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• The energy spectrum from semi-leptonic decay products depends on a hadronic 
‘critical energy’, below which the decay probability is > interaction probability: 

Prompt Flux Workbook

JT

September 4, 2015

NA ! hY ! lX (1)

✏
D

0 = 9.71⇥ 10

7
[GeV ] (2)

✏
D

± = 3.84⇥ 10

7
[GeV ] (3)

✏
D

±
s
= 8.40⇥ 10

7
[GeV ] (4)

✏⇤c = 24.4⇥ 10

7
[GeV ] (5)

(6)

1.

d�N
dX

= ��N
�N

+ S(NA ! NY ) = ��N
�N

+ Z
NN

�N
�N

2.

d�M
dX

= S(NA ! MY )� �M

⇢dM (E)�
�M
�M

+S(MA ! MY ) = � �M

⇢dM (E)�
�M
�M

+Z
MM

�M
�M

+

Z
NM

�N
�N

3.

d�l
dX

=

P
M

S(M ! lY ) =

P
M

Z
M!l

�M
⇢dM

1.

d�p

dX

= ��p

�p
+ Z

pp

�p

�p

2.

d�h
dX

= � �h
⇢dh(E) �

�h
�h

+ Z
hh

�h
�h

+ Z
ph

�p

�p

3.

d�l
dX

=

P
h

Z
h!l

�h
⇢dh

�
l

|
low

= �
p

(E) Z low

h!l

Z
ph

(1� Z
pp

)

(7)

�
l

|
high

=

Z
h!l

✏
h

E

Z
ph

�
p

(E)

(1� Z
pp

)(1� ⇤p

⇤h
)

ln

⇤

h

⇤

p

(8)

1

dn(h ! lY ;E0, E)

dE
=

1

�

d�

dE
(18)

�
h

|
low

=

Z
ph

⇤

p

(1� Z
pp

)

⇢d
h

�
p

(E)e
� X

⇤p
(19)

�
h

|
high

=

Z
ph

�
p

(E)

(1� Z
pp

)

(e
� X

⇤h � e
� X

⇤p
)

(1� ⇤p

⇤h
)

(20)

dn(h ! lY ;E0, E) = F
h!l

✓
E

E0

◆
dE

E0 (21)

Z
h!l

=

Z 1

0
dx

E

�
h

(E/x
E

)

�
h

(E)

F
h!l

(x
E

) (22)

Z
h!l

=

Z 1

0
dx

E

x�
E

F
h!l

(x
E

) (23)

�
l

=

X

h

�low

l

�high

l

�low

l

+ �high

l

(24)

✏
h

=

m
h

c2h0
c⌧

h

cos ✓
(25)

high �
h

/ �
p

(26)

low �
h

/ E�
p

(27)

3

Prompt Flux Workbook

JT

September 4, 2015

NA ! hY ! lX (1)

✏
D

0 = 9.71⇥ 10

7
[GeV ] (2)

✏
D

± = 3.84⇥ 10

7
[GeV ] (3)

✏
D

±
s
= 8.40⇥ 10

7
[GeV ] (4)

✏⇤c = 24.4⇥ 10

7
[GeV ] (5)

(6)

✏
⇡

± = 115 [GeV ] (7)

✏
K

± = 850 [GeV ] (8)

(9)

1.

d�N
dX

= ��N
�N

+ S(NA ! NY ) = ��N
�N

+ Z
NN

�N
�N

2.

d�M
dX

= S(NA ! MY )� �M

⇢dM (E)�
�M
�M

+S(MA ! MY ) = � �M

⇢dM (E)�
�M
�M

+Z
MM

�M
�M

+

Z
NM

�N
�N

3.

d�l
dX

=

P
M

S(M ! lY ) =

P
M

Z
M!l

�M
⇢dM

1.

d�p

dX

= ��p

�p
+ Z

pp

�p

�p

2.

d�h
dX

= � �h
⇢dh(E) �

�h
�h

+ Z
hh

�h
�h

+ Z
ph

�p

�p

3.

d�l
dX

=

P
h

Z
h!l

�h
⇢dh

1

• For pions & kaons, this critical energy is low (decay length is long)  hence the 
leptonic energy spectrum is soft.  For charmed mesons, the critical energy is high 
… they decay promptly to highly energetic leptons:

• The atmospheric neutrino flux from the decay of pions & kaons is the ‘conventional 
flux,’ whereas that from charm decay is called the ‘prompt flux’
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Previous calculations

Calculating the prompt flux of atmospheric neutrinos requires a 
synthesis of QCD, cosmic ray physics, and neutrino physics

• Lipari, Astroparticle Physics 1 (1993) 195
• Thunman, Ingelman, Gondolo (TIG), Astroparticle Physics 5 (1993) 309
• Pasquali, Reno, Sarcevic (PRS), Physical Review D59 (1999) 034020

• Enberg, Reno, Sarcevic (ERS), Physical Review D78 (2008) 043005
• Bhattacharya, Enberg, Reno, Sarcevic, Stasto (BERSS), arXiv:1502.01076
• Garzelli, Moch, Sigl (GMS), arXiv:1507.01570

• Martin, Ryskin, Stasto (MRS), Acta Physica Polonica B34 (2003) 3273

• Bugaev, Naumov, Sinegovksy, Zaslavskaya, Il Nuovo Cimento C 12 (1989) 41
• Volkova, Sov. J. Nucl. Physics 12 (1980) 784

• Gelmini, Gondolo, Varieschi (GGV1), Physical Review D61 (2000) 036005
• Gelmini, Gondolo, Varieschi (GGV2), Physical Review D61 (2000) 056011

• Bhattacharya, Enberg, Jeong, Kim, Reno, Sarcevic, Stasto, arXiv:1607.00193
• Gauld, Rojo, Rottoli, Sarkar, Talbert (GRRST), arXiv:1511.06345

• PROSA Collaboration, arXiv:1611.03815
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• The flux of prompt neutrinos is harder than that of conventional neutrinos, and was 
predicted to dominate the total atmospheric flux at energies above  ~105 - 6 GeV

Where are the prompt neutrinos?

• The conventional background is well understood as it has been calibrated against 
many observations … uncertainties in charm production make the prompt flux less 
so but it is the most important background for the expected astrophysical flux!
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No prompt flux seen so far … but an astrophysical 
signal with ~similar spectrum has been discovered!10 M. G. AARTSEN ET AL.
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Figure 5. Best-fit neutrino spectra for the unbroken power-law
model. The line widths (blue, red) represent the one sigma error
on the measured spectrum where the green line represents the up-
per limit on the prompt model (Enberg et al. 2008). The horizon-
tal width of the red band denotes the energy range of neutrino en-
ergies which contribute 90% to the total likelihood ratio between
the best-fit and the conventional atmospheric-only hypothesis. The
black crosses show the unfolded spectrum published in Kopper et al.
(2015).

4.2. Astrophysical flux
The best-fit for the unbroken power-law model of the as-

trophysical flux results in

�⌫+⌫ =
�
0.90+0.30

�0.27

�
· (E⌫/100 TeV)�(2.13±0.13) (4)

in units of 10�18 GeV�1 cm�2 sr�1 s�1. The statistical sig-
nificance of this flux with respect to the atmospheric-only hy-
pothesis is 5.6 standard deviations. The fit results are shown
in Fig. 5 and summarized in Tab. 3. The quoted errors are
based on the profile likelihood using Wilks’ theorem (Wilks
1938) and include both statistical and systematic uncertain-
ties. No contribution from prompt atmospheric neutrinos is
preferred by the best-fit spectrum and an upper limit, based
on the profile likelihood is shown in Fig. 5. For more infor-
mation about the upper limit for prompt atmospheric neutri-
nos see Sec. 6.

Table 3. Best-fit parameter values for
the unbroken power-law model. �

astro

is the normalization of the astrophysical
neutrino flux at 100 TeV and is given
in units of 10�18 GeV�1 s�1 sr�1 cm�2.
�

prompt

is given in units of the model in
Enberg et al. (2008). The normalizations
correspond to the sum of neutrinos and
antineutrinos.

Parameter Best-Fit 68% C.L.

�
astro

0.90 0.62 � 1.20

�
astro

2.13 2.00 � 2.26

�
prompt

0.00 0.00 � 0.19
Figure 6. Two-dimensional profile likelihood scans of the astrophys-
ical parameter �

astro

, �
astro

and the prompt normalization �
prompt

in units of the model in Enberg et al. (2008). The contours at 68%,
90% and 95% CL assuming Wilks’ theorem are shown.
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Tension with ERS benchmark? arXiv:hep-ph/0806.0418
arXiv:astro-ph/1410.1749

Even stronger limit of ~0.5×ERS @ 90% C.L. from combined IC59 + IC79 + IC86 data?
(Sebastian Schonen, IPA 2015)

arXiv:hep-ph/1607.08006
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FIG. 7. Average deposited-energy spectra expected from the various sources of neutrinos in this analysis from the southern
and northern skies. The conventional atmospheric component corresponds to the calculation of [19], with corrections for the
knee of the cosmic-ray spectrum and the fraction vetoed by accompanying muons, while the prompt component corresponds
to the calculation of [28] with similar corrections, but with the normalization taken from the previously-published upper limit
of 3.8 [53]. The astrophysical component corresponds to Eq. (1) with �

0

= 10�18 GeV�1 cm�2 sr�1 s�1 and � = 2.

TABLE I. Best fit parameters and number of events at-
tributable to each component. The normalizations of the
atmospheric fluxes are relative to the models described in
Sec. III. The per-flavor normalization �

0

and spectral index
� of the astrophysical flux are defined in Eq. (1); the fit to
the astrophysical flux is sensitive to 25 TeV < E⌫ < 1.4 PeV.
The two-sided error ranges given are 68% confidence regions
in the �2 approximation; upper limits are at 90% confidence.
The goodness-of-fit p-value for this model is 0.2.

Parameter Best-fit value No. of events
Penetrating µ flux 1.73± 0.40�sibyll+dpmjet 30± 7
Conventional ⌫ flux 0.97+0.10

�0.03 �HKKMS 280+28

�8

Prompt ⌫ flux < 1.52�ERS (90% CL) < 23
Astrophysical �

0

2.06+0.35
�0.26 ⇥ 10�18

87+14

�10

GeV�1 cm�2 sr�1 s�1

Astrophysical � 2.46± 0.12

significant; correlated fluctuations of the observed size or
greater are expected from a smooth underlying power-
law spectrum in 5% of experiments. The events in the
energy and zenith region of the excess are overwhelm-
ingly cascade-like and display no signs of early hits from
penetrating atmospheric muons. Their rate far exceeds
that expected from penetrating muon background and
conventional atmospheric neutrinos (⇠ 1 event per year),

and their distribution in time and within the fiducial vol-
ume is compatible with a uniform one. Known sources of
systematic uncertainty in the neutrino acceptance of the
detector, like the optical properties of the glacial ice or
the optical e�ciency of the DOM, are unable to create
structure in the observed energy distribution. At present,
we interpret this as a statistical fluctuation. We expect
that future searches using more years of data will help
constrain the cause of the excess, either by reducing its
significance or by strengthening it enough that definitive
statistical statements can be made.

The spectral index of 2.46 needed to explain the low-
energy data has implications for the underlying neutrino
production mechanism. As pointed out in [81], pp in-
teractions produce neutrinos and �-rays that follow the
same scale-free power-law spectrum, and the � spectra
from pp interactions at ⇠GeV energies can be extrapo-
lated to the TeV range where IceCube observes neutri-
nos. This extrapolation argument does not apply to p�
interactions. If the di↵use extragalactic � background
measured by Fermi-LAT is due to extragalactic pp inter-
actions in optically thin regions, then the spectral index
of the associated neutrino spectrum must be smaller than
2.2. [81]. The data presented here indicate that the neu-
trino spectrum is softer than E�2.2 with 90% confidence

18 M. G. AARTSEN ET AL.

ure 19 shows the best-fit prompt normalization as a function
of the astrophysical normalization and spectral index. Ad-
ditionally, the two-dimensional confidence contours for the
astrophysical parameters are shown. In the region where
our experimental data is compatible with our single power
law model, the best-fit prompt normalization does not de-
viate from zero. Only for strong deviations from the best-
fit astrophysical spectrum is a non-zero prompt normaliza-
tion fitted, but this is strongly disfavored with respect to
the best-fit. Such behavior is expected. If the astrophysi-
cal flux decreases, the measured high-energy events need to
be explained by another component. Assuming an unbroken
power law model for the astrophysical flux, the sensitivity for
the prompt neutrino flux, taking into account the systematic
uncertainties, is estimated to be 1.5 ⇥ ERS. Note that the
sensitivity (median expected upper limit in the absence of a
prompt neutrino flux) on a prompt neutrino flux depends on
the chosen input values for the astrophysical flux.

