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Origin	of	Mass

Electroweak	symmetry	breaking

2

• Mass	genera6on	via	the	Higgs	mechanism

• Constrain	models	for	physics	beyond	the	SM

• Measure	Higgs	couplings			⇒			major	LHC	ac6vity

Mass	genera;on	of	visible	ma-er

• Strongly	coupled	QCD	
• Hadron	spectrum	&	resonances	from	first	principles	
• Hadronic	uncertain6es	in	precision	tests	of	the	SM
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• Emanuele	Bagnaschi	(DESY):	Higgs	mass	computation	in	BSM	physics	
• Florian	Staub	(KIT):	Generic	approach	for	Higgs	mass	calculations

Strong	QCD

• Max	Hansen	(HIM):	Scattering	and	resonances	from	9inite-volume	calculations	
• Andreas	Nyffeler	(JGU):	Theoretical	status	of	the	muon	g–2

Constraints	on	BSM	physics

• Wolfgang	G.	Hollik	(DESY):	Vacuum	stability	and	the	origin	of	mass	
• Marco	Sekulla	(KIT):	Unitarization	and	simpli9ied	models	for	vector	boson	
scattering
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Minimal	Supersymmetric	Standard	Model	(MSSM)

• solves	the	hierarchy	problem	
• provides	a	dark	maLer	candidate	
• null	result	at	the	LHC	
• Higgs	mass	too	heavy

Renewed	interest	in	“unnatural”	SUSY	models:	
scale	for	BSM	physics	far	above	EW	scale

Confront	MSSM	and	other	BSM	model	with	Higgs	mass	measurements

Introduction and motivations The scenarios Computing the Higgs mass Phenomenological predictions Conclusions

The Higgs after LHC Run1 and Run2

… Higgs properties as measured by the
LHC with the current dataset point to
compatibility with the SM.

… No other BSM signatures appearead at
the LHC up to now.

… The Higgs mass is a free parameter in
the SM, however this could not be the
case in in models beyond the SM, as in
Supersymmetry.

… Can we use the Higgs mass as an handle
for heavy BSM physics?
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SUSY with heavy sparticles
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Observed limits Expected limits All limits at 95% CL

=13 TeVs
 [CONF-2016-077]-1t0L 13.2 fb
 [CONF-2016-050]-1t1L 13.2 fb
 [CONF-2016-076]-1t2L 13.3 fb
 [1604.07773]-1MJ   3.2 fb

Run 1 [1506.08616]

… Negative searches for SUSY particles at
the LHC have renewed interest in
unnatural SUSY models, where
superpartners are much above the EW
scale.
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Light scalars particle could lead the following
issues:
… Quite light Higgs boson mass (MSSM).
… New sources of CP violation.
… New sources of flavor violation.
… Proton decay.

Higgs mass computation in the MSSM Emanuele A. Bagnaschi (DESY) 6 / 24

—> Emanuele Bagnaschi

—> Florian Staub
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Introduction and motivations The scenarios Computing the Higgs mass Phenomenological predictions Conclusions

A tower of effective theories

… Problem: mass gap in the physical spectrum makes large logs of the ratio mew/m̃
appears in the perturbative expressions.

… Solution: For a proper computation these logs have to be resummed.
… Method: define a tower of effective field theories, where the heavy particles are

integrated out, and match them at a proper scale. Use RGE to resum the large
logarithms.

Mi, µ

Matching

m̃

Matching

Split SUSY
SM Split SUSY MSSM

Single scale SUSY m̃, Mi, µ

Matching

SM MSSM
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Higher-order	correc6ons	to	Higgs	mass	produce	large	logarithms

Employ	Effec6ve	Field	Theory	approach

Emanuele Bagnaschi
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Higgs	mass	predic;ons	in	SUSY	models
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Quasi-natural	SUSY:	
superpartners	of	O(10	TeV)

Emanuele Bagnaschi

Introduction and motivations The scenarios Computing the Higgs mass Phenomenological predictions Conclusions

Quasi-natural SUSY

… All superparticles have masses in the range between a few to tens TeV.

… Minimal stop mixing in the
vicinity of Xt = 0.

