

Results IB corrections - RBC/UKQCD

I QED and sIB corrections at physical quark masses [C. Lehner, V.G. et al. arXiv:1801.07224]

I Nf = 2 + 1 Möbius DWF, 483 × 96 lattice, a−1 = 1.730(4) GeV

I IB corrections from perturbative expansion in α and ∆mf

I tune (u,d,s) masses to reproduce experimental π+, K+ and K0 mass (and
check π0 mass)

I lattice spacing: fix another mass including QED, e.g. Omega-Baryon

I results connected QED correction to integrand (aµ =
∫

dt wtC(t))

−1

0

1

2

3

4

0 5 10 15 20 25
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t

QED 
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tion up
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Results

Results IB corrections - RBC/UKQCD

I Ansatz for O(α)-correction to correlator

δC(t) = (c1 + c0t)e−Et

I vary E between πγ and ππ → systematic error

I result connected QED correction

aQED,`
µ = 5.9(5.7)(1.7)× 10−10

I QED correction to disconnected diagram using data generated for [T. Blum et al.

Phys. Rev. Lett. 118, 022005 (2017)]

I aQED, disc
µ = −6.9(2.1)(2.7)× 10−10
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Results

Results IB corrections - RBC/UKQCD

I strong IB (connected)

−0.01
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0.04

0 5 10 15 20

C
ii
(t

)

t

mass 
orre
tion

I δC(t) = (c1 + c0t)e−Et

with lowest lying state ππ

I result sIB asIB
µ = 10.6(4.3)(6.8)× 10−10

Work in progress

I re-use LbL data to [+ M. Bruno]

I increase statistics for QED diagrams
I calculate the QED-unquenched diagrams

I strong IB: effects from sea quark mass shift, second lattice spacing

I second lattice spacing for QED corrections
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Results

Estimate IB corrections - BMW

I phenomenology estimate for IB effects [BMW collaboration, arXiv:1711.04980]

I estimate of different missing contributions
10

� = e [×10−14] � = µ [×10−10] � = τ [×10−8]

π0γ 1.05 ± 0.04 4.64 ± 0.04 1.77 ± 0.07
ηγ 0.14 ± 0.00 0.65 ± 0.01 0.29 ± 0.01
ρ− ω mixing 0.74 ± 0.37 2.71 ± 1.36 0.72 ± 0.36
FSR 1.17 ± 0.59 4.22 ± 2.11 1.40 ± 0.70
Mπ vs Mπ± −1.45 ± 1.45 −4.47 ± 4.47 −0.83 ± 0.83
total 1.7 ± 1.6 7.8 ± 5.1 3.4 ± 1.1

TABLE S7. QED and (md −mu) corrections which must be added to our lattice results for the total LO-HVP contribution to
the anomalous magnetic moments of the e, µ and τ to be able to compare them to those obtained from phenomenology. The
individual corrections are described in the text. The total QED+(md − mu) correction is given on the last line.

butions to the anomalous magnetic moments of leptons
of Table I from the main text.

X. INDIVIDUAL FLAVOR CONTRIBUTIONS
TO aLO-HVP

� AND COMPARISON WITH OTHER
LATTICE QCD CALCULATIONS

We are now in a position to put together all of
the ingredients of our calculation, according to Eq. (5)
from the main text, to obtain the individual flavor con-
tributions to aLO-HVP

� , for �=e, µ, τ . Thus, we take
from Table S2 of Sec. IV the lower vituality contri-
butions, aLO-HVP

�,f (Q<Qmax), obtained through the con-
tinuum limit of our lattice results. For the match-
ing term, γ�(Qmax) Π̂f (Q2

max), we take the phase-space
factor, γ�(Qmax) of Eq. (S6), from Table S4. We
obtain the nonperturbative quantity Πf (Q2

max) as de-
scribed in Sec. V and take the results from Table S3.
Finally, the high virtuality, perturbative contributions
ΔpertaLO-HVP

�,f (Q>Qmax) are computed as explained in
Sec. VII and given in Table S5. To the f=ud, disc con-
tributions, we have to add the FV corrections discussed
in Sec. VIII.

