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MOTIVATION

Uncertainty of the SM prediction for (g—2), is dominated by hadronic
contributions:

HVP i HLbLﬁ

HVP is calculated with a systematic data-driven dispersive approach:

e ds
g = = T [ s R s i)
i A 205
had 55 S x . F. Jegerlehner, Springer Tracts Mod. Phys. 274 (2017).
L (S) %, Aoy O'(”}/ o anythmg) M. Davier, Nucl. Part. Phys. Proc. 287-288, 70 (2017).

HLbL: no analogue of the simple dispersive formula

Is there an exact dispersive formula which treats HVP and HLbL (and everything
else) in the same way!?
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Dissecting the Hadronic Contributions to (g—2)ﬂ by Schwinger’s Sum Rule
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THE SCHWINGER SUM RULE a = — dv
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THE SCHWINGER TERM a@ = a/27

HADRONIC VACUUM POLARIZATION
CONTRIBUTION OF THE PRIMAKOFF MECHANISM

PSEUDOSCALAR-MESON CONTRIBUTIONS
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Cross sections for photo-absorption
on muon:
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Spin-dependent forward doubly-virtual Compton scattering:
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CIRIaINELEIE GlOH AN BC SUNE RUIPED

Sum rules are model-independent relations based on
very general principles:

 Analyticity/causality (dispersion relations)

» Unitarity (optical theorem)

» Crossing symmetry

Some sum rules of Compton scattering off a spin-1/2
particle:

2 o0 o , 1
Gy m . [ULT UTT] Burkhardt—Cottingham e
Q?=0

TEC i} Q v sum rule (1970) 0
2 o0 ,
@ ] L 3 orr(V) qerastmov—D>brell—Hearn
e % sum rule (1966)

Schwinger sum rule (1975)
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REPRODUCING THE SCHWINGER TERM

Input for Schwinger sum rule:
longitudinal-transverse photo-absorption cross section

q'z = MKLZ ; ; ;
tree-level RED oo SR caleulation Ls stmepler,
ODVWP‘CDVL soatteriwg has less of Loops
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O7m Q( Q) :Qz;izyg{_(53_|_m2—|—M§())\-|—(8+2m2_2M)2<)10g§_>\}
E L=

N (A2 S S P a2 e B et =M D s — e D
MR =0

| §

%74/\/\15 Schwinger term —

the leading RED result

F.(0)=a a)=p a1 = a/27
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v ERQIMESC R VWIHNGER SUIPTRUA B

HVP from the Schwinger sum rule with the cross section of hadron production

through timelike Compton scattering: qrons
qSZ = _QZZ hd
1°d w—mX 2
e / dM% /dy 7L Q(V Q) qQ’?
L dMX
4m2 Q?=0

+ crossed diagram

©.@)

Cross %ec’ciow = l dMX Im Hhad M2 m?2 1 lejﬂ g M( 7Qz)
factorizes: T
s T T Q? 0‘

\/'wtual,—photow A timelliee
deca Y tnto hadrons Compton scattering
1 2
, o Q z%(1 — x)
kRernel fuwctbow: — —K(M 2 m2 = — / dx
718 Qbears) it x2—|—(1—a:)(M)2</m2)

Schwinger sum rule can reproduce the HVP standard formula
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LIMITATIONS & ADVANTAGES FOR HVP
e

= e T

—+ .+« sizeof the effect: a ~ 1%

Limitations of the standard approach:

Two-photon exchange corrections hadrons

Advantages of the Schwinger sum rule:

Different mechanisms contribute and will be included in the
measured cross section (... of course there is no data yet!)

No adjustment of the Schwinger sum rule needed for
different mechanisms

No separation of final state radiation necessary — as long as ¥H§ /J’
there are hadrons in the final state
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HADRONIC CONTRIBUTIONS

podr "
uy — u + hadrons
\%\‘ f W\g uy — uy + hadrons
(a) (b)

Hadron photo-production off the muon:

(a) timelike Compton scattering
(b) Primakoff effect

1y = 1y
1y = 1yy

HLbL contribution to Compton scattering
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FH, Pascalutsa and vanderhaeghen, tn prep.

PROOF OF VANISHING PRIMAKOFF CONTR

HVP Contribution to (g—2) starts at O(2)
whereas HLbL starts at O(x3)

Contribution of the Primakoff mechanism:

Primakoff cross section is of O(?3), hence effect on (g—2) is of O(x?)

It belongs to HLbL topology, hence must be absent

To prove that the Primakoff contribution by itself is vanishing exactly:

can be expressed through the photon structure
functions observed tn LOL scattering

Pascalutsa et al.,
Phys. Rev. D 85 (2012) 116001.