… Maximal stop mixing close to
Xt =

p
6m̃.

… Colored bands are due to the
parametric uncertainty due to
Mt and ↵s(Mz).

… Two-loop corrections vanish
for zero mixing and degenerate
SUSY masses.

SM in MS
g1,2,3,gt,�

 ! MSSM in DR
g1,2,3,yt

Higgs mass computation in the MSSM Emanuele A. Bagnaschi (DESY) 21 / 24

High-scale	SUSY:	all	SUSY	
par6cles	of	 O(m̃) � µEW

Introduction and motivations The scenarios Computing the Higgs mass Phenomenological predictions Conclusions

High-scale SUSY

… All SUSY particles lie around the same scale m̃, which can be much
higher than the weak scale.

… Thinner gray band due to 1�
variation of ↵s(MZ).

… Larger colored) due to 1�
variation of Mt.

Higgs mass computation in the MSSM Emanuele A. Bagnaschi (DESY) 22 / 24
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Generic	Higgs	mass	calcula6on

Florian Staub

Generic Higgs mass calculations

Thousands of Feynman diagrams are needed to be calculated:
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! can be reduced to a small number of generic diagrams

Generic approach

Florian Staub – The generic approach to Higgs mass calculations (MU Programmtag, 12.12.16) 7/19

Generic	diagram:

Generic Higgs mass calculations

Thousands of Feynman diagrams are needed to be calculated:
! can be reduced to a small number of generic diagrams

Generic expressions

F3F1

F4F2

S1S
out1 S

out2c1
c2

c3

c4

Generic expression f (mouti ,mS,mFi ,ci) are

Valid for any model and for any real scalar

! Disentangle the calculation of . . .

. . . loop amplitudes (difficult) and masses & couplings (easy)

Generic approach

Florian Staub – The generic approach to Higgs mass calculations (MU Programmtag, 12.12.16) 7/19

Valid	for	any	model	and	any	real	scalar
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Fully	automated	two-loop	calcula6ons:

Florian Staub

The setup

Mathematica Code
(Analytical calculations)

Masses &
Vertices
in model

Generic exp. for
masses &
vertices

Generic loop
expressions

Expressions for
Higgs mass

Fortran Code
(Numerical calc.)

Numerical
Routines

Loop
Integrals

Higgs mass

User defined model

In
pu

tp
ar

am
et

er
s

Generic approach

Florian Staub – The generic approach to Higgs mass calculations (MU Programmtag, 12.12.16) 9/19

SARAH/SPheno
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Precision	Higgs	mass	calcula;ons	in	BSM
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Florian Staub

Study	MSSM	beyond	Minimal	Flavour	Viola6on

The MSSM beyond MFV

The soft-breaking Lagrangian provides in general many new couplings

LSB = ·· ·+T ij
u ˜u§

i ˜qjHu +T ij
d

˜d§
i ˜qjHd +T ij

e ˜e§i ˜ljHd +h.c.

T 32

u and T 23

u hardly constrained by flavour observables

! can be huge

! known impact on the Higgs mass at one-loop: up to 60 GeV!
[Arana-Catania,Heinemeyer,Penaranda,1109.6232]

What happens at two-loop?

The Higgs mass in non-minimal SUSY models

Florian Staub – The generic approach to Higgs mass calculations (MU Programmtag, 12.12.16) 11/19

Constrain	couplings									in	the	so`-breaking	LagrangianT i j
u

The MSSM beyond MFV

The soft-breaking Lagrangian provides in general many new couplings

LSB = ·· ·+T ij
u ˜u§

i ˜qjHu +T ij
d

˜d§
i ˜qjHd +T ij

e ˜e§i ˜ljHd +h.c.

T 32

u and T 23

u hardly constrained by flavour observables

! can be huge

! known impact on the Higgs mass at one-loop: up to 60 GeV!
[Arana-Catania,Heinemeyer,Penaranda,1109.6232]

What happens at two-loop?

