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Dispersion relation: Q2=0
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Drechsel, Metz et al (1998)
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Dispersion relation: Q2≠0
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Helicity - 0, s-wave

Coupled-channel Omnes function

⌦(s) =

✓
⌦⇡⇡!⇡⇡ ⌦⇡⇡!KK̄

⌦KK̄!⇡⇡ ⌦KK̄!KK̄

◆

Write unsubtracted dispersive representation for 
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0 (s)

(h(0)
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I.D., Vanderhaeghen
(work in progress)
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"
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⇡

Z
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!

� 1

⇡
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ds0

s0 +Q2

Im⌦0(s0)�1
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!#

Moussallam (2013)



Omnes function I=0, {ππ, KK}

⌦(s) =

✓
⌦⇡⇡!⇡⇡ ⌦⇡⇡!KK̄

⌦KK̄!⇡⇡ ⌦KK̄!KK̄

◆
Coupled channel Omnes

Bounded p.w. amplitudes and 
Omnes at large energies

ππ→ππ ππ→KK

 13

Ck fitted to Exp. data 
 and Roy Eq. solutions

N/D (solid)  
Roy eq. (dashed)

T (s) = ⌦(s)N(s)

U(s) =
X

k

Ck ⇠(s)
k

N(s) = U(s) +
s

⇡

Z

R

ds0

s0
⇢(s0)N(s0)(U(s)� U(s0))

s0 � s

⌦�1(s) = 1� s

⇡

Z

R

ds0

s0
⇢(s0)N(s0)

s0 � s

Chew, Mandelstam 
Lutz, I.D, Gasparyan

Abs



Omnes function I=1, {πη, KK}

Coupled channel Omnes
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⌦(s) =

✓
⌦⇡⌘!⇡⌘ ⌦⇡⌘!KK̄

⌦KK̄!⇡⌘ ⌦KK̄!KK̄

◆

Ck matched to SU(3)  
ChPT at threshold

Bounded p.w. amplitudes and 
Omnes at large energies

U(s) =
X

k

Ck ⇠(s)
k

T (s) = ⌦(s)N(s)

N(s) = U(s) +
s

⇡

Z

R

ds0
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⇢(s0)N(s0)(U(s)� U(s0))
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⌦�1(s) = 1� s

⇡

Z

R

ds0

s0
⇢(s0)N(s0)

s0 � s

I.D., Gil, Lutz
(2011), (2013)

πη→πη



Poles in the complex plane
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Unitarity:

tI(s+ i✏)� tI(s� i✏) = 2i⇢(s)tI(s+ i✏)tI(s� i✏)

tI(s+ i✏) =
tI(s� i✏)

1� 2i⇢(s)tI(s� i✏)

tII(s� i✏)
✏!0
= tI(s+ i✏)

tII(s) =
tI(s)

1� 2i⇢(s)tI(s)

a0(980):   

sigma:  

f0(980):
q

sIIf0 = 0.990(5)± i

2
0.033(20)GeV

q
sII� = 0.436(5)± i

2
0.357(40)GeV

q
sIVa0

=
�
1.12�0.07

+0.02

�
± i

2

�
0.28+0.08

�0.13

�
GeV

⇢i(s) = 2ki(s)/
p
s



Left-hand cuts

Dispersive integral for J=0
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Left-hand cuts

Dispersive integral for J=0
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Fearing Scherer (1998)  
Colangelo et.al. (2015)
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γ*

γ
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γ

Vertex ππγ*
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Scalar QED (pion pole contribution)
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Left-hand cuts

Dispersive integral for J=0
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Vector pole contribution

ρ→ π0γ

ρ→ π± γ

ω → πγ

ω → ηγ

ρ→ ηγ

K* → K0 γ

K*→ K± γ

0.0 0.1 0.2 0.3 0.4 0.5 0.6
���γ[���-�]
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L = eCV ✏µ⌫↵� F
µ⌫ @↵�V �
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γ

V V

Fearing Scherer (1998)  
Colangelo et.al. (2015)
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Form factors
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Subtraction constants

Dispersive integral for J=0

 18

 
h(0)
++(s)

k(0)
++(s)

!
=

 
h(0)Born

++ (s)

k(0)Born

++ (s)

!
+ (s+Q2)⌦(s)

✓
a
b

◆
+

s+Q2

⇡

Z
sL

�1

ds0

(s0 +Q2)2
⌦(s0)�1

s0 � s

 
Im h̄(0)

++(s
0)

Im k̄(0)
++(s

0)

!