I
see also talk / dr gg (CIJ, QQ) — ()
0

b5 [. Dantliein

: 1
LbL sum rules: / dr g (e 02) = 0
0
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PSEUDOSCALAR-MESON CONTRIBUTION

4 different channels: O(3)

Hadron photo-production channels

A\\\‘\\\N w\/\g No doubLg—vir’cuuL

transition form factors
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Electromagnetic channels
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NEUTRAL-PION CONTRIBUTION

1 out of 4 chanwnels (to order az): u +y — u + mo

SSegaE ustng the LMDtV single-
S Virtwal transition form factor,
Fryy*

prre

i

ﬁ CL —prod = 119
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prey
>

uy ¢
HYy
Compare with the full Tt%-pole contribution:
aT POl = 58(1.0) x 1071 Knecht & Nyffeler 2002
7ro-pole %L —10 . : ) K
a, = F.097% 1) Melnikov & Vainshtein 2004 23
g sReE s LS O Bofe mighber bl 018 .J}L‘q
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- [A- AND ETA'- CONTRIBUTIONS

1 out of 4 channels (toorder a3): u +y — u + (,1n’)

4 Y =
/ / ”
/ 7
/ //
/ 7
/ e
& a

using the VMD transttion form factor,
*, from Ngﬁ—‘eter 2009

Faonyy

Compare with the full n,n’-pole contributions:

g POl — | 45 % 10710 g7 Pole — 1 95 % 10710 Nyffeler 2009

0 0 3
a,Z'pOle . aZ’-pole =18 x 10~ Melnikov & Vainshtein 2004 .JJM’LE
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PSEUDOSCALAR-MESON CONTRIBUTION

1 out of 4 channels (to order @3): L +y = pu + (ro,n,n’)
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Compare with the full pseudoscalar-meson contributions: rg
\

a,> P =8.3(1.2) x 107"  Knecht & Nyffeler 2002
ab>Pol — 11.4(10) x 1071%  Melnikov & Vainshtein 2004 \

: e
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(8-2)e

1 out of 4 channels (to order a3): e + Yy — e + (mo,n,n’)
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— —1.53(82) x o neglecting emney, ey, eyy, ... channels

gias g SS () Jegerlehner 2016
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SUMMARY

Schwinger sum rule is an exact dispersive formula for evaluation of
hadronic contributions to (g—2) — both HVP and HLbL

Reproduces o/21T and the standard HVP formula

Splits contributions into

hadrons

(a) hadron photo-production:

* inelastic spin structure functions (directly measurable ?)

(b) e.m. (HLbL) channels:

* LQCD? direct LbL scattering (exp.) !

ST ATLAS Coll., Nature Physics 13, 852-858 (2017)
by A. Gerardin
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G HEOOK

Pseudoscalar-meson production, yu — u(119,n,1’), gives (g—2),
contribution which is a factor of 2 to 3 larger than the conventional

PS-pole calculations

UTTO
prrey ?
uy
uyy

to be continumed ...
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HVE S TANEIARL) ECIRMU A

Hadronic vacuum polarization: 2 Data-driven
approaches based on dispersion theory

A) Standard Formula
B) Schwinger Sum Rule

By
m’ﬂ'
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o(y" — anything)

decay rate of a virtual timelike

photon tnto hadrowns
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TR SO WINGER TER

2, ©.@) 2
T g 2
Schwinger sum rule: »x = —— 7 [ vr (v, @ )]

e Vo Q Q2=0

Input: longitudinal-transverse photo-absorption cross section

tree-level RED
Compton scattering

2 212
az;“_w“(y, O TacQ (s — m*) S0 m(m + v) s 3m + 2v ke I + v
4m3v2? (V2 + Q?) s V12 + Q2 V2 + Q2
o ' %Ef
F2(0)=n n©) =0 n@ = /27
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VR SCHVVINGER SUIM RUIL

on®

{
qﬁl = _QZZ “ad
IL‘ o2 = + crossed diagram

Cross section of hadron production through timelike Compton scattering:

Pt
actories into: — pX) == X
factories tnto: o(yu — puX) = g

oy — v p) ImTx (M%)

! !

timellke  virtua L-photon

Compton scattering  decay into hadrons

Timelike Compton scattering cross section:

ol i e TR 2 2 2 2 Bl
[ 0 ]Q202mzu3[(58+m S PN S ) —QMX)logB_A}
Tl S S e O s =m? + 2mv
A= (1/25)1/[s — (m + Mx)?][s — (m — Mx)?
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Hagelstein et al., tn prep.

PROOF OF VANISHING PRIMAKOFF CONTR

Contribution of the Primakoff cross section is vanishing
by itself [would be of order O(x?)]