In the absence of an indication of a non-zero prompt con-
tribution an upper limit is calculated. Based on the pro-
file likelihood for the prompt normalization, the upper limit
at 90% confidence level is 0.50 ⇥ ERS. The more strin-
gent limit compared to the sensitivity is caused by an under-
fluctuation of the conventional atmospheric and astrophysical
background by about one standard deviation.

For this reason we scan the resulting limit on the prompt
flux as a function of the astrophysical signal parameters.

Figure 20 shows the joint three-dimensional 90% confi-
dence region for the prompt flux and the astrophysical param-
eters. It was obtained using Wilks’ theorem, and is bound by
the surface for which �2� log L is 6.25 higher than the best-
fit value. The maximum prompt flux in the three-dimensional
confidence region is 1.06⇥ERS. We take this as a conserva-
tive upper limit on the prompt flux. Further tests have shown
that reasonable changes to the astrophysical hypothesis, such
as the introduction of a high-energy cut-off, have only small
effects on this limit.

Several more recent calculations of the prompt flux have
been published: GMS (H3p) (Garzelli et al. 2015), BERSS
(H3p) (Bhattacharya et al. 2015) and GRSST (H3p) (Gauld
et al. 2016). Figure 21 shows multiple predictions for the
prompt flux as well as the upper limit calculated here us-
ing the prediction from Enberg et al. (2008) and taking into
account a more realistic cosmic-ray model (Gaisser 2012).
Since nuisance parameters describing the uncertainties of the
cosmic-ray model, e.g. the cosmic-ray spectral index, are
implemented the upper limit curve slightly deviates from the
ERS prediction including the knee. The energy range has
been calculated such that the limit increases by 10% if only
neutrinos with energies in that range are taken into account.
For the sensitive region which is between 9 TeV to 69 TeV
the effect of the prompt predictions is only a change in nor-
malization and it is therefore appropriate to convert the limit
obtained with the ERS prediction to the other predictions.
Also the cosmic ray composition only changes the normal-
ization in this energy range. The values are summarized in
Tab. 5.

Figure 21. Prompt atmospheric muon neutrino flux predictions
shown as dashed lines (Enberg et al. 2008; Bhattacharya et al. 2015;
Gauld et al. 2016; Garzelli et al. 2015) in comparison to the con-
straint on the prompt flux given by this analysis. The shaded area
shows the uncertainty band corresponding to the prediction in Gauld
et al. (2016). Besides the ERS (H3p) predicition this is the closest
band to the prompt flux constraint. For a better readability the un-
certainty bands of the other models are not shown. The black solid
line shows the neutrino energy region where the prompt neutrino
flux based on the model in Enberg et al. (2008) is constrained. The
black dotted line indicates the model behavior including the best-
fit nuisance parameters beyond the sensitive energy range. All flux
predictions are based on the cosmic ray model from Gaisser (2012).

Table 5. Limits for fluxes of prompt neutrinos
for different predictions. The limits for GMS
(H3p) (Garzelli et al. 2015), BERSS (H3p) (Bhat-
tacharya et al. 2015) and GRSST (H3p) (Gauld
et al. 2016) are determined by rescaling the ERS
(H3p) limit with the corresponding flux ratio at
30 TeV which is well within the sensitive energy
range. All flux predictions are based on the cos-
mic ray model from Gaisser (2012).

Model Flux limit

ERS (H3p) 1.06
GMS (H3p) ⇡ 2.9

BERSS (H3p) ⇡ 3.0

GRSST (H3p) ⇡ 3.1

7. SUMMARY AND CONCLUSIONS
In this paper we have presented the result of analyz-

ing 6 years of up-going muon data measured with the Ice-
Cube neutrino telescope. We measure an astrophysical
flux of �⌫+⌫ =

�
0.90+0.30

�0.27

�
10�18 GeV�1 cm�2 sr�1 s�1 ·

(E⌫/100 TeV)�(2.13±0.13) with statistical significance of 5.6
standard deviations with respect to only being of atmospheric
origin. With this result we have further established the ob-
servation of an astrophysical neutrino signal (Aartsen et al.
2013a, 2014b, 2015c) in a second, largely independent de-
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Figure 17. Two-dimensional profile likelihood scans of the astro-
physical parameters �

astro

and �
astro

for the two disjoint right as-
cension regions, one containing the Northern Hemisphere part of
the galactic plane (red) and the other not (black). The contour lines
at 68% and 90% CL assume Wilks theorem.

Figure 18. Signal over square root of background for the recon-
structed muon energy vs. zenith angle corresponding to 6 years
of IceCube data after applying the event selection for the 86-string
configuration (IC2012-2014). Here, background is defined as the
sum of the conventional atmospheric (Honda et al. 2007) and as-
trophysical (10�8 ⇥ E�2) ⌫µ + ⌫̄µ flux. The prompt atmospheric
(Enberg et al. 2008) ⌫µ + ⌫̄µ flux is defined as signal. The num-
bers in each bin correspond to the expected number of background
events in 6 years.

ever a small, sub-dominant contribution cannot be excluded.

6. SEARCH FOR A SIGNATURE OF PROMPT
ATMOSPHERIC NEUTRINOS

The expected prompt neutrino flux provides a background
for the measurement of the astrophysical flux. However, a
flux of prompt neutrinos is interesting by itself and can be
constrained by the present analysis.

The prompt flux predicted in Enberg et al. (2008) is sub-
dominant to the conventional flux at low energies and the as-

Figure 19. Best-fit prompt normalization �
prompt

in units of the
model in Enberg et al. (2008) for each scan point �

astro

, �
astro

.
Additionally, the two-dimensional contours for �

astro

, �
astro

are
shown.
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Figure 20. 90% CL contour assuming Wilks’ theorem based on a
three dimensional profile likelihood scans of the astrophysical pa-
rameters �

astro

, �
astro

and the prompt normalization �
prompt

in
units of the model in Enberg et al. (2008).

trophysical flux at high energies. Nevertheless, the correla-
tion of the energy spectrum and arrival directions of neutri-
nos at the detector lead to a clear signature. Figure 18 shows
the pulls for simulated data corresponding to six years of live
time and based on the IC2012-2014 event selection. Here,
signal is defined as the prompt expectation and background
is the sum of the conventional and astrophysical flux. The
main effect of a prompt neutrino flux on the two observables
will be visible for muon energy proxy values between 1 TeV
and 100 TeV in the fairly up-going directions. However, a
large part of this signature is absorbed within the uncertain-
ties represented by the implemented nuisance parameters (cf.
Sec. 3.2).

The overall best-fit prompt normalization is zero. Fig-
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FIG. 5: Prompt and conventional νµ+ν̄µ fluxes in the vertical
direction. The shaded band is the theoretical uncertainty
band for the prompt flux calculated in this paper with the
dipole model. The dashed line shows the conventional flux
from Gaisser and Honda (GH) [11] and the dotted line is the
conventional flux calculated in Ref. [15] (TIG).

IV. RESULTS AND DISCUSSION

Our result for the vertical muon neutrino plus antineu-
trino flux from atmospheric charm is shown in Figure 5,
which shows the theoretical uncertainty band for the DM
calculation, estimated as described above. For compar-
ison the conventional neutrino fluxes [11, 15] from π-
and K-decays are also shown. We find that the verti-
cal prompt muon neutrino flux becomes dominant over
the conventional neutrino flux at energies between 105

GeV and 105.5 GeV.
The theoretical uncertainty due to choices of gluon

distribution, charm quark mass, factorization scale, and
other parameters in the dipole model result in the range
of fluxes represented by the shaded area in Figure 5. The
shape of the prompt neutrinos is only weakly dependent
on the choice of parameters, but the overall normaliza-
tion could vary by up to a factor of two in this model for
charm production.

We compare our result to three earlier calculations of
the prompt neutrino flux:

1. Thunman, Ingelman and Gondolo (TIG) [15]. This
was the first perturbative QCD calculation and was
done at the leading order (LO) in αs. It takes
the fragmentation of charm quarks into account
through Monte Carlo simulation using the Lund
string model [65] implemented in the event genera-
tor Pythia [66]. The small-x PDFs are extrapolated
with e.g., xG(x, µ2) ∼ x−0.08.

2. Pasquali, Reno and Sarcevic (PRS) [14]. This re-
sult uses the next-to-leading order (NLO) QCD re-
sult of [67] with power law extrapolations of the
small-x PDFs. The PRS evaluation does not take
fragmentation into account. We have therefore car-
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FIG. 6: Prompt muon neutrino fluxes obtained in perturba-
tive QCD. The shaded area represents the theoretical uncer-
tainty in the prompt neutrino flux evaluated in this paper,
and the solid line in the band is our standard result. The
dashed curve is the NLO perturbative QCD calculation of
Ref. [14] (PRS), modified here to include fragmentation, the
dotted curve is the saturation model result of Ref. [16] (MRS),
and the dash-dotted curve is the LO perturbative QCD cal-
culation of Ref. [15] (TIG).

ried out a simplified version of this calculation, tak-
ing fragmentation into account in the same way
as we did for the DM calculation: we compute
the charmed hadron cross section in leading order
QCD using KK fragmentation functions [57], and
multiply with a K-factor K = σ(NLO)/σ(LO) ≈
2. This reproduces the full NLO calculation of
Ref. [14] at the parton level to an adequate accu-
racy.

3. Martin, Ryskin and Staśto (MRS) [16]. This calcu-
lation takes fragmentation into account by assign-
ing the neutrino a fixed fraction of the momentum
of the mother meson, and is done using the sat-
uration model of Golec-Biernat and Wüstoff [33]
described above.

We show the results from these other evaluations of the
vertical muon neutrino plus antineutrino flux together
with our uncertainty band in Figure 6. The theoretical
uncertainties in the standard NLO QCD calculation of
the charm cross section are the choice of the renormal-
ization and factorization scales, the charm mass, and the
small x behavior of the gluon distribution [58]. The im-
pact of some of these uncertainties on the neutrino flux
has been studied in Ref. [17].

The MRS curve in Fig. 6 is at the lower border of
our DM uncertainty band. There is approximately a fac-
tor of two between the MRS and the central DM results,
coming from the different parameterizations of σd. The
enhancement is also seen in calculations of photoproduc-
tion of heavy quarks [59] comparing the GBW model and
the improved DM model of Eq. 13. The DM cross sec-
tion for charm pair production in pp collisions lies within
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Tracing a particle through the atmosphere

Lepton Flux/Cascade Equations
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1 Re-deriving the ERS relations

1.1 Basic Notation and Assumptions

The flux of leptons coming from cosmic ray nucleons incident on air molecules is calculated
in various previous works ([1, 2, 3, 4]) using a series of coupled di↵erential equations
dependent on the slant depth X measuring the atmosphere traversed by a particle:

X(l, ✓) =

Z 1

l

⇢(h(l
0
, ✓))dl

0
(1)

where ⇢ is some model of the atmosphere dependent on the distance from the ground l
and zenith angle ✓. In ERS the horizontal depth of the atmosphere is taken to be X '
36, 000[ g

cm

2 ] and the vertical depth is X ' 1, 300[ g

cm

2 ]. Most calculations are concerned
with small angular regions about the vertical (✓ = 0) as this is the region where the
conventional flux is the smallest.