Our final results for the individual flavor contributions
to the LO HVP component of the lepton anomalous mag-
netic moments are given in Table S8. These results in-
clude systematic errors associated with the continuum

extrapolation, with our bounding procedure for the ud
and disconnected contributions, with the matching to
perturbation theory and with FV effects. These contri-
butions are meant to be isospin limit quantities. Thus,
we do not apply any QED or (md − mu) corrections to
them. These are reserved for the total LO-HVP contri-
bution, aLO-HVP

� , given in Table I of the main text.
In Fig. S7 we plot our results for the individual flavor

contributions aLO-HVP
µ,f , f=ud, s, c, disc, together with the

only other ones available from the lattice [13, 20–23]. Of
those, only the results of [13, 17, 20] are obtained from
Nf=2+1+1 simulations. Those of [23] come from Nf=2
and those of [21, 22] from Nf=2 + 1 simulations. For
some reason, [21] do not include FV errors which are 2%
of the I=0 contribution in our calculation, and should be
at least as large in that reference.

As the figure shows, our ud contribution to aLO-HVP
µ is

significantly larger than the results of [13, 23]. In partic-
ular, the difference with the only other Nf=2 + 1 + 1 re-
sult published for this contribution is 2.2 combined stan-
dard deviations. Our result for the charm contribution
is fully compatible with the two other lattice results. Fi-
nally, our result for aLO-HVP

µ,disc is compatible with the only

other determination [21] and, even with the inclusion of
a FV uncertainty, it has a total error of 15%. This error
represents 0.26% of aLO-HVP

µ which means that it barely

needs to be improved for determining aLO-HVP
µ at the

0.2% level, as will be required by future experiments.
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Results

Estimate IB corrections - BMW

I phenomenology estimate for IB effects [BMW collaboration, arXiv:1711.04980]

I estimate of different missing contributions
10

� = e [×10−14] � = µ [×10−10] � = τ [×10−8]

π0γ 1.05 ± 0.04 4.64 ± 0.04 1.77 ± 0.07
ηγ 0.14 ± 0.00 0.65 ± 0.01 0.29 ± 0.01
ρ− ω mixing 0.74 ± 0.37 2.71 ± 1.36 0.72 ± 0.36
FSR 1.17 ± 0.59 4.22 ± 2.11 1.40 ± 0.70
Mπ vs Mπ± −1.45 ± 1.45 −4.47 ± 4.47 −0.83 ± 0.83
total 1.7 ± 1.6 7.8 ± 5.1 3.4 ± 1.1

TABLE S7. QED and (md −mu) corrections which must be added to our lattice results for the total LO-HVP contribution to
the anomalous magnetic moments of the e, µ and τ to be able to compare them to those obtained from phenomenology. The
individual corrections are described in the text. The total QED+(md − mu) correction is given on the last line.

butions to the anomalous magnetic moments of leptons
of Table I from the main text.

X. INDIVIDUAL FLAVOR CONTRIBUTIONS
TO aLO-HVP

� AND COMPARISON WITH OTHER
LATTICE QCD CALCULATIONS

We are now in a position to put together all of
the ingredients of our calculation, according to Eq. (5)
from the main text, to obtain the individual flavor con-
tributions to aLO-HVP

� , for �=e, µ, τ . Thus, we take
from Table S2 of Sec. IV the lower vituality contri-
butions, aLO-HVP

�,f (Q<Qmax), obtained through the con-
tinuum limit of our lattice results. For the match-
ing term, γ�(Qmax) Π̂f (Q2

max), we take the phase-space
factor, γ�(Qmax) of Eq. (S6), from Table S4. We
obtain the nonperturbative quantity Πf (Q2

max) as de-
scribed in Sec. V and take the results from Table S3.
Finally, the high virtuality, perturbative contributions
ΔpertaLO-HVP

�,f (Q>Qmax) are computed as explained in
Sec. VII and given in Table S5. To the f=ud, disc con-
tributions, we have to add the FV corrections discussed
in Sec. VIII.