� s+Q2

⇡

Z 1

sth

ds0

(s0 +Q2)2
Im⌦(s0)�1

s0 � s

 
h(0)Born

++ (s0)

k(0)Born

++ (s0)

!#

Unsubtracted dispersion relation (no VM)

(↵1 � �1)⇡+ = 5.06 (6.29) 10�4 fm3

(↵1 � �1)⇡0 = 8.47 (9.71) 10�4 fm3

{ππ,KK}



Once-subtracted dispersion relation (with VM)

(↵1 � �1)
NLO
⇡+ = 6.0 · 10�4 fm3

(↵1 � �1)
NLO
⇡0 = �1.0 · 10�4 fm3

COMPASS data on (α1-β1)π+

4.0± 1.2± 1.4 · 10�4 fm3

Subtraction constants

Dispersive integral for J=0
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Once-subtracted dispersion relation (with VM)
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Subtraction constants

Dispersive integral for J=0
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Unsubtracted dispersion relation (no VM)

(↵1 � �1)⇡+ = 5.06 (6.29) 10�4 fm3

(↵1 � �1)⇡0 = 8.47 (9.71) 10�4 fm3

 Single tagged BES-III data for π+π-, π0π0

in range 0.1 GeV2 < Q2 < 2 GeV2 under analysis

For space like photons: generalized 
polarizabilities

± 2↵

m
⇡
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+±
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= (↵1 ⌥ �1)
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0 + ...

± 2↵

m
⇡

(Hc

+± �HBorn

+± )
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= (↵1 ⌥ �1)

⇡

+ + ...

{ππ,KK}



f2(1270) and a2(1320) contributions

Watson theorem (for elastic unitarity) J=2: �(�� ! ⇡⇡) = �(⇡⇡ ! ⇡⇡) = �(⇡⇡ ! ⇡⇡)

⌦(s) = exp

 
s

⇡

Z 1

4m2
⇡

ds0

s0
���!⇡⇡(s)

s0 � s

!

Roy analysis (2011)  
R. Garcia-Martin at.al.



f2(1270) and a2(1320) contributions

Watson theorem (for elastic unitarity) J=2: �(�� ! ⇡⇡) = �(⇡⇡ ! ⇡⇡) = �(⇡⇡ ! ⇡⇡)

⌦(s) = exp

 
s

⇡

Z 1

4m2
⇡

ds0

s0
���!⇡⇡(s)

s0 � s

!

Roy analysis (2011)  
R. Garcia-Martin at.al.

Unitarized Breit Wigner + Background
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f2(1270), Λ = 2

0 5 10 15 20 25 30
0.001

0.005

0.010

0.050

0.100

0.500

1

Q2(GeV2)

T
(2
) (Q

2 ) Belle 2015

h(2)f2
+� (s) =

Cf2!��Cf2!⇡⇡

10
p
6

s(s+Q2)�(s)

s�M2 + iM �(s)
T (⇤=2)
f2

(Q2)

h(2)
+� = h(2)Born

+� + h(2)f2
+� ei�0 = |h(2)

+�|ei�(⇡⇡!⇡⇡)

T (⇤=2)
f2

(Q2) =
p
r(2)

1
�
1 +Q2/⇤2

f2

�2

⇤f2 = 1.222± 0.066GeV

pQCD for the tensor FF:
leading FF (using quark DA) is helicity 0 ~1/Q^2, 
whereas helicity 2 is twist-4, so goes as 1/Q^4.