For a particle of species j at energy E and slant depth X, the cascade equation for a
flux �

j

= �
j

(X,E) is generally of the form:

d�
j

dX
= ��

j

�
j

� �
j

�dec

j

+
X

S(k ! j) (2)

where �
j

is the interaction length of the particle, �dec

j

is its decay length, and S(k ! j)
is some (re)generation function describing the production of the particle from a hadron of
species k, which can be written explicitly as:

S(k ! j) =

Z 1

E

�
k

(E
0
k

)

�
k

(E
0
k

)

dn(k ! j;E
0
, E)

dE
dE

0
(3)

Citing Gaisser [5], Lipari claims that this can be simplified given the following assumptions:

• The hadron flux can be factorized: �
k

(E,X) = �
k

(E)�
k

(X) (with �
k

(E) assuming
a power law form, E��)

1

• The flux of particle j can be generically written as:

• This depends on the ‘slant depth’ X measuring the atmosphere traversed:

• We adopt a simple isothermal model of the atmosphere:

• Such that sample values of X are:
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2 The Z-moments

We have two types of Z-moments—those for (re)generation and those for decays.

2.1 The (re)generation moments

The spectrum-weighted Z-moments for (re)generation, i.e. Z

NN

, Z

NM

, Z

MM

are generi-
cally defined as:

Z

kh

=

Z 1

E

dE

0 �
k

(E0
, X, ✓)

�

k

(E,X, ✓)

�

k

(E)

�

k

(E0)

dn(kA ! hY ;E0
, E)

dE

(4)

We assume a factorization for the fluxes, �
k

(E,X, ✓) = �

k

(E)�
k

(X, ✓), and are concerned
with small angular regions about the vertical (✓ = 0). Nucleon and meson fluxes develop
rapidly in the atmosphere, and hence the ratio of fluxes can be considered independent of
X and ✓ to a good approximation:

Z
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These moments depend on the interaction length �

j

which, for nucleons, is given by (A =
average atomic number of air = 14.5, N

0

= Avogadro’s number):

�

N

(E) =
A

N

0

�

pA

(E)
(6)

Furthermore, for the case of production moments, the distribution dn

dE

is given by:

dn(pA ! hY ;E0
, E)

dE

=
1

�

pA

(E0)
| {z }
maybe?

d�(pA ! hY ;E0
, E)

dE

(7)

and the cross section for charmed hadron production is known to scale with the atomic
number A: �(pA ! cc̄Y ) ' A�(pN ! cc̄Y ).Then the moment for proton-initiated produc-
tion simplifies even further:

Z
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, E)

dE

(8)

It is then clear that knowledge of the interaction lengths requires knowledge of total cross-
sections �. There are multiple parameterizations on the market for �

pA

. PRS use the
following from Knapp, Engler, Mielke, and Foller, e.g.:

�

pA

(E) = 280� 8.7 ln(E/GeV ) + 1.14 ln2(E/GeV ) [mb] (9)
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1 Re-deriving the ERS relations

1.1 Basic Notation and Assumptions

The flux of leptons coming from cosmic ray nucleons incident on air molecules is calculated
in various previous works ([1, 2, 3, 4]) using a series of coupled di↵erential equations
dependent on the slant depth X measuring the atmosphere traversed by a particle:

X(l, ✓) =

Z 1

l

⇢(h(l
0
, ✓))dl

0
(1)

where ⇢ is some model of the atmosphere dependent on the distance from the ground l
and zenith angle ✓. In ERS the horizontal depth of the atmosphere is taken to be X '
36, 000[ g

cm

2 ] and the vertical depth is X ' 1, 300[ g

cm

2 ]. Most calculations are concerned
with small angular regions about the vertical (✓ = 0) as this is the region where the
conventional flux is the smallest.

For a particle of species j at energy E and slant depth X, the cascade equation for a
flux �

j

= �
j

(X,E) is generally of the form:

d�
j

dX
= ��

j

�
j

� �
j

�dec

j

+
X

S(k ! j) (2)

where �
j

is the interaction length of the particle, �dec

j

is its decay length, and S(k ! j)
is some (re)generation function describing the production of the particle from a hadron of
species k, which can be written explicitly as:

S(k ! j) =

Z 1

E

�
k

(E
0
k

)

�
k

(E
0
k

)

dn(k ! j;E
0
, E)

dE
dE

0
(3)

Citing Gaisser [5], Lipari claims that this can be simplified given the following assumptions:

• The hadron flux can be factorized: �
k

(E,X) = �
k

(E)�
k

(X) (with �
k

(E) assuming
a power law form, E��)

1

• For particle production:

• For particle decay:

• Under reasonable assumptions, the S-moments simplify: 
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=
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=
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✏

h

E

Z

ph

�

p

(E)

(1� Z

pp

)(1� ⇤p
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⇤
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k
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k

Z
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dE

=

1

�
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(E

0
)
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0
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Z

ph
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E

dE
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p

(E

0
)
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(E)

A

�
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(E)

d�(pp ! cc̄Y ;E

0
, E)

dE

(5)
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=
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=
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|
high

=

Z

h!l

✏
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0
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=
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0
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(4)

�

pA

(E) = 290� 8.7 ln(E/GeV ) + 1.14 ln

2
(E/GeV ) [mb] (5)

1

• The interaction length �
k

is independent of energy

• The di↵erential cross section exhibits Feynman Scaling

The last point (Feynman scaling) is not necessary for our calculations, and can actually
be investigated/tested as in [2]. With these assumptions, the (re)generation functions can
be rewritten as S(k ! j) = �k

�k
Z
kj

where Z
kj

is independent of the slant depth X (see any
of the references for an explicit form, though it is obvious). Finally, then, one can write
down the coupled equations for nucleon (N), meson (M), and lepton (l) fluxes:

1. d�N
dX

= ��N
�N

+ S(NA ! NY ) = ��N
�N

+ Z
NN

�N
�N

2. d�M
dX

= S(NA ! MY )� �M
⇢dM (E)

� �M
�M

+S(MA ! MY ) = � �M
⇢dM (E)

� �M
�M

+Z
MM

�M
�M

+

Z
NM

�N
�N

3. d�l
dX

=
P

M

S(M ! lY ) =
P

M

Z
M!l,�+1

�M
⇢dM

In the above, d
M

(E) = c��⌧ (the decay length).

1.2 Solving the Flux Equations

Below I’ll show how to reach the solutions to the above equations presented in [1, 2, 3, 4].
They are generally first order di↵erential equations, and thus largely standard problems,
though many physics assumptions translate to simplifications and special limits that yield
the published results.

The first equation (1) is the simplest. It reduces to:

d�
N

dX
=

�
N

�
N

(Z
NN

� 1) ! d�
N

dX
+

�
N

�
N

(1� Z
NN

) = 0 (4)

which has the obvious solution (defining ⇤
N

= �N
(1�ZNN )

)

�
N

= e
� X

⇤N  (5)

which, upon imposing the factorization assumption, gives

�
N

= �
N

(E)e
� X

⇤N (6)

The meson and lepton flux equations are solved in the low and high energy limits, and
then interpolated between. In the low energy limit for mesons, the probability of hadron
interaction is minimal, thus the interaction and regeneration terms can be neglected. Using
(6) one obtains

d�
M

dX
|
low

= � �
M

⇢d
M

(E)
+Z

NM

�
N

�
N

! d�
M

dX
+

�
M

⇢d
M

(E)
=

Z
NM

�
N

(E)

⇤
N

(1� Z
NN

)
e
� X

⇤N ⌘ �e
� X

⇤N (7)
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Lepton Flux/Cascade Equations
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1 Re-deriving the ERS relations

1.1 Basic Notation and Assumptions

The flux of leptons coming from cosmic ray nucleons incident on air molecules is calculated
in various previous works ([1, 2, 3, 4]) using a series of coupled di↵erential equations
dependent on the slant depth X measuring the atmosphere traversed by a particle:

X(l, ✓) =

Z 1

l

⇢(h(l
0
, ✓))dl

0
(1)

where ⇢ is some model of the atmosphere dependent on the distance from the ground l
and zenith angle ✓. In ERS the horizontal depth of the atmosphere is taken to be X '
36, 000[ g

cm

2 ] and the vertical depth is X ' 1, 300[ g

cm

2 ]. Most calculations are concerned
with small angular regions about the vertical (✓ = 0) as this is the region where the
conventional flux is the smallest.

For a particle of species j at energy E and slant depth X, the cascade equation for a
flux �

j

= �
j

(X,E) is generally of the form:

d�
j

dX
= ��

j

�
j

� �
j

�dec

j

+
X

S(k ! j) (2)

where �
j

is the interaction length of the particle, �dec

j

is its decay length, and S(k ! j)
is some (re)generation function describing the production of the particle from a hadron of
species k, which can be written explicitly as:

S(k ! j) =

Z 1

E

�
k

(E
0
k

)

�
k

(E
0
k

)

dn(k ! j;E
0
, E)

dE
dE

0
(3)

Citing Gaisser [5], Lipari claims that this can be simplified given the following assumptions:

• The hadron flux can be factorized: �
k

(E,X) = �
k

(E)�
k

(X) (with �
k

(E) assuming
a power law form, E��)

1

2 The Z-moments

We have two types of Z-moments—those for (re)generation and those for decays.

2.1 The (re)generation moments

The spectrum-weighted Z-moments for (re)generation, i.e. Z

NN

, Z

NM

, Z

MM

are generi-
cally defined as:

Z

kh

=

Z 1

E

dE

0 �
k

(E0
, X, ✓)

�

k

(E,X, ✓)

�

k

(E)

�

k

(E0)

dn(kA ! hY ;E0
, E)

dE

(4)

We assume a factorization for the fluxes, �
k

(E,X, ✓) = �

k

(E)�
k

(X, ✓), and are concerned
with small angular regions about the vertical (✓ = 0). Nucleon and meson fluxes develop
rapidly in the atmosphere, and hence the ratio of fluxes can be considered independent of
X and ✓ to a good approximation:

Z

kh

=

Z 1

E

dE

0 �
k

(E0)

�

k

(E)

�

k

(E)

�

k

(E0)

dn(kA ! hY ;E0
, E)

dE

(5)

These moments depend on the interaction length �

j

which, for nucleons, is given by (A =
average atomic number of air = 14.5, N

0

= Avogadro’s number):

�

N

(E) =
A

N

0

�

pA

(E)
(6)

Furthermore, for the case of production moments, the distribution dn

dE

is given by:

dn(pA ! hY ;E0
, E)

dE

=
1

�

pA

(E0)
| {z }
maybe?

d�(pA ! hY ;E0
, E)

dE

(7)

and the cross section for charmed hadron production is known to scale with the atomic
number A: �(pA ! cc̄Y ) ' A�(pN ! cc̄Y ).Then the moment for proton-initiated produc-
tion simplifies even further:

Z

ph

=

Z 1

E

dE

0 �
p

(E0)

�

p

(E)

A

�

pA

(E)
| {z }
maybe?

d�(pA ! cc̄Y ;E0
, E)

dE

(8)

It is then clear that knowledge of the interaction lengths requires knowledge of total cross-
sections �. There are multiple parameterizations on the market for �

pA

. PRS use the
following from Knapp, Engler, Mielke, and Foller, e.g.:

�

pA

(E) = 280� 8.7 ln(E/GeV ) + 1.14 ln2(E/GeV ) [mb] (9)

2

Assume a factorization of fluxes

Define the interaction length

Define the attenuation length

• The interaction length �
k

is independent of energy

• The di↵erential cross section exhibits Feynman Scaling

The last point (Feynman scaling) is not necessary for our calculations, and can actually
be investigated/tested as in [2]. With these assumptions, the (re)generation functions can
be rewritten as S(k ! j) = �k

�k
Z
kj

where Z
kj

is independent of the slant depth X (see any
of the references for an explicit form, though it is obvious). Finally, then, one can write
down the coupled equations for nucleon (N), meson (M), and lepton (l) fluxes:

1. d�N
dX

= ��N
�N

+ S(NA ! NY ) = ��N
�N

+ Z
NN

�N
�N

2. d�M
dX

= S(NA ! MY )� �M
⇢dM (E)

� �M
�M

+S(MA ! MY ) = � �M
⇢dM (E)

� �M
�M

+Z
MM

�M
�M

+

Z
NM

�N
�N

3. d�l
dX

=
P

M

S(M ! lY ) =
P

M

Z
M!l,�+1

�M
⇢dM

In the above, d
M

(E) = c��⌧ (the decay length).