Calculate the real part of the Compton scattering box

diagram:
R 2 2
m . : TTL(”? Q )
»=——— lim lim
L 2T Q2—0v—0 Q)
TBOX
= D=l
Q?—0 @
2 ©.@) T O
=" —/ dK/ dxsin2x/ do/’
Q2—>0 3774 0 0 Vo
a K 2 a K a K 18
= X {Sl(iKcosx,KQ) [TgL - C;S 4! Tg,T] e ;;)SXSQ(iKcosx,Kz) [Tg 3 o Tg,T] }
—=31f
2 1 Pascalutsa et al
: . ~ / X A 2 A "
LbL sum rules: Qléf_rjo : dv’ — 77V, K7,Q%) =0 Phys. Rev. D 85 (2012) 116001.
0
i o el see also talk

lim Ay =g e R G —

by (. paniliel
Q2_>0 I/O Q 3 4 o
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Gerastmov—D>rell—Hearn sum rule

= PROTCON

GDH sum rule for the muon:
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huge cancelation requires
measurements with incredible accuracy

r.h.s.: HVP starts at O(x2),
lGpH starts at O(X>)

l.h.s.: hadronic photo-production
cross section starts at O(x3)

100}

50 b
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24



FHE CROSS SEC HCOIN Oy

Example: tree-level QED Compton scattering cross section
MT/ 2\ )\//)\//M)\”)\”A ¥

dO-A/vALAWAM S (2%)45(4)(29]‘ _p’b) Z e ZI H (27T)32E/ ’
A{Y’,AL{ a

with conserved helicity: H=21"-1,=1 -1,

: A, ((JJ ALy 7\ HJJ A
2 Je, g, 2

U

helicity difference photo-absorption cross section: orr = 1/2(01/2 — 03/2)

longitudinal-transverse photo-absorption cross section:

PO =) g e b (s = D)

I
Hﬁ;\?wv 'ﬂm
/1 — ) i A’ 2
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TIME-LIKE CS & PHOTON DECAY

deﬂS AV: virtua L-photon
deca Y vertex $

R;

d3k; d3p’ AT oS
7 Al T / /H2Ek / E, (273 |[( q’2>M]64q_Zk len )
3 / t T
Q2 = -2 initial flux factor phase space of the P Squared MAtriLX

2= M2 2= (p-q)2- p2 g2 final state element of timelike CS

+ crossed diagram

Virtual-photon decay width into hadronic state X:
9 2Ek 27r3 DETN L
1

— = (¢'%g" — ¢"*¢"")ImIIx(¢'?)

5
: t

e Mx: contribution of state X to the VP

[ ] L] , I ( )
Comblne INto: = d4 // 54 S YR
o(ypu — pX) E, 2 q‘fz (g

. ; : [l M
Final factorized cross section: BT e T QX
‘ fhis 4m?2 MX

o(yp — v*p) ImMx (M%)

19.06.2018 2nd Muon g-2 Workshop, JGU Mainz Franziska Hagelstein 26



COMEBTION SUATLERING SUNMEBULES

‘ optical theorem: dispersion relations: $
| et Dt v Im Sy (v Qﬁﬂ
| v VS 2 DAL S e iy )
'"Imsl(yaQ >_ » gl(va ) Sl<V7Q )_7_‘_/1/61 dv V’Q—VQ—iO+
A’ am 00 /2 a2
ImSQ(V, Q2) — gg<$,Q2) 2 e g 55 ImSQ(V 7@ )
o VY el = dv S R
¢ 16ram (1 g1(x QQ)
— 2 )
Sl ) 0 o 1 —22(v/ve)? —i0t
o, 16mam? ! g2(z, Q%)
VSZ(”; Q ) Q2 : dz s x2<y/yel)2 2 with Vg = Q2/2m

low-energy expansion of CS amplitudes:

2

i § £ pole | o _Oéi 9

; J 1
L S2 My Sgole (V, O) AR Oé%( 7 %) e O(VZ)
4t L i 2
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MUON STRUCTURE FUNCTIONS

Muon spin structure functions measured in inelastic electron-muon scattering:

pe — ue + hadrons

) T
d?o e D e ] ; QQ :
dE'dO (i/ﬂ Tﬂ) QQ ers [( i COS )gl(.CC7 Q ) — 7 92(51;’ Q )]
d2 4 g (9E/2
T — 1) = o S (e, F) - 295, QP)

" f ”“5

Hadron photo-productlon off the muon:

(a) timelike Compton scattering

(b) Primakoff effect

il

HLbL contribution to Compton scattering

\,\ao\\rows
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Feasibility of measurement at COMPASS
as part of MUonE ?

cf. The Workshop on

Evaluation of the Leading Hadronic Contribution
to the Muon Anomalous Magnetic Moment

/ue — e T o Mainz (Germany), 2 - 5 April 2017

~ Me E. e 2
. m (4—2_%%%) = (v,., 16eV)

= (4
We
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