The Higgs mass in non-minimal SUSY models

Florian Staub – The generic approach to Higgs mass calculations (MU Programmtag, 12.12.16) 11/19

Can	study	NMSSM,	vectorlike	top	partners,	Dirac	gauginos,…
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—> Wolfgang G. HollikHiggs	sector	in	the	SM:

BSM:	minimum	may	become	unstable

VSM = �µ2H†H + �(H†H)2

Precise analysis: up to three loops!

[Zoller 2014]

W. G. H. vacuum stability

Running	of	quar6c	self-coupling: � = �(Q) �(Q)! 0

Q ⇠ H ⇠ 1010 GeV

for

Main	uncertain6es:

M
top

, ↵s

[Zoller]
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Trans-Planckian	VEVStability, instability or metastability?

[Courtesy of Max Zoller]

W. G. H. vacuum stability

Stability, instability or metastability?

[Courtesy of Max Zoller]

W. G. H. vacuum stability

Vacuum	Stability
The SM phase diagram

0 50 100 150 200
0

50

100

150

200

Higgs mass Mh in GeV

To
p
m
as
sM

t
in
G
eV

Instability

N
on-perturbativity

Stability

Met
a-st

abil
ity

[D
eg

ra
ss

ie
t

al
.
JH

E
P

12
08

(2
01

2)
09

8]

W. G. H. vacuum stability
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Wolfgang G. Hollik

BSM	model:	new	par6cles	contribute	to	the	running	of	λ

Constrain	BSM	model	parameters:
require	global	minimum	to	coincide	with	EW	minimum

Closing in on the parameter space Ab = 500GeV

W. G. H. vacuum stability

Parameter choice crucial µ = 350GeV

W. G. H. vacuum stability
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Marco Sekulla

SM:	Higgs	exchange	cancels	energy	rise	in	VBS	amplitude

VBS and the Standard Model

2 12.12.2016 M.Sekulla MU Programmtag 2016, Mainz Unitarization and Simplified Models for Vector Boson Scattering ITP

KIT

higgstan.com

2014: Vector boson scattering
is observed

) The Higgs mechanism
works as expected

VBS in the SM
Higgs exchange cancels the energy rise in VBS

) restores unitarity if mh 
q

4p
p

2/GF Lee,Quigg,Thacker 1977
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VBS	is	sensi6ve	probe	for	BSM	physics:	devia6on	of	HVV	vertex	causes	
amplitude	to	grow																					—>	unitarity	viola6ons⇠ O(E2)

EFT	approach:	new	physics	contribu6ons	via	higher-dim.	operators

L = LSM +
X

d�4

Ci

⇤d�4 Od
i
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Marco Sekulla

Unitarity	implies	Argand-circle	condi6on	for	
par6al	wave	amplitude

Unitarity

8 12.12.2016 M.Sekulla MU Programmtag 2016, Mainz Unitarization and Simplified Models for Vector Boson Scattering ITP

KIT

1 Unitarity of scattering matrix S = 1+ iT : ! i

�
T � T†

�
= TT†

2 Angular momentum conservation:
conventionally normalized partial wave amplitudes a`

3 Unitarity implies
Argand-circle condition

����a`(s) � i

2

����  1
2

! Outside: unitarity broken
! Inside/On: unitarity fulfilled
inside: inelastic scattering (<)

on: elastic scattering (=)

Im [a`]

Re [a`]

1
2

1
2

Bound on real part

|Re (a`(s))|  1
2

) Conservative EFT validity
bound s

max

Scenarios	for	new	physics:Scenarios for New Physics at High Energies

16 12.12.2016 M.Sekulla MU Programmtag 2016, Mainz Unitarization and Simplified Models for Vector Boson Scattering ITP

KIT

1 Inelastic

Im [a`]

Re [a`]

1
2

1
2

EFT+ Form-factor

2 Saturation

Im [a`]

Re [a`]

1
2

1
2

EFT elastic + T-Matrix

3 Resonance
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Re [a`]

1
2

1
2

Adding additional resonances

The rise of an amplitude (AQGC) may be an expansion of a resonance



Hartmut	Wittig

Vector	Boson	Sca-ering

15

Marco Sekulla

Complete	LHC	process	at	14	TeV	in	a	simplified	model	with	extra	tensor	
resonance:Complete LHC process at

p
s = 14 TeV

20 12.12.2016 M.Sekulla MU Programmtag 2016, Mainz Unitarization and Simplified Models for Vector Boson Scattering ITP