1.2 Solving the Flux Equations

Below I’ll show how to reach the solutions to the above equations presented in [1, 2, 3, 4].
They are generally first order di↵erential equations, and thus largely standard problems,
though many physics assumptions translate to simplifications and special limits that yield
the published results.

The first equation (1) is the simplest. It reduces to:

d�
N

dX
=

�
N

�
N

(Z
NN

� 1) ! d�
N

dX
+

�
N

�
N

(1� Z
NN

) = 0 (4)

which has the obvious solution (defining ⇤
N

= �N
(1�ZNN )

)

�
N

= e
� X

⇤N  (5)

which, upon imposing the factorization assumption, gives

�
N

= �
N

(E)e
� X

⇤N (6)

The meson and lepton flux equations are solved in the low and high energy limits, and
then interpolated between. In the low energy limit for mesons, the probability of hadron
interaction is minimal, thus the interaction and regeneration terms can be neglected. Using
(6) one obtains

d�
M

dX
|
low

= � �
M

⇢d
M

(E)
+Z

NM

�
N

�
N

! d�
M

dX
+

�
M

⇢d
M

(E)
=

Z
NM

�
N

(E)

⇤
N

(1� Z
NN

)
e
� X

⇤N ⌘ �e
� X

⇤N (7)

2

�

N

= �

0
N

(E) e

� X
⇤N

(6)

Z

h!l

=

Z 1

E

dE

0 �
h

(E

0
, X)

�

h

(E,X)

d

h

(E)

d

h

(E

0
)

dn(h ! lY ;E

0
, E)

dE

(7)

dn(h ! lY ;E

0
, E)

dE

=

1

�

d�

dE

(8)

�

h

|
low

=

Z

ph

⇤

p

(1� Z

pp

)

⇢d

h

�

p

(E)e

� X
⇤p

(9)

�

h

|
high

=

Z

ph

�

p

(E)

(1� Z

pp

)

(e

� X
⇤h � e

� X
⇤p

)

(1� ⇤p

⇤h
)

(10)

dn(h ! lY ;E

0
, E) = F

h!l

✓
E

E

0

◆
dE

E

0 (11)

Z

h!l

=

Z 1

0
dx

E

�

h

(E/x

E

)

�

h

(E)

F

h!l

(x

E

) (12)

Z

h!l

=

Z 1

0
dx

E

x

�

E

F

h!l

(x

E

) (13)

�

l

=

X

h

�

low

l

�

high

l

�

low

l

+ �

high

l

(14)

✏

h

=

m

h

c

2
h0

c⌧

h

cos ✓

(15)

high �

h

/ �

p

(16)

low �

h

/ E�

p

(17)

2

What constitutes this 
primary nucleon flux?
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1 The Cascade Equations

Given a series of assumptions elaborated in my notes from December, the coupled equations
for nucleon (N), meson (M), and lepton (l) fluxes given by

1. d�N
dX

= ��N
�N

+ S(NA ! NY ) = ��N
�N

+ Z

NN

�N
�N

2. d�M
dX

= S(NA ! MY )� �M
⇢dM (E)

� �M
�M

+S(MA ! MY ) = � �M
⇢dM (E)

� �M
�M

+Z

MM

�M
�M

+

Z

NM

�N
�N

3. d�l
dX

=
P

M

S(M ! lY ) =
P

M

Z

M!l

�M
⇢dM

(X is the slant-depth measuring the amount of atmosphere traversed by a particle) have
the following asymptotic leptonic solutions:

�

l

|
low

= �

N

(E) Z low

M!l

Z

NM

(1� Z

NN

)
(1)

�

l

|
high

=
Z

M!l

✏

M

E

Z

NM

�

N

(E)

(1� Z

NN

)(1� ⇤N
⇤M

)
ln

⇤
M

⇤
N

(2)

where h

0

= 6.4 [km] (given a particular atmospheric model), ✏
M

= mM c

2
h0

c⌧M cos ✓

, d
M

= c��⌧ is
the decay length of a given meson contributing the final lepton flux, and ✓ = 0 corresponds
to the vertical direction that we are principally concerned with. The attenuation lengths
⇤
j

depend jointly on the interaction length of a particle j, �
j

, and the Z-moments:

⇤
j

=
�

j

1� Z

jj

(3)

Our current task it to determine how many of the inputs from these equations can be
produced with Monte-Carlo event generation and how many will need to be taken from
other resources. I have indicated in red the distributions that I suspect we should generate.

1
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FIG. 4: Overview of the spectrum from below the knee to the ankle with the fit of Table III. Air shower data shifted as in
Figs. 2 and 3. Left: lines showing individual groups of nuclei from all populations compared to data from PAMELA [9] and
CREAM [7] at low energy. Right: shaded regions show the overlapping contributions of the three populations.

the all-particle spectrum is given by

φi(E) = Σ3
j=1 ai,j E

−γi,j
× exp

[

−
E

ZiRc,j

]

. (3)

The spectral indices for each group and the normaliza-
tions are given explicitly in Table II. The parameters for
Population 1 are from Refs. [7, 8], which we assume can
be extrapolated to a rigidity of 4 PV to describe the knee.
In Eq. 3 φi is dN/dlnE and γi is the integral spectral in-
dex. The subscript i = 1, 5 runs over the standard five
groups (p, He, CNO, Mg-Si and Fe), and the all-particle
spectrum is the sum of the five. This model is plotted as
the solid line in Figs. 2 and 3.

B. An alternative picture and global fit

Spectra for the second fit are given by the same Eq. 3
but with qualitatively different parameters, as given in
Table III. In particular, the first population has a much
lower cutoff of Rc = 120 TV. This description is related
to the significantly harder spectra assumed for the first
population. Each component in the first population is fit-
ted only above Rc = 200 GV, after the spectra hardening
noted in Refs. [8] and [9]. With these harder spectra (as
compared to Table II), the heavy components cannot be
extended past the knee region. It is interesting to note
that Rc ≈ 100TV is the classical result for the expected
maximum energy of supernova remnants expanding into
the interstellar medium with an un-amplified magnetic
field of a few µGauss [44].

The spectrum with the parameters of Table III is
shown in Fig. 4 from below the knee to the ankle. The
contributions of individual groups of nuclei are shown,
as well as the spectra of nuclei from CREAM [8]. We
note that the bump in the spectrum around 1017 eV cor-
responds with the “iron knee” reported by KASCADE-
Grande in their electron rich sample [45] and also noted
by GAMMA [37]. A tendency for increasing mass above
the knee has been noted for a long time (for example by
CASA-MIA [46]), which seems now to be confirmed with
higher resolution.
Another noteworthy feature is the possibility illus-

trated in this fit of explaining the ankle as a Peters cy-
cle containing only protons and iron. This possibility is
also suggested in Ref. [32] as an example of their “disap-
pointing” model [47] of the end of the cosmic-ray spec-
trum. Such a picture is disappointing because the end of
the spectrum would correspond to the highest energy to
which cosmic-ray acceleration is possible, rather than to
the Greisen-Zatsepin-Kuz’min effect in which higher en-
ergy particles lose energy in interactions with the cosmic
microwave background [48, 49].

C. Comments on fitting with several populations

In both fits above we refer to three populations of par-
ticles, with spectral indices for each nuclear component
and a single characteristic maximum rigidity for each
population. The latter assumption has the effect of mak-
ing the composition become heavier as each population

2
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FIG. 1: All particle cosmic ray spectrum from air shower experiments. (References in text.)

defined as

R =
Pc

Ze
, (1)

where P is the total momentum of a nucleus and Ze its
electrical charge. Particles with the same rigidity and
injection vector follow identical trajectories in a given
magnetic field configuration. Rigidity is therefore the
appropriate variable for interpreting changes in spectrum
due to propagation and acceleration in magnetic fields.
In particular, as first pointed out by Peters [14], if there is
a maximum energy to which protons can be accelerated
in a source, then the protons will cutoff first, followed by
helium, carbon, . . . according to

Emax(Z) = Ze×Rc = Z × Emax(Z = 1). (2)

The outline of the paper is as follows. We first describe
briefly the different types of air shower experiments and
summarize the data from each of the selected measure-
ments. We then use features in the energy spectrum ob-
served by different experiments to construct a tentative
all-particle energy spectrum from 1014 to 1020 eV. The
most prominent features are the knee around 3×1015 eV
and the ankle around 1019 eV, both prominent in Fig. 1.
As justification for this approach, we note that, to a high
degree of accuracy, there must be a single spectrum at

Earth. In the third major section of the paper we use
this constructed all-particle spectrum as a template for
discussing measurements of composition and possible im-
plications for different sources. In this section we will as-
sume the validity of the Peters cycle as written in Eq. 2
as a constraint on the energy dependence of different nu-
clear components. We describe two fits to the data, each
of which has three populations of particles with contrast-
ing assumptions about the rigidity cutoff for each popu-
lation. The first two populations represent cosmic rays
from galactic sources and the third population is an ex-
tragalactic component. Each population contains sev-
eral groups of nuclei with assumed spectral indices as
adjustable parameters.

II. AIR SHOWER EXPERIMENTS

Air shower detectors fall into several categories de-
pending on the type of sensors used and on the altitude
of the array. Scintillators such as those used in the Akeno
array detect charge particles, which are mostly electrons
and positrons with a fraction of order 10% of muons. In
some arrays, the muon component can be distinguished
from the electromagnetic component, either by a second
layer of scintillator with an absorber between the top and

0
arXiv:astro-ph/1303.3565
arXiv:astro-ph/1111.6675
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FIG. 4: Overview of the spectrum from below the knee to the ankle with the fit of Table III. Air shower data shifted as in
Figs. 2 and 3. Left: lines showing individual groups of nuclei from all populations compared to data from PAMELA [9] and
CREAM [7] at low energy. Right: shaded regions show the overlapping contributions of the three populations.

the all-particle spectrum is given by

φi(E) = Σ3
j=1 ai,j E

−γi,j
× exp

[

−
E

ZiRc,j

]

. (3)

The spectral indices for each group and the normaliza-
tions are given explicitly in Table II. The parameters for
Population 1 are from Refs. [7, 8], which we assume can
be extrapolated to a rigidity of 4 PV to describe the knee.
In Eq. 3 φi is dN/dlnE and γi is the integral spectral in-
dex. The subscript i = 1, 5 runs over the standard five
groups (p, He, CNO, Mg-Si and Fe), and the all-particle
spectrum is the sum of the five. This model is plotted as
the solid line in Figs. 2 and 3.

B. An alternative picture and global fit

Spectra for the second fit are given by the same Eq. 3
but with qualitatively different parameters, as given in
Table III. In particular, the first population has a much
lower cutoff of Rc = 120 TV. This description is related
to the significantly harder spectra assumed for the first
population. Each component in the first population is fit-
ted only above Rc = 200 GV, after the spectra hardening
noted in Refs. [8] and [9]. With these harder spectra (as
compared to Table II), the heavy components cannot be
extended past the knee region. It is interesting to note
that Rc ≈ 100TV is the classical result for the expected
maximum energy of supernova remnants expanding into
the interstellar medium with an un-amplified magnetic
field of a few µGauss [44].

The spectrum with the parameters of Table III is
shown in Fig. 4 from below the knee to the ankle. The
contributions of individual groups of nuclei are shown,
as well as the spectra of nuclei from CREAM [8]. We
note that the bump in the spectrum around 1017 eV cor-
responds with the “iron knee” reported by KASCADE-
Grande in their electron rich sample [45] and also noted
by GAMMA [37]. A tendency for increasing mass above
the knee has been noted for a long time (for example by
CASA-MIA [46]), which seems now to be confirmed with
higher resolution.
Another noteworthy feature is the possibility illus-

trated in this fit of explaining the ankle as a Peters cy-
cle containing only protons and iron. This possibility is
also suggested in Ref. [32] as an example of their “disap-
pointing” model [47] of the end of the cosmic-ray spec-
trum. Such a picture is disappointing because the end of
the spectrum would correspond to the highest energy to
which cosmic-ray acceleration is possible, rather than to
the Greisen-Zatsepin-Kuz’min effect in which higher en-
ergy particles lose energy in interactions with the cosmic
microwave background [48, 49].

