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• General problem 

• QCD HVP finite-volume effects 

• QED HVP finite-volumes effects 

• Outlook



General problem



• Lattice calculations done in a finite-volume space-time. 
Results contaminated by finite-size effects. 

• Volume: IR cutoff. Finite-size effects related to IR 
properties of correlation functions. 

• What analytical knowledge can we build for the HVP?

Motivation
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• Finite volume: momentum quantisation 
 

• Poisson summation formula: 
 
 

• In a nutshell: FV effects very much related to the 
decay at large distance of         . 

Finite-volume effects in a nutshell
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•        decay rate related to smoothness of         . 

• Easy (essentially part integration):         
     smooth ⇒          faster than any power.  
     has non-differential points ⇒         power-like. 

• A bit harder (Paley-Wiener theorems):         
     analytic in a band ⇒         decays exponentially. 

• Physics: 
Energy gap: exponential FV effects. 
Momentum singularities: power-like FV effects.

Finite-volume effects in a nutshell
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• Long-distance part of the HVP dominated by 2-pion 
states propagating. 

• Pure QCD Euclidean HVP: 2-pion integrand analytic 
up to the first pion pole. 
 
Expectations:                        (          at                ) 

• QED corrections: analytic expect for the photon pole. 
 
Expectations:                       (             at                ) 

Rough expectations for the HVP
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[Aubin et al., PRD 93(5), 2016]



QCD HVP finite-volume effects



• LO: scalar QED vacuum polarisation 
 

• Finite-volume: constant (harmonic) mode allowed 
                          .  

• Important to subtract before extracting          . 

• After subtraction, LO FV effect of                at  
Good agreement with naive estimate.

LO effects
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Figure 1. The twelve connected diagrams contributing at NLO

(a) (b) (D)

Figure 2. Diagrams (a) and (b) are the LO connected contributions to the HVP, whereas (D) is

the NLO disconnected contribution consisting of four diagrams.

equivalent up to numerical factors in the summation of diagrams, briefly present the result

for charged ones. Note that for neutral currents in the continuum in infinite volume the

Ward identity implies that ⇧µ⌫
EM(q) = (qµq⌫ � q2gµ⌫)⇧EM(q2). The quantity ⇧µ⌫

EM(q2) is

infrared divergent and it is therefore conventional to calculate the subtracted quantity
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EM (q2) + . . ., where ⇧̂µ⌫, (0)

EM (q2) and ⇧̂µ⌫, (1)
EM (q2) are the LO and NLO terms, i.e. O (e2)

and O (e4), respectively. The connected diagrams needed at NLO for the HVP are those in

fig. 1. Seeing that some of these diagrams are equal up to relabelling of momenta in the

loops, we only need to calculate diagrams (1), (2), (3), (5), (9), (11) and (12). Diagrams (1)

and (2) do not depend on the external momentum and thus cancel in the subtraction, so

only (3), (5), (9), (11) and (12) contribute. We therefore call these diagrams the embedded

sunrise (E), contact (C), embedded tadpole (T), sunset (S) and photon exhange (X) dia-

grams. It should be noted that also the diagrams in (D) in fig. 2 are needed at NLO, but
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[Aubin et al., PRD 93(5), 2016]
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• 2-loop chiPT finite-volume effects computed. Including 
with twisted boundary conditions. 
 
 
 
 
 
 

• About              correction to g-2,             of LO.

NLO effects
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•               is very big compared to               targets. 

• It is crucial to go beyond effective approaches, or to 
quantify precisely their efficiency (NNLO size ok?). 

• Important puzzle: is the resonance contribution 
small enough that one can forget about it? 

• More details with Davide after this talk.

Consequences for g-2
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QED HVP finite-volume effects

To appear: 
[J. Bijnens, P. Boyle, J. Harrison, N. Hermansson Truedsson, T. Janowski, A. Jüttner, A.P.]  
[P. Boyle, Z. Davoudi, J. Harrison, A. Jüttner, A.P., M. Savage]



• Finite-volume EM with QEDL prescription 
 

• Poisson summation formula 
 
 
 
 
not very useful… give duality relations though. 

• Power FV effects can be obtained by low-    expansion.

Periodic finite-volume QED
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• 2-loop calculation 
 
 
 
 
 
 

• Very important: Euclidean            , the only singularity 
is the photon pole.

Strategy for HVP QED FV effects
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Figure 1. The twelve connected diagrams contributing at NLO

(a) (b) (D)

Figure 2. Diagrams (a) and (b) are the LO connected contributions to the HVP, whereas (D) is

the NLO disconnected contribution consisting of four diagrams.

equivalent up to numerical factors in the summation of diagrams, briefly present the result

for charged ones. Note that for neutral currents in the continuum in infinite volume the

Ward identity implies that ⇧µ⌫
EM(q) = (qµq⌫ � q2gµ⌫)⇧EM(q2). The quantity ⇧µ⌫

EM(q2) is

infrared divergent and it is therefore conventional to calculate the subtracted quantity
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fig. 1. Seeing that some of these diagrams are equal up to relabelling of momenta in the

loops, we only need to calculate diagrams (1), (2), (3), (5), (9), (11) and (12). Diagrams (1)

and (2) do not depend on the external momentum and thus cancel in the subtraction, so

only (3), (5), (9), (11) and (12) contribute. We therefore call these diagrams the embedded
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Strategy for HVP QED FV effects
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Diagram example
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•         : family of hypergeometric functions of    . 

• Using relations between the         , the LO cancels. 

• Quite probably related to the neutrality of the system 
(no cancellation with charged current).

Total result and LO cancellation
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Scalar QED numerical check
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• LO cancellation probably universal 
(we are working on it) 

• NLO certainly not universal 
(pion structure intreating with photon zero-mode) 

• QED FV effects very small. Even if wrong by an 
order of magnitude. 

• Example on RBC-UKQCD result (non-official) 

Consequences for g-2
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Outlook



• Finite-volume effects are a critical systematics in 
lattice calculation of g-2 from the HVP. 

• 2-pion contribution well understood at NLO in chiPT 
and          in QED. 

• LO is in the range                for g-2. 

• NLO chiPT is             . 

• NLO QED looks negligible (sub-        ).

Summary
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• Direct lattice studies of volume scaling important. 

• Test of NLO 2 pion effects: can it be used directly to 
correct data? Is NNLO beyond HVP target precision? 

• Beyond 2 pions, resonances? More pions? 

• For peace of mind: check QED scaling too.

Perspectives

 23



This project has received funding from the European Research Council (ERC) under the European 
Union's Horizon 2020 research and innovation programme under grant agreement No 757646.

Thank you!