Kivel et al. (2016)



γγ→π+π-,  π0π0

σ

f0

f2

Results for Q2=0

γγ→π0η

a0
a2

f2(1270) described dispersively through Omnes function

Coupled-channel dispersive treatment of f0(980) and a0(980) 

a2(1320) described as a Breit Wigner resonance I.D., Vanderhaeghen
(work in progress)

Born
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��� ��� ��� ��� ��� ���
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���

���

���

���

���

���

� (���)

σ
(γ
γ-

>
π+

π-
)

��� ��� ��� ��� ��� ��� ���
�

��

��

��

��

��

��

� [���]
σ
(γ
γ
→

π�
η)

I.D., Deineka, Vanderhaeghen
(2017)

| cos ✓| < 0.9| cos ✓|  0.6, 0.8



γγ*→π+π-,  π0π0

σ

f0

Results for Q2=0.5 (prediction)

γγ*→π0η

a0

a2

Born
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f2

a2(1320) described as a Breit Wigner resonance with TFF from f2(1270) Belle 2015 data 

f2(1270) described dispersively through Omnes function

��� ��� ��� ��� ��� ���
�

��

���

���

� [���]

σ
��
(γ
γ
→

ππ
)

| cos ✓|  1.0 | cos ✓|  1.0

Coupled-channel dispersive treatment of f0(980) and a0(980) 
I.D., Deineka, Vanderhaeghen

(work in progress)

��� ��� ��� ��� ��� ��� ���
�

�

��

��

� [���]
σ
(γ
γ
→

π�
η)



γγ*→π0π0  dispersive f2(1270)

Results for f2(1270) TFF
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σ

f0

f2

One can predict the TFF for f2(1270) from dispersive analysis

|T (⇤=2)
f2

(Q2)|2 ⇡ r(2)
 
�TT (s,Q2)

�TT (s, 0)

✓
1 +

Q2

s

◆�1
!

s=M2
f2



Results for f2(1270) TFF
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T (⇤=2)
f2

(Q2) =
p
r(2)

1
�
1 +Q2/⇤2

f2

�2

⇤f2 = 1.222± 0.066GeV

Fit to Belle 2015 data

Belle 2015
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Summary and Outlook

Thank you!
 24

‣ Need to take into account f0(500), f0(980), a0(980), f2(1270), a2(1320) and non resonant 
contributions in a dispersive approach to (g-2)

 

‣ Main ingredients: γ*γ*→ππ, πη, KK… (work in progress). Can be used in 
different (g-2) dispersive approaches.   
 

‣ It is important to validate dispersive treatment of γγ*→ππ, πη, KK… with 
upcoming BES III data
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Extra slides
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no VM, S wave: unsubtracted, D wave: BW+Born with VM, S wave: once-subtracted, D wave: disp



HLbL contributions to (g-2) in units 10-10
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γ* γ* γ*

μ
γ* γ* γ*

π0
, η,

 η’

γ* γ* γ*

ππ
, π
η, 

KK, …

= + +

...
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Meson contributions to (g-2)

aLbL
µ = limk!0 ie

6

Z
d4q1
(2⇡)4

Z
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q22

1

(k � q1 � q2)2
1
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γ* γ* γ*
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Meson contributions to (g-2)
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µ = limk!0 ie

6

Z
d4q1
(2⇡)4

Z
d4q2
(2⇡)4

Tµ⌫��(q1, k � q1 � q2, q2)⇧µ⌫��(q1, k � q1 � q2, q2)

1

q21

1

q22

1

(k � q1 � q2)2
1

(p+ q1)2 �m2

1

(p0 � q2)2 �m2

Lepton tensor:  well known

γ* γ* γ*
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Meson contributions to (g-2)

aLbL
µ = limk!0 ie

6

Z
d4q1
(2⇡)4

Z
d4q2
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FNAL, J-PARC 
experiments�aexp

µ

= 1.6⇥ 10�10

aµ[f1(1285), f1(1420)] = (0.64± 0.20)⇥ 10�10

New evaluation of axial vector contributions (satisfying Landau-Yang theorem) 

Pauk, Vdh (2013)  
Jegerlehner (2015)

= (0.75± 0.27)⇥ 10�10

Results (excluding low energy region):

aµ[f2(1270), f2(1565)] = (0.1± 0.01)⇥ 10�10