C. Comments on fitting with several populations

In both fits above we refer to three populations of par-
ticles, with spectral indices for each nuclear component
and a single characteristic maximum rigidity for each
population. The latter assumption has the effect of mak-
ing the composition become heavier as each population

For the case of decays, the distribution simplifies to:

dn(M ! lY ;E0
, E)

dE

=
1

�|{z}
maybe?

d�

dE

(14)

We thus need to know the asymptotic solutions for the mesons from the original cascade
equations (see my earlier notes for derivation):
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Hence the origin of the ’high/low’ superscript for the decay Z-moment originates from
whether or not we are using the high or low energy solutions for the incoming meson flux.
One should note that the scaling for �

M

is related to the scaling for �
N

:

high �

M

/ �

N

(17)

low �

M

/ E�

N

(18)

The additional power of E is due to the proportionality of the decay length d

M

in the
low-energy solution. So, take e.g. the broken-power-law parameterization of the cosmic
ray flux given by:

�

0

N

(E) =

(
1.7 E

�2.7 for E < 5⇥ 106 GeV

174 E

�3 for E > 5⇥ 106 GeV
(19)

In this instance the decay Z-moment is given by (assuming energy independence for the
other pieces of the meson flux, which is not necessary...):

Z
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dn(M ! lY ;E0
, E)

dE

(20)

where � = � for the low-energy case and � = � + 1 for the high-energy case. More
generically, the spectral weight of the distribution in the low-energy case (making the same
assumptions regarding energy-independence of other pieces) would be given by:

E

k

E

�

p

(E
k

)

�

p

(E)
(21)

However, it is known that the energy spectra of the leptons from mesonic decays take
a scaling law form:

dn(M ! lY ;E0
, E) = F

M!l

✓
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dE

E

0 (22)
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Full series of cascade 
equations, from 

incoming cosmic ray 
nucleons to final state 

leptons

• Our final flux includes all (interpolated) contributions from charmed hadrons 
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• The differential cross-section can be calculated in a variety of formalisms, e.g. the 
‘colour dipole model’ of ERS which is empirical (hard to estimate uncertainties)

• However, there is no evidence that perturbative QCD (with DGLAP evolution) 
cannot describe charm production data for the entire kinematical region of interest, 
hence our calculation is performed with NLO+PS Monte-Carlo event generators

• Boosting from CM to the rest frame of the (atmospheric) fixed target, one finds:

Prompt Flux Workbook

JT

September 4, 2015

NA! hY ! lX (1)

p
s = 7 [TeV ]  ! E

b

= 2.6⇥ 10

7
[GeV ] (2)

✏
D

0 = 9.71⇥ 10

7
[GeV ] (3)

✏
D

± = 3.84⇥ 10

7
[GeV ] (4)

✏
D

±
s
= 8.40⇥ 10

7
[GeV ] (5)

✏⇤c = 24.4⇥ 10

7
[GeV ] (6)

(7)

✏
⇡

± = 115 [GeV ] (8)

✏
K

± = 850 [GeV ] (9)

(10)

1.

d�N
dX

= ��N
�N

+ S(NA! NY ) = ��N
�N

+ Z
NN

�N
�N

2.

d�M
dX

= S(NA!MY )� �M

⇢dM (E)�
�M
�M

+S(MA!MY ) = � �M

⇢dM (E)�
�M
�M

+Z
MM

�M
�M

+

Z
NM

�N
�N

3.

d�l
dX

=

P
M

S(M ! lY ) =

P
M

Z
M!l

�M
⇢dM

1.

d�p

dX

= ��p

�p
+ Z

pp

�p

�p

1

• Thus there is complementarity with LHC physics.  We will predict the prompt 
neutrino flux at energies up to 107.5 GeV … at these energies, the charm production 
cross section is dominated by gluon fusion, hence we are sensitive to the behavior 
of the gluon PDF (parton distribution function) at small-x 
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Figure 6: Comparison between the total theoretical uncertainty (sum in quadrature of scale and PDF
uncertainties) for the kinematics of D

0 production at LHCb. The results for the three calculations,
aMC@NLO, POWHEG, and FONLL calculations, are normalised to the respective central values.
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Figure 7: Comparison of the LHCb data on B

0 meson production, both for central and for forward
rapidities, with the theoretical predictions from POWHEG and aMC@NLO. The theory uncertainty
includes only scale uncertainties.

LHCb measurements are currently available. Predictions for double di↵erential distributions at
13 TeV, as well as for the ratio of cross-sections at computed at 13 over 7 TeV, will be provided
in Sect. 4.1 and 4.2.

2.4 PDF dependence of heavy quark production at LHCb

The results shown so far in this Section have been computed using the NNPDF3.0 NLO set. We
have verified that the pQCD predictions for heavy quark production are a↵ected by a sizeable
PDF uncertainty, which arises in turn from poor knowledge of the small-x gluon PDF due to a
lack of direct experimental constraints. In this section we study the dependence of our predictions
on the choice of input PDF set, in particular we compare those of the baseline NNPDF3.0 to
CT10 and MMHT14 NLO sets. The comparison of the small-x gluon PDF between these three
sets shown in Fig. 2 indicates that predictions for charm production cross-sections are expected
to be reasonably similar.

In Fig. 9 we show the comparison of the theoretical predictions for charm production at 7
TeV within the LHCb acceptance found using the POWHEG calculation with NNPDF3.0, CT10
and MMHT14 PDFs. The uncertainty band corresponds to the 68% confidence level for each

13
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Forward charm production & LHCb

arXiv:1506.08025

• We first validate our NLO predictions for forward charm production against 
recent LHCb data … finding good agreement between the 3 calculation schemes 
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Figure 4: Comparison between the LHCb data on D meson production and the FONLL calculation
using NNPDF3.0 as input. We show the results for the most central bin, 2.0  y  2.5 (left column) and
a forward bin, 3.5  y  4.0 (right column), both for D0 data (upper row) and the D± data (lower row).
The solid error band is obtained from the sum in quadrature of PDF and scale uncertainties, while the
hatched band is only the scale variation component.

but now normalising each prediction to the corresponding central value. This way we can
gauge how the total theory uncertainty band compares among the three calculations. The
total uncertainty is similar for POWHEG and aMC@NLO calculations. Notably, the scale
uncertainties of the POWHEG and aMC@NLO calculations tend to be larger than those of
FONLL, especially in the upper variations in the moderate and high pT region. While the origin
of these di↵erences remains to be understood, it might be related to the fact that FONLL is
a fixed-order calculation while POWHEG and aMC@NLO are matched to parton showers, and
this matching may induce additional theoretical uncertainties. Indeed, we have verified that the
scale uncertainties of the fixed-order NLO computation of di↵erential cc̄ production (without
fragmentation) in aMC@NLO reproduces those of FONLL to a few percent.

From Fig. 6 we see that the FONLL semi-analytical calculation exhibits smaller theoretical
uncertainty, and for this reason, in the following Section we will use the FONLL predictions to
quantify the constraints of the LHCb charm production data on the NNPDF3.0 small-x gluon
PDF.

We now begin the comparison between the LHCb data and the various theoretical calcula-
tions for the case of B meson production. For simplicity, we show results only for B

0 mesons,
though similar agreement has been found for the other B mesons. As compared to the case of
the D mesons, we expect a reduction of the theory uncertainties for several reasons: the calcu-

lation is performed at a higher scale
q
m

2
b + p

2
T,b, as compared to the charm production case,
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Figure 5: Comparison between the FONLL and aMC@NLO (upper plots) and between the POWHEG
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uncertainty of the value of mb is smaller; and larger values of x1,2 are probed within the proton,
a region well covered by HERA data as illustrated in Fig. 1 and Fig. 2.

In Fig. 7 we show the comparison of the LHCb data for B0 meson production, both for central
and for forward rapidities, with the corresponding POWHEG and aMC@NLO calculations. The
indicated theory uncertainty band includes only the scale uncertainties, and we have verified
that PDF uncertainties are not so relevant in this case. As in the case of charm, satisfactory
agreement between theory and data for B meson production in the forward region is found.
There is also a substantial reduction of the theory uncertainty as compared to the D meson
case. The POWHEG and aMC@NLO predictions are in reasonable agreement within the theory
uncertainty band.

To better assess the di↵erences between the two NLO matched calculations, we compare
them again in Fig. 8, this time with the distributions normalised to the central POWHEG

prediction. The aMC@NLO and POWHEG predictions agree across the considered kinematic
range, with the POWHEG prediction favouring a slightly larger cross section in the low pT

range. In comparison to the charm results, Fig. 6, the reduction of scale uncertainties is evident,
since now the scale variation amounts to an uncertainty of ' 40%. We can conclude that the
pQCD description of B meson production in the forward region is completely satisfactory, and
that theory uncertainties are substantially reduced as compared to charm production.

In this section we have restricted our study to 7 TeV, the only centre-of-mass energy for which
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Figure 12: Left: The NNPDF3.0 NLO small-x gluon, evaluated at Q = 2 GeV, comparing the global
fit result with with the new gluon obtained from the inclusion of the LHCb charm production data. In
the latter case, we show both the reweighted (rwg) and the unweighted (unw) results. Right: comparison
of percentage PDF uncertainties for the NNPDF3.0 gluon with and without the inclusion of the LHCb
data, computed also at Q = 2 GeV, that illustrate the reduction of PDF uncertainties for x ⇠< 10�4.

calculations with the improved NNPDF3.0+LHCb PDF set constructed in Sect. 3, and can be
used to compare with the upcoming Run II measurements at LHCb. Using the theoretical value
of the ratio between inclusive fiducial cross-sections at 13 and 7 TeV, and the LHCb 7 TeV data
(R13/7), we also provide predictions for B and D mesons in fiducial cross-sections at 13 TeV. A
tabulation of our results is provided in Appendix A, and predictions for di↵erent binning choices
and other meson species are available from the authors on request.

4.1 Forward heavy quark production at 13 TeV

First of all, we provide theory predictions required to compare with the upcoming LHCb data
on charm and bottom production which will be collected at 13 TeV. Our results are presented
according to the binning scheme adopted in the 7 TeV measurements [33,34], with the exception
that a slightly finer binning for the charm predictions is chosen at low pT and the high pT range
is slightly extended. For all predictions, the uncertainty due to scales, PDFs, and the heavy
quark mass is provided as a sum in quadrature.

In Fig. 13, the double di↵erential distributions for D

0 mesons at 13 TeV are shown for
both a central and a forward rapidity bin within the LHCb acceptance. The central value and
total uncertainty of both POWHEG and aMC@NLO calculations are provided. This comparison
demonstrates that there is good agreement between the two calculations, both in terms of central
values and in terms of the total uncertainty band — agreement also holds for other D mesons
and rapidity regions, which are not shown here. Thanks to using the improved NNPDF3.0 PDFs
with 7 TeV LHCb data, PDF uncertainties turn out to be moderate even at 13 TeV, with scale
variations being the dominant source of theoretical uncertainty.

The corresponding comparison for B

0 mesons is shown in Fig. 14. As in the case of the
charm, there is excellent agreement between the POWHEG and aMC@NLO calculations within
the LHCb acceptance.

The tabulation of the results shown in Figs. 13 and 14 are provided in Appendix A, in
particular in Tables 3 (for D0 mesons) and 4 (for B0 mesons).
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data, computed also at Q = 2 GeV, that illustrate the reduction of PDF uncertainties for x ⇠< 10�4.
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of the ratio between inclusive fiducial cross-sections at 13 and 7 TeV, and the LHCb 7 TeV data
(R13/7), we also provide predictions for B and D mesons in fiducial cross-sections at 13 TeV. A
tabulation of our results is provided in Appendix A, and predictions for di↵erent binning choices
and other meson species are available from the authors on request.