KIT
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VBS at the LHC
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KIT
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Two energetic jets in the forward and backward direction
(pT > 20 GeV)
Large rapidity seperation and large invariant mass of the two
tagging jets (mjj > 500 GeV, |Dyjj | > 2.4)
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Persistent	devia6on	of	3.6	sigma:

aµ ⌘ 1
2 (g � 2)µ =

8>><
>>:

116 592 080(54)(33) · 10�11

116 591 828(43)(26)(2) · 10�11

E821	@	BNL

SM	predic6on

Theore6cal	es6mate	dominated	by	QED

Uncertainty	of	SM	predic6on	dominated	by	QCD:
Hadronic	vacuum	polarisa6on: Hadronic	light-by-light	scaLering:

aSM
µ = aQED

µ + aweak
µ + ahad

µ

—> Andreas Nyffeler
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New	measurements	of	pion	form	factor	by	BESIII	confirm	3.6σ	tension
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Theore;cal	status	of	the	muon	(g–2)

Relies	on	experimental	data	for	hadronic	cross	sec6on	R
had

(e+e� ! hadrons)

BESIII Collaboration / Physics Letters B 753 (2016) 629–638 637

Table 4
Results of the BESIII measurement of the cross section σ bare

π+π−(γFSR)
≡ σ bare(e+e− → π+π−(γFSR)) and the squared pion form factor |Fπ |2. The errors are statistical only. The 

value of √s′ represents the bin center. The 0.9% systematic uncertainty is fully correlated between any two bins.
√

s′ [MeV] σ bare
π+π−(γFSR)

[nb] |Fπ |2
√

s′ [MeV] σ bare
π+π−(γFSR)

[nb] |Fπ |2

602.5 288.3 ± 15.2 6.9 ± 0.4 752.5 1276.1 ± 29.8 41.8 ± 1.0
607.5 306.6 ± 15.5 7.4 ± 0.4 757.5 1315.9 ± 31.3 43.6 ± 1.0
612.5 332.8 ± 16.3 8.2 ± 0.4 762.5 1339.3 ± 30.9 44.8 ± 1.0
617.5 352.5 ± 16.3 8.7 ± 0.4 767.5 1331.9 ± 30.8 45.0 ± 1.0
622.5 367.7 ± 16.6 9.2 ± 0.4 772.5 1327.0 ± 30.6 45.2 ± 1.0
627.5 390.1 ± 17.7 9.8 ± 0.4 777.5 1272.7 ± 29.2 43.7 ± 1.0
632.5 408.0 ± 18.0 10.4 ± 0.5 782.5 1031.5 ± 26.7 37.1 ± 0.9
637.5 426.6 ± 18.1 11.0 ± 0.5 787.5 810.7 ± 24.2 30.3 ± 0.8
642.5 453.5 ± 19.0 11.8 ± 0.5 792.5 819.7 ± 23.8 30.6 ± 0.8
647.5 477.7 ± 18.5 12.5 ± 0.5 797.5 803.1 ± 23.3 30.1 ± 0.8
652.5 497.4 ± 19.5 13.2 ± 0.5 802.5 732.4 ± 22.1 27.7 ± 0.8
657.5 509.2 ± 19.4 13.6 ± 0.5 807.5 679.9 ± 20.6 25.9 ± 0.7
662.5 543.4 ± 19.9 14.7 ± 0.5 812.5 663.6 ± 21.0 25.5 ± 0.8
667.5 585.0 ± 20.5 16.0 ± 0.6 817.5 622.2 ± 19.9 24.1 ± 0.7
672.5 642.7 ± 22.2 17.7 ± 0.6 822.5 585.0 ± 19.5 22.9 ± 0.7
677.5 640.5 ± 21.0 17.8 ± 0.6 827.5 540.8 ± 18.1 21.4 ± 0.7
682.5 668.0 ± 21.9 18.8 ± 0.6 832.5 496.4 ± 17.7 19.8 ± 0.7
687.5 724.4 ± 22.9 20.6 ± 0.6 837.5 450.4 ± 16.8 18.1 ± 0.6
692.5 783.5 ± 23.2 22.5 ± 0.7 842.5 404.7 ± 15.2 16.4 ± 0.6
697.5 858.6 ± 25.3 24.9 ± 0.7 847.5 391.3 ± 15.4 16.0 ± 0.6
702.5 893.8 ± 25.4 26.2 ± 0.7 852.5 364.0 ± 15.0 15.0 ± 0.6
707.5 897.8 ± 25.0 26.6 ± 0.7 857.5 339.6 ± 14.0 14.2 ± 0.6
712.5 978.6 ± 26.6 29.3 ± 0.8 862.5 310.0 ± 13.7 13.0 ± 0.6
717.5 1059.1 ± 27.9 32.0 ± 0.8 867.5 283.8 ± 13.0 12.1 ± 0.5
722.5 1086.0 ± 28.3 33.2 ± 0.9 872.5 256.5 ± 12.4 11.0 ± 0.5
727.5 1088.4 ± 27.7 33.6 ± 0.9 877.5 237.3 ± 11.4 10.3 ± 0.5
732.5 1158.8 ± 29.2 36.2 ± 0.9 882.5 229.7 ± 11.6 10.0 ± 0.5
737.5 1206.5 ± 29.6 38.2 ± 0.9 887.5 224.0 ± 11.6 9.9 ± 0.5
742.5 1229.9 ± 29.0 39.3 ± 0.9 892.5 196.1 ± 10.5 8.7 ± 0.4
747.5 1263.3 ± 30.3 40.9 ± 1.0 897.5 175.9 ± 9.7 7.9 ± 0.4