Our final results for the individual flavor contributions
to the LO HVP component of the lepton anomalous mag-
netic moments are given in Table S8. These results in-
clude systematic errors associated with the continuum

extrapolation, with our bounding procedure for the ud
and disconnected contributions, with the matching to
perturbation theory and with FV effects. These contri-
butions are meant to be isospin limit quantities. Thus,
we do not apply any QED or (md − mu) corrections to
them. These are reserved for the total LO-HVP contri-
bution, aLO-HVP

� , given in Table I of the main text.
In Fig. S7 we plot our results for the individual flavor

contributions aLO-HVP
µ,f , f=ud, s, c, disc, together with the

only other ones available from the lattice [13, 20–23]. Of
those, only the results of [13, 17, 20] are obtained from
Nf=2+1+1 simulations. Those of [23] come from Nf=2
and those of [21, 22] from Nf=2 + 1 simulations. For
some reason, [21] do not include FV errors which are 2%
of the I=0 contribution in our calculation, and should be
at least as large in that reference.

As the figure shows, our ud contribution to aLO-HVP
µ is

significantly larger than the results of [13, 23]. In partic-
ular, the difference with the only other Nf=2 + 1 + 1 re-
sult published for this contribution is 2.2 combined stan-
dard deviations. Our result for the charm contribution
is fully compatible with the two other lattice results. Fi-
nally, our result for aLO-HVP

µ,disc is compatible with the only

other determination [21] and, even with the inclusion of
a FV uncertainty, it has a total error of 15%. This error
represents 0.26% of aLO-HVP

µ which means that it barely

needs to be improved for determining aLO-HVP
µ at the

0.2% level, as will be required by future experiments.
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[2] M. Lüscher, Nucl.Phys. B364, 237 (1991).
[3] S. Aoki et al., Eur. Phys. J. C77, 112 (2017),

arXiv:1607.00299 [hep-lat].
[4] B. Chakraborty, C. Davies, B. Galloway, P. Knecht,

J. Koponen, et al., Phys.Rev. D91, 054508 (2015),
arXiv:1408.4169 [hep-lat].

[5] J. Gasser and G. R. S. Zarnauskas, Phys. Lett. B693,
122 (2010), arXiv:1008.3479 [hep-ph].
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Summary

I Lattice calculation with precision of . 1% require inclusion of IB and QED

I first calculations of IB Breaking effects→ IB corrections at level of 1%
I Fermilab/HPQCD/MILC:

strong IB quenched: 7.7(3.7)× 10−10

strong IB unquenched: 9.0(2.3)× 10−10

I ETMC (preliminary):
QED (quenched) + strong IB (quenched): 6.9(1.9)× 10−10

I RBC/UKQCD:
QED (quenched): 5.9(5.9)× 10−10

disconnected QED: −6.9(3.4)× 10−10

strong IB (quenched): 10.6(8.0)× 10−10

I possible within . 1% precision of total aHVP
µ

I FV effects for the QED correction [see talk by A. Portelli]

I unquenched QED?
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Backup

Muon aµ and the hadronic vacuum polarisation (HVP)

I experiment: polarized muons in a magnetic field [Bennet et al., Phys.Rev. D73, 072003 (2006)]

aµ = 11659208.9(5.4)(3.3)× 10−10

I Standard Model [PDG]

aµ = 11659180.3(0.1)(4.2)(2.6)× 10−10

I Comparison of theory and experiment: 3.6σ deviation

I largest error on SM estimate from HVP

µ µ

I current best estimate from e+e− → hadrons [Davier et al., Eur.Phys.J. C71, 1515 (2011)]

(692.3± 4.2± 0.3)× 10−10
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Backup

tadpole contributions to QED correction

I expand path integral expansion [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

〈O〉 = 〈O〉0 +
1

2
e2 ∂2

∂e2
〈O〉

∣∣∣∣∣
e=0

+O(α2)

I HVP from vector-vector correlation function

Cµν(x) = 〈Vµ(x)Vν(0)〉

I conserved vector current depends on link variables

Uµ(x)→ eieAµ(x)Uµ(x) and thus Vc
µ(x)→ Vc,e

µ (x)
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