4.1 Forward heavy quark production at 13 TeV

First of all, we provide theory predictions required to compare with the upcoming LHCb data
on charm and bottom production which will be collected at 13 TeV. Our results are presented
according to the binning scheme adopted in the 7 TeV measurements [33,34], with the exception
that a slightly finer binning for the charm predictions is chosen at low pT and the high pT range
is slightly extended. For all predictions, the uncertainty due to scales, PDFs, and the heavy
quark mass is provided as a sum in quadrature.

In Fig. 13, the double di↵erential distributions for D

0 mesons at 13 TeV are shown for
both a central and a forward rapidity bin within the LHCb acceptance. The central value and
total uncertainty of both POWHEG and aMC@NLO calculations are provided. This comparison
demonstrates that there is good agreement between the two calculations, both in terms of central
values and in terms of the total uncertainty band — agreement also holds for other D mesons
and rapidity regions, which are not shown here. Thanks to using the improved NNPDF3.0 PDFs
with 7 TeV LHCb data, PDF uncertainties turn out to be moderate even at 13 TeV, with scale
variations being the dominant source of theoretical uncertainty.

The corresponding comparison for B

0 mesons is shown in Fig. 14. As in the case of the
charm, there is excellent agreement between the POWHEG and aMC@NLO calculations within
the LHCb acceptance.

The tabulation of the results shown in Figs. 13 and 14 are provided in Appendix A, in
particular in Tables 3 (for D0 mesons) and 4 (for B0 mesons).
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• We utilize charm production data from 
LHCb to reduce the uncertainties in 
the small-x gluon PDF

• By implementing a Bayesian 
reweighing technique, the impact of 
the new data is estimated … 75 data 
points added to NNPDF3.0 analysis

• The impact is negligible for x > 10-4, but 
substantive in the smaller-x region 
where data was previously unavailable.  
At x ~ 10-5, we achieve a 3x reduction 
in uncertainty

• We utilize these improved PDFs to 
make predictions for 13 TeV physics, 
which were validated in 1510.01707 
(LHCb)
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Benchmark NNPDF3.0+LHCb flux
• We present the following predictions for prompt atmospheric neutrino flux 

adopting the broken power-law (BPL) as well as H3* and H14* cosmic-ray spectra

1000 104 105 106 107 1081.× 10-6

5.× 10-6

1.× 10-5

5.× 10-5

1.× 10-4

5.× 10-4

10-3

E(Gev)

E
3
ϕ�

G
eV

2

m
2

s
sr
�

Prompt Flux (Central Theory Prediction)

H14b

H14a

H3A

H3P

BPL

**Scale, PDF, and charm mass uncertainty**
• Different cosmic ray spectrum parameterisations 
• =>  significant  differences in the expected flux above ~100 TeV

1000 104 105 106 10710-6

10-5

10-4

10-3

E(Gev)
E

3
ϕ�

G
eV

2

m
2

s
sr
�

Prompt Neutrino Fluxes

H14b

H3A

BPL

https://promptnuflux.hepforge.org



16

Consistency with others
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Figure 2.14: Comparison of our baseline calculation and its uncertainty using the NNPDF3.0L
set [19], with the corresponding central results using other PDFs as input: ABM11 [118], CT14
[119], HERAPDF1.5 [111] and MMHT14 [107]. All calculations assume the BPL cosmic ray
spectrum.
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PDF2.0, both the experimental, model and parametrization uncertainties are included

Results for the prompt flux using di�erent PDF sets and the BPL cosmic ray spectrum

are shown in Figure 2.14 where the total theory uncertainty is shown for NNPDF3.0L

only. All PDF sets yield results in good agreement, except for MMHT14 which yields

a substantially larger flux at energies above 105 GeV. Figure 2.15 shows the relative

uncertainties between PDFs whose central predictions are also shown in Figure 2.14.11

It is clear that the reduced errors of NNPDF3.0L are ‘competitive’ with all but ABM

12 while simultaneously much more conservative due to the agnosticism of the neural

network approach.

Thus the choice of PDF set is (with the exception of MMHT14) not important for

the central value of the calculated flux. However it should be emphasized that the theory
11Figure 2.15 actually presents the errors for ABM12, not the ABM11 set embedded in Figure 2.14.

See [121] for the di�erences between the two.
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2016 IceCube limits
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• Our central result is below the 
most recent IceCube bound, 
indicating that a prompt 
component of the incoming 
flux should be observed 
soon….
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ure 19 shows the best-fit prompt normalization as a function
of the astrophysical normalization and spectral index. Ad-
ditionally, the two-dimensional confidence contours for the
astrophysical parameters are shown. In the region where
our experimental data is compatible with our single power
law model, the best-fit prompt normalization does not de-
viate from zero. Only for strong deviations from the best-
fit astrophysical spectrum is a non-zero prompt normaliza-
tion fitted, but this is strongly disfavored with respect to
the best-fit. Such behavior is expected. If the astrophysi-
cal flux decreases, the measured high-energy events need to
be explained by another component. Assuming an unbroken
power law model for the astrophysical flux, the sensitivity for
the prompt neutrino flux, taking into account the systematic
uncertainties, is estimated to be 1.5 ⇥ ERS. Note that the
sensitivity (median expected upper limit in the absence of a
prompt neutrino flux) on a prompt neutrino flux depends on
the chosen input values for the astrophysical flux.

In the absence of an indication of a non-zero prompt con-
tribution an upper limit is calculated. Based on the pro-
file likelihood for the prompt normalization, the upper limit
at 90% confidence level is 0.50 ⇥ ERS. The more strin-
gent limit compared to the sensitivity is caused by an under-
fluctuation of the conventional atmospheric and astrophysical
background by about one standard deviation.

For this reason we scan the resulting limit on the prompt
flux as a function of the astrophysical signal parameters.

Figure 20 shows the joint three-dimensional 90% confi-
dence region for the prompt flux and the astrophysical param-
eters. It was obtained using Wilks’ theorem, and is bound by
the surface for which �2� log L is 6.25 higher than the best-
fit value. The maximum prompt flux in the three-dimensional
confidence region is 1.06⇥ERS. We take this as a conserva-
tive upper limit on the prompt flux. Further tests have shown
that reasonable changes to the astrophysical hypothesis, such
as the introduction of a high-energy cut-off, have only small
effects on this limit.

Several more recent calculations of the prompt flux have
been published: GMS (H3p) (Garzelli et al. 2015), BERSS
(H3p) (Bhattacharya et al. 2015) and GRSST (H3p) (Gauld
et al. 2016). Figure 21 shows multiple predictions for the
prompt flux as well as the upper limit calculated here us-
ing the prediction from Enberg et al. (2008) and taking into
account a more realistic cosmic-ray model (Gaisser 2012).
Since nuisance parameters describing the uncertainties of the
cosmic-ray model, e.g. the cosmic-ray spectral index, are
implemented the upper limit curve slightly deviates from the
ERS prediction including the knee. The energy range has
been calculated such that the limit increases by 10% if only
neutrinos with energies in that range are taken into account.
For the sensitive region which is between 9 TeV to 69 TeV
the effect of the prompt predictions is only a change in nor-
malization and it is therefore appropriate to convert the limit
obtained with the ERS prediction to the other predictions.
Also the cosmic ray composition only changes the normal-
ization in this energy range. The values are summarized in
Tab. 5.
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Figure 21. Prompt atmospheric muon neutrino flux predictions
shown as dashed lines (Enberg et al. 2008; Bhattacharya et al. 2015;
Gauld et al. 2016; Garzelli et al. 2015) in comparison to the con-
straint on the prompt flux given by this analysis. The shaded area
shows the uncertainty band corresponding to the prediction in Gauld
et al. (2016). Besides the ERS (H3p) predicition this is the closest
band to the prompt flux constraint. For a better readability the un-
certainty bands of the other models are not shown. The black solid
line shows the neutrino energy region where the prompt neutrino
flux based on the model in Enberg et al. (2008) is constrained. The
black dotted line indicates the model behavior including the best-
fit nuisance parameters beyond the sensitive energy range. All flux
predictions are based on the cosmic ray model from Gaisser (2012).

Table 5. Limits for fluxes of prompt neutrinos
for different predictions. The limits for GMS
(H3p) (Garzelli et al. 2015), BERSS (H3p) (Bhat-
tacharya et al. 2015) and GRSST (H3p) (Gauld
et al. 2016) are determined by rescaling the ERS
(H3p) limit with the corresponding flux ratio at
30 TeV which is well within the sensitive energy
range. All flux predictions are based on the cos-
mic ray model from Gaisser (2012).

Model Flux limit

ERS (H3p) 1.06
GMS (H3p) ⇡ 2.9

BERSS (H3p) ⇡ 3.0

GRSST (H3p) ⇡ 3.1

7. SUMMARY AND CONCLUSIONS
In this paper we have presented the result of analyz-

ing 6 years of up-going muon data measured with the Ice-
Cube neutrino telescope. We measure an astrophysical
flux of �⌫+⌫ =

�
0.90+0.30

�0.27

�
10�18 GeV�1 cm�2 sr�1 s�1 ·

(E⌫/100 TeV)�(2.13±0.13) with statistical significance of 5.6
standard deviations with respect to only being of atmospheric
origin. With this result we have further established the ob-
servation of an astrophysical neutrino signal (Aartsen et al.
2013a, 2014b, 2015c) in a second, largely independent de-
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ure 19 shows the best-fit prompt normalization as a function
of the astrophysical normalization and spectral index. Ad-
ditionally, the two-dimensional confidence contours for the
astrophysical parameters are shown. In the region where
our experimental data is compatible with our single power
law model, the best-fit prompt normalization does not de-
viate from zero. Only for strong deviations from the best-
fit astrophysical spectrum is a non-zero prompt normaliza-
tion fitted, but this is strongly disfavored with respect to
the best-fit. Such behavior is expected. If the astrophysi-
cal flux decreases, the measured high-energy events need to
be explained by another component. Assuming an unbroken
power law model for the astrophysical flux, the sensitivity for
the prompt neutrino flux, taking into account the systematic
uncertainties, is estimated to be 1.5 ⇥ ERS. Note that the
sensitivity (median expected upper limit in the absence of a
prompt neutrino flux) on a prompt neutrino flux depends on
the chosen input values for the astrophysical flux.

In the absence of an indication of a non-zero prompt con-
tribution an upper limit is calculated. Based on the pro-
file likelihood for the prompt normalization, the upper limit
at 90% confidence level is 0.50 ⇥ ERS. The more strin-
gent limit compared to the sensitivity is caused by an under-
fluctuation of the conventional atmospheric and astrophysical
background by about one standard deviation.

For this reason we scan the resulting limit on the prompt
flux as a function of the astrophysical signal parameters.

Figure 20 shows the joint three-dimensional 90% confi-
dence region for the prompt flux and the astrophysical param-
eters. It was obtained using Wilks’ theorem, and is bound by
the surface for which �2� log L is 6.25 higher than the best-
fit value. The maximum prompt flux in the three-dimensional
confidence region is 1.06⇥ERS. We take this as a conserva-
tive upper limit on the prompt flux. Further tests have shown
that reasonable changes to the astrophysical hypothesis, such
as the introduction of a high-energy cut-off, have only small
effects on this limit.

Several more recent calculations of the prompt flux have
been published: GMS (H3p) (Garzelli et al. 2015), BERSS
(H3p) (Bhattacharya et al. 2015) and GRSST (H3p) (Gauld
et al. 2016). Figure 21 shows multiple predictions for the
prompt flux as well as the upper limit calculated here us-
ing the prediction from Enberg et al. (2008) and taking into
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Since nuisance parameters describing the uncertainties of the
cosmic-ray model, e.g. the cosmic-ray spectral index, are
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ERS prediction including the knee. The energy range has
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neutrinos with energies in that range are taken into account.
For the sensitive region which is between 9 TeV to 69 TeV
the effect of the prompt predictions is only a change in nor-
malization and it is therefore appropriate to convert the limit
obtained with the ERS prediction to the other predictions.
Also the cosmic ray composition only changes the normal-
ization in this energy range. The values are summarized in
Tab. 5.

Figure 21. Prompt atmospheric muon neutrino flux predictions
shown as dashed lines (Enberg et al. 2008; Bhattacharya et al. 2015;
Gauld et al. 2016; Garzelli et al. 2015) in comparison to the con-
straint on the prompt flux given by this analysis. The shaded area
shows the uncertainty band corresponding to the prediction in Gauld
et al. (2016). Besides the ERS (H3p) predicition this is the closest
band to the prompt flux constraint. For a better readability the un-
certainty bands of the other models are not shown. The black solid
line shows the neutrino energy region where the prompt neutrino
flux based on the model in Enberg et al. (2008) is constrained. The
black dotted line indicates the model behavior including the best-
fit nuisance parameters beyond the sensitive energy range. All flux
predictions are based on the cosmic ray model from Gaisser (2012).
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(H3p) (Garzelli et al. 2015), BERSS (H3p) (Bhat-
tacharya et al. 2015) and GRSST (H3p) (Gauld
et al. 2016) are determined by rescaling the ERS
(H3p) limit with the corresponding flux ratio at
30 TeV which is well within the sensitive energy
range. All flux predictions are based on the cos-
mic ray model from Gaisser (2012).
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Intermediate conclusions
• We have presented updated predictions for the flux of prompt atmospheric 

neutrinos at ground-based detectors. 
• Our approach is grounded in perturbative QCD, and incorporates:

1. State-of-the-art calculation of charmed hadron production in the forward 
region, validated against recent LHCb measurements  

2. A small-x gluon PDF which is also constrained by LHCb data

• Our estimates are consistent with 
previous studies but provide a 
more reliable estimate of 
uncertainties and alleviate 
potential tension between the 
previous benchmark (ERS) 
calculation and IceCube data.

2 Astroparticle Research with Cosmics in the Abyss (ARCA)
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Figure 15: Atmospheric neutrino fluxes as a function of the neutrino energy. The bands represent the
uncertainties in the conventional (red and black bands) and in the prompt (green and blue bands) components
assumed in this work (see text).

Upgoing muon track events are used for an analysis covering an extended region of the Galactic plane
near the Galactic centre in the Southern sky.

• Upgoing flux of muon (anti-)neutrinos from point sources

In order to quantify the sensitivity of KM3NeT Phase-2.0 to extragalactic and Galactic point sources
of neutrinos, both a generic E�2 spectrum from point sources and spectra with energy cut-off for
specific Galactic sources with non-zero radial extension have been considered.

• Cascade events from point sources

KM3NeT/ARCA’s resolution in the cascade channel will allow us to use these events in point-source
searches. The sensitivity of such an analysis is evaluated against generic E�2 point-sources.

The background of atmospheric neutrinos assumed in these analyses corresponds to the so-called Honda
flux [16] with a prompt component as calculated by Enberg [17]. A correction taking into account the
“knee” of the cosmic ray spectrum has been applied to both conventional and prompt atmospheric neutrino
fluxes according to the prescription in [18] and references therein. The Honda parameterisation includes an
anisotropy caused by the Earth’s magnetic field, while the prompt component is assumed to be isotropic in
the full solid angle. Moreover, in the sensitivity studies the effect of the uncertainties on the atmospheric
neutrino flux has been estimated. An uncertainty of ±25% was assumed for the intensity of the conventional
Honda flux. For the prompt component, the uncertainty band estimated in [17] has been used. Recently a
new calculation of the prompt component has been reported in [19]. In this calculation constraints set by
the charm measurement from the LHCb experiments at 7 TeV have been taken into account. In Fig. 15 the
different components of the atmospheric neutrino flux is reported for �e and �µ; see Sec. 2.2 for details on
the background from atmospheric muons.

It should be noted that the results reported in the following are preliminary and some analysis details
are not yet fully completed and optimised. Also, the analyses reported above do not reflect the full physics
potential of ARCA; the event resolutions shown in Sec. 2.2.4 can be used to characterise ARCA’s ability to
probe any assumed extraterrestrial neutrino fluxes.

27th January 2016 Page 15 of 116

Figure 2.18: A figure of relevant atmospheric neutrino backgrounds taken directly from the
KM3Net 2.0 Letter of Intent [120]. Our results, labeled R. Gauld et al., are compared against
the ERS calculation and shown alongside of the Honda conventional neutrino fluxes calculated
in [50].

2.4 Conclusions and Further Thoughts

We have presented predictions for the flux of prompt neutrinos arising from the decays of

charmed mesons produced in the collisions of high energy cosmic rays in the atmosphere.

Our calculation of charm production at high-energy makes extensive use of NLO Monte

Carlo event generators and PDFs. The novelty of our approach is that it has been

validated with the 7 TeV charm cross-sections measured by the LHCb experiment, and

found to be consistent with the more recent 13 TeV measurements.

As input we have used the NNPDF3.0+LHCb PDF set, where the inclusion of the

LHCb 7 TeV data substantially reduces the PDF uncertainties in the small-x gluon. We

include theory uncertainties arising from PDFs, missing higher-orders, and the value of

mc.

We have studied the dependence of our result on the choice of input cosmic ray fluxes,

including the most recent parameterizations, and on the choice of input PDF set. Our

predictions have been compared with other calculations, in particular with ERS [61],

BERSS [65] and GMS [69]. All three calculations are within the uncertainty band of

our result, though our central value is the lowest. Our result is just consistent with

the current experimental upper limit, suggesting that the prompt neutrino flux will be

detected soon.

35

• Results already being used for 
preliminary KM3Net Letter of 
Intent.

arXiv:hep-ph/1601.07549
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Moving forward:  PDF uncertainties 
• Recently, Gauld and Rojo performed an even more precise fit for the gluon, using 5, 

7 and 13 TeV data:

3

In the following we show results for two representative
combinations of the LHCb measurements, namely N7 +
R13/5 and N5+N7+N13. In Fig. 2 we compare the small-
x gluon in NNPDF3.0 with the resultant gluon in these
two cases, as well as the central value from the N5+R13/7

fit. The central value of the small-x gluon is consistent
for all three combinations, down to x ≃ 10−6, and, as
expected from Fig. 1, we observe a dramatic reduction of
the 1-σ PDF uncertainties. We have verified that these
updated results are consistent with our original study [14]
(GRRT), yet significantly more precise, see Fig. 5 below.
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FIG. 2: The NLO gluon in NNPDF3.0 and for various com-
binations of LHCb data included, at Q2 = 4 GeV2.

Given the sizeable theory errors that affect charm pro-
duction, it is important to assess the robustness of our
results with respect to the scale variations of the NLO
calculation as well as with the value of mc. We thus have
quantified how the resultant gluon are affected by the-
ory variations, including: µ =

√

4m2
c + p2T , alternative

reference bins yD
0

ref = [2.5, 3.0] and [3.5, 4.0], and charm
mass variations of ∆mc = 0.2 GeV. The resultant central
values of the gluon are shown in Figs. 3 and 4, compared
with NNPDF3.0 and with the 1-σ PDF uncertainty band
from the N5+N7+N13 and N7+R13/5 fits, respectively.
We find that our results are reasonably stable upon

these variations of the input theory settings, in particular
for the N7+R13/5 fits, highlighting that the cancellation
of theory errors is more effective for the cross-section ra-
tios than for the normalized distributions. Even for the
most constraining combination, the N5 +N7 + N13 fits,
all theory variations are contained within the 95% confi-
dence level interval of the PDF uncertainty. This study
demonstrates that the sizable reduction of the small-x
gluon PDF errors is robust with respect to theoretical un-
certainties. A further reduction of the scale dependence
could only be achieved by the full NNLO calculation.
Our precision determination of the small-x gluon

has important phenomenological implications, which we
choose to illustrate with two representative examples:
the longitudinal structure function FL at a future high-
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FIG. 3: Dependence of the small-x gluon from the N5+N7+
N13 fits for variations in the input theory settings.
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FIG. 4: Same as Fig. 3 for the N7 +R13/5 fits.

energy lepton-proton collider, and the UHE neutrino-
nucleus cross-section. First of all, we have computed
FL(x,Q2) for Q2 = 3.5 GeV2 using APFEL [39] in the
FONLL-B general mass scheme [40]. The proposed Large
Hadron electron Collider (LHeC) would be able to mea-
sure to measure FL down to x ∼> 10−6 with few percent
precision for Q2

∼> 2 GeV2 [10], hence providing a unique
probe of BFKL resummations and non-linear QCD dy-
namics [41]. In Fig. 5 we compare FL computed with
NNPDF3.0 and with the results of this work, as well as
with the original GRRT calculation. We observe that the
PDF uncertainties on FL at x ≃ 10−6 are now reduced by
almost order of magnitude, and that FL itself is always
positive for the x range accessible at the LHeC.

Next, we have computed the UHE charged-current
(CC) neutrino-nucleus cross-section as a function of the
incoming neutrino energy Eν , using a stand-alone code
based on APFEL for the calculation of the NLO struc-
ture functions. At the highest values of Eν that might be
accessible at neutrino telescopes such as IceCube [42] and
KM3NET [43], the neutrino-nucleus interactions probes
the quark sea PDFs at Q2 ≃ M2

W and down to x ≃ 10−8,
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FIG. 5: The structure function FL(x,Q
2) at Q2 = 3.5 GeV2,

comparing the NNPDF3.0 predictions both with the results
of this work and with the GRRT calculation.

a region where the quark distributions are driven by the
small-x gluon by means of DGLAP evolution effects [44].
In Fig. 6 we compare the CC UHE neutrino-nucleus

cross-section from NNPDF3.0 with the results of this
work. As in the case of FL, we find a sizable reduction
of the PDF uncertainties, which are by far the dominant
theory uncertainty for this process at high Eν . This way,
NLO QCD provides a prediction accurate to ∼< 10% up
to Eν ≃ 1012 GeV, a region where a rather different
behaviour are found in scenarios with non-linear QCD
evolution effects [45]. Our results for the UHE cross-
section are more precise than existing calculations [5, 46],
based on PDF fits where the only constraints on the
small-x gluon come from the inclusive and charm HERA
data, and therefore provide a clean handle to disentan-
gle possible beyond the Standard Model effects in this
process [47].
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FIG. 6: The NLO charged-current neutrino-nucleus cross-
section as a function of the neutrino energy Eν , computed
with NNPDF3.0 and with the results of this work.

To summarize, in this work we have presented a preci-
sion determination of the small-x gluon down to x ≃ 10−6

from LHCb charm production in the forward region at√
s =5, 7 and 13 TeV. We have shown that the LHCb

data provided at the three CoM energies leads to con-
sistent constraints on the small-x gluon, and have deter-
mined the combination that maximizes the reduction of
PDF uncertainties, namely the sum of normalized distri-
butions N5 +N7 +N13. We have found indications that
NLO QCD may not be adequate to describe the most
precise data, a subset of points for the D0 final state at
5 and 13 TeV (here excluded by kinematical cuts), sug-
gesting that NNLO corrections are required to exploit
the full LHCb charm dataset.

We have illustrated how the improved small-x gluon
leads to significantly reduced theory uncertainties for FL

at future high-energy lepton-proton colliders and for the
UHE neutrino-nucleus interactions. We have however
only scratched the surface of the phenomenological im-
plications of our work. It is important to explore these
implications further to inform other applications, such as
the modelling of semi-hard QCD processes at the LHC
in Monte Carlo event generators and for calculations of
cosmic ray production. Moreover, it would be interesting
to compare our determination of the small-x gluon with
those that could be achieved form other processes with
similar kinematical coverage, such as exclusive produc-
tion [48] or forward photon production [49, 50].

The results of this work are available upon request in
the form of LHAPDF6 grids [34].
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• But the bulk of our uncertainty bands are due to scales, across the breadth of the 
relevant energy spectrum…
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• NNLO results for charm production will be the key to reduced uncertainties!
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Moving forward:  charm production
• Our results are for the central production of charm (xF ~ 0).
• Motivated by strange particle production at high xF, Halzen and Wille have 

attempted to put bounds on the ultra-forward component of charm.
• In one study they implement a spectator-charm model, and in another they 

parameterize the cross-section in a model-independent way.  In both, 
normalization is given by ISR data.

arXiv:hep-ph/1601.03044 arXiv:hep-ph/1605.01409

‘model-independent’‘spectator-charm’

2

charm particle cross section, as is the case for strange
particles. However, while it does potentially dominate
the production of the highest energy atmospheric neutri-
nos in IceCube, we conclude that it cannot accommodate
the flux of cosmic neutrinos that dominates the spectrum
at the highest neutrino energies. In addition, this for-
ward charm production is unable to accommodate the
30–200TeV excess over the best-fit power law seen in re-
cent IceCube analyses that have lowered the threshold of
the search for cosmic neutrinos [11].
While we make no prediction for prompt neutrinos

from forward charm, if produced at the level of the upper
limit obtained here, the prompt spectrum could extend
to higher energies than predicted by calculations that
have neglected the forward component. While we con-
clude that the upper limit on the prompt neutrino flux is
subdominant to the cosmic neutrino flux at all energies,
it potentially represents a background, and it is therefore
still important to characterize it.
The remainder of this paper is organized as follows: in

Section II, the parameterization of the differential cross
section for the production of forward charm hadrons is
introduced. In Section III, we subsequently evaluate the
upper limit on the flux of prompt neutrinos, and we con-
front it with the cosmic neutrino data in Section IV.

II The Forward Charm Cross Section

To begin, we introduce a model-independent parameteri-
zation for forward charm production. It has the flexibility
to adjust the energy and Feynman-x dependence inde-
pendently: dσ

dxF
= g(xF )f(Ep). Specifically, the parame-

terization allows for changing the value at which the cross
section peaks in xF while preserving the integrated cross
section value,

∫ 1

0
dxF g(xF ) = σ. The forward charm has

been hypothesized to be produced by several processes
each with a slightly different cross section peak. We ini-
tiate the calculation using a Feynman-x parameterization
for forward Λc and D production that peaks at large xF

values, with a maximum at xF ∼ 2
3
(∼ 1

3
) for Λc (D).

These peak values are associated with the hadronization
of charm quarks with the valence quarks in the incident
proton. Without further adjustments this distribution
matches the archival data on forward Λc production from
the CERN ISR pp̄ collider [27]. The differential cross sec-
tions are shown in Fig. 1 along with the ISR data that
also fixes the normalization.
It has been argued that there is tension between dif-

ferent experimental results on the magnitude of forward
charm production [28]. In the spirit of producing an
upper limit, we use the ISR data, which measured the
largest forward charm component [27].
For the energy dependence of the forward charm cross

section we consider parameterizations bracketed by two
extreme possibilities: the energy dependence of the total
inelastic cross section pp → X and the inclusive charm
cross section pp → cc̄ + X measured for centrally pro-
duced charm particles. We will refer to these as “in-
elastic” and cc̄ dependence, respectively. In addition, we
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FIG. 1. The Feynman xF dependence for Λc and D̄
0 produc-

tion using the parameterized cross section is compared with
ISR data [27] at

√

s = 63 GeV.

averaged the two as an illustration for an intermediate
energy dependence.

III An Upper Limit on the Prompt Neutrino
Flux

To calculate the prompt neutrino spectrum from the de-
cay of forward charm particles produced in the atmo-
sphere, we have used the MCEq atmospheric interaction
package [29] in conjunction with a parameterization of
the incident cosmic ray flux [30]. Observations indicate
an increasing mass of the cosmic rays at the knee [31].
Heavier nuclei primaries shift the neutrinos from charm
to lower energies, causing a break in the neutrino spec-
trum.

The result is shown in Fig. 2 assuming the cc̄ en-
ergy dependence. The variation of the forward flux on
the detailed Feynman-x dependence of the cross section
is illustrated by varying the position of its maximum.
Shifting its value higher by 25% has a small effect on the
prompt neutrino flux that is already saturated by the ini-
tial parameterization. Lowering the peak value reduces
the normalization without changing the spectrum in the
region of interest beyond the break in energy associated
with the “knee” in the cosmic ray spectrum.

Next we investigate the dependence of the prompt flux
on the energy dependence of the cross section; see Fig.
3. The variations only affect the spectrum of the prompt
neutrinos and not the normalization as all fluxes are equal
at ∼ 3×102GeV. In this plot, we also compare the fluxes
to the conventional neutrino flux from π,K decays [32]
and the flux of atmospheric electron neutrinos measured
by IceCube [33]. The cc̄ energy dependence exceeds the
measured atmospheric neutrino flux but shows that the
spectrum cannot mimic an E−2 spectrum in the energy
ranges of interest, Eν > 104 GeV. The “averaged” energy
dependence does exceed the measured atmospheric neu-
trino flux at the 1 σ level. In addition, each cross section
shows a break in the spectrum ∼ 105 GeV, reflecting the
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FIG. 3. The differential cross sections for producing charm
quarks as a function of their longitudinal momentum fraction.
The central gluon fusion component is shown along with the
contribution of the diagrams with an active charm quark. The
spectator charm’s differential cross section is peaked at large
xF carrying the majority of the momentum of the proton that
produced it.

An important caveat at this point is that the spectator
charm cross section calculates the production of a charm
quark and not a charmed hadron. The hadronization
of the spectator charm quark with the valence quarks
of the incident proton results in the dominant contri-
bution to forward scattering. The strings linking the
charm quark with the other proton constituents into
charm hadrons reduce its fractional momentum. We im-
plement this hadronization following reference [27] by re-
ducing the charmed baryon momentum, xΛc

= xs/1.1.
In Fig. 4, we show that this procedure actually describes
the xF dependence of the highest energy measurement
available from ISR R-422. This archival data represent
the strongest constraint on how much momentum can be
carried by ΛcD pairs.
The calculation described above leads to atmospheric

neutrino fluxes that exceed the data. As the normaliza-
tion of the cross section is sensitive to the scales defining
the perturbative QCD expansion, we let it float and ob-
tained a maximal charm flux for a normalization change
σ(Λc)/σ(cs) = 0.214. In other words, there is a tension
in normalization between the atmospheric neutrino and
ISR data. We repeat the same procedure for D̄0 and D−

meson hadronization with a shape change of xD = 3xs/4
and cross section normalization of 0.476 and 0.238 re-
spectively.
Although it is straightforward to include the higher

order diagrams, the changes introduced are well within
the uncertainties associated with the hadronization that
is poorly constrained by data.

III Prompt Neutrino Flux

We next calculate the neutrino spectrum from the decay
of the charmed hadrons using the MCEq atmospheric in-
teraction package [29]. We use two parameterizations of
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FIG. 4. The Feynman xF dependence for Λc production is
compared with ISR data [28] at

√
s = 63 GeV.

the incident cosmic ray flux from Gaisser and collabora-
tors [30–32]. While these fits to the cosmic ray flux may
vary, the different fluxes yield very similar results in this
context.
The neutrino spectrum resulting from the contribution

of the hadronization of the spectator charm described in
the previous section is compared to the highest energy
measurements [33] of the atmospheric electron flux in
Fig. 5. It is compared to the one of Enberg et al. referred
to as ERS [1]. Note that our floating normalization satu-
rates the atmospheric electron neutrino flux measured by
IceCube [33]. A future measurement with higher statis-
tics will be very useful in this context. IceCube has also
performed an analysis [11] of neutrino events starting in
the detector that has resulted in an upper limit of the
prompt neutrino flux. We note however that the flux
was modeled after the ERS flux and only the normaliza-
tion was varied. As seen in Fig. 5, the spectator charm
neutrino spectrum has a different shape, closer to an E−2

spectrum below 100 TeV. This allows the model to par-
tially evade the current IceCube limits.
We also calculated the expected number of νµ events

penetrating the Earth; the result is compared to the first
two years of IceCube [34] in Fig. 6. It is also compared
to the best fit cosmic neutrino spectrum. An important
point about the flux from the spectator charm neutrino
is the flavor and neutrino antineutrino ratio: for the as-
trophysical neutrino flux the flavor ratio is assumed to
be 1:1:1 for νe : νµ : ντ and equal parts neutrino and
antineutrino. In contrast, for the spectator neutrino flux
the flavor ratio is ∼ 1:1:0 and the neutrino to antineu-
trino ratio is ∼ 1:10. This is important when comparing
the spectator neutrino flux for different analyses as they
tend to prefer specific neutrino flavors.
While one may be tempted to conclude that the specta-

tor neutrino flux may accommodate the data, this is not
the case. The updated analysis using six years of Ice-
Cube livetime has revealed a high-energy astrophysical
spectrum of E−1.91, including a very high energy neu-
trino event with deposited energy of 2.6 PeV [35]. The
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Moving forward:  charm production
• Regardless, Halzen and Wille find that the forward contribution is still insufficient 

to accommodate the observed neutrino excesses:

Is there a more reliable way to calculate the forward contribution?

4

FIG. 4. The expected number of events in both the northern and southern sky for two years in IceCube using a veto-based
detection scheme [11]. The upper limit fluxes include the self-veto effect as prescribed in [34]. Neither upper limit can explain
the high-energy events observed in IceCube.
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secondary interaction at a height

h = −h0 ln
(

e−H/h0 −
λN ln R′

X0

)

, (16)

obtained analogously to Eq. (15) but taking into account the finite height H of the primary
interaction. The procedure is iterated until the energy of the leading nucleon from an interaction
falls below 30% of the primary cosmic ray proton energy.

Secondary mesons and unstable baryons are traced through the atmosphere until they either
decay or interact. Which of these occurs is decided by comparing simulated decay and interaction
lengths

Ldec = −dM (E) ln R1 (17)

and

Lint = H + h0 ln
(

e−H/h0 −
λM ln R2

X0

)

, (18)

where R1 and R2 denote uniform random numbers ∈ ]0, 1[ and H is the height at which the
traced particle has been produced. The decay length dM (E) and the interaction thickness λM

are given in Eqs. (11) and (8) respectively, the atmospheric scale height h0 and depth X0 are
defined in sect. 2.2. Eq. (18) is obtained in a way analogous to Eq. (16).

Particle decays are fully simulated with daughter particle momenta. In case of interactions,
the interacting particle is regenerated in the same direction but with degraded energy, chosen
according to the appropriate leading particle spectrum. Considering only the most energetic
‘leading’ particles in secondary interactions is justified because they give the dominant contri-
bution to the lepton fluxes. Moreover, other particles with lower energy are much fewer than
the particles of the same type and energy produced in primary interactions.

The particle decay–interaction chain is then repeated until all particles have decayed, have
hit the ground or their energy has fallen below the minimum energy of interest, 100 GeV. Energy

Figure 3: The E3-weighted vertical flux of muons, muon-neutrinos and electron-neutrinos from
conventional (π,K decays) and prompt (charm decays) sources and their sum (‘total’). The
solid lines are from the cascade simulation (section 3) and the dashed lines are from the analytic
Z-moment method (section 4).

8

arXiv:9505417 (Gondolo et al.)

• As the charm hadroproduction has been validated by LHCb, a non-observation 
of the prompt component at IceCube may signal a deficiency in the cascade 
formalism…

• We can utilize our distributions for charm production in other codes, but should 
we expect any significant differences?

Moving forward:  systematics
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Final conclusions
• The exciting discovery of cosmic neutrinos at IceCube marks the 

beginning of neutrino astronomy.

• However, backgrounds from atmospheric neutrinos are key to 
understanding and calibrating the observed spectrum.

• Prompt atmospheric neutrinos mimic the similarly hard spectrum of 
their cosmic cousins, but their production is highly uncertain due to 
QCD and other systematics.  To date, no prompt neutrinos have been 
observed at IceCube.

The prompt flux should be seen soon (and provide a probe of low-x QCD)

• More work is needed to understand both perturbative and non-
perturbative aspects of charm hadroproduction.  What new tools can 
we utilize to study the ultra-forward region, e.g.? 