Fig. 7. Our calculation of the leading-order (LO) hadronic vacuum polarization 2π contributions to (g − 2)µ in the energy range 600–900 MeV from BESIII and based on the 
data from KLOE 08 [6], 10 [7], 12 [8], and BaBar [10], with the statistical and systematic errors. The statistical and systematic errors are added quadratically. The band shows 
the 1σ range of the BESIII result.

8. Conclusion

A new measurement of the cross section σ bare(e+e− →
π+π−(γFSR)) has been performed with an accuracy of 0.9% in the 
dominant ρ(770) mass region between 600 and 900 MeV/c2, using 
the ISR method at BESIII. The energy dependence of the cross sec-
tion appears compatible with corresponding measurements from 
KLOE and BaBar within approximately one standard deviation. The 
two-pion contribution to the hadronic vacuum polarization contri-
bution to (g − 2)µ has been determined from the BESIII data to be 
aππ ,LO
µ (600–900 MeV) = (368.2 ± 2.5stat ± 3.3sys) · 10−10. By aver-

aging the KLOE, BaBar, and BESIII values of aππ ,LO
µ and assuming 

that the five data sets are independent, a deviation of more than 
3σ between the SM prediction of (g − 2)µ and its direct measure-

ment is confirmed. For the low mass region < 600 MeV/c2 and 
the high mass region > 900 MeV/c2, the BaBar data was used in 
this calculation.
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Fig. 4. The measured squared pion form factor |Fπ |2. Only statistical errors are 
shown. The solid line represents the fit using the Gounaris–Sakurai parametriza-
tion.

Table 3
Fit parameters and statistical errors of the Gounaris–Sakurai fit of the pion form 
factor. Also shown are the PDG 2014 values [33].

Parameter BESIII value PDG 2014

mρ [MeV/c2] 776.0 ± 0.4 775.26 ± 0.25
#ρ [MeV] 151.7 ± 0.7 147.8± 0.9
mω [MeV/c2] 782.2 ± 0.6 782.65 ± 0.12
#ω [MeV] fixed to PDG 8.49 ± 0.08
|cω | [10−3] 1.7± 0.2 –
|φω | [rad] 0.04 ± 0.13 –

Fig. 5. Relative difference of the form factor squared from BaBar [10] and the BESIII
fit. Statistical and systematic uncertainties are included in the data points. The 
width of the BESIII band shows the systematic uncertainty only.

Wigner function cω = |cω|eiφω . The width of the ω meson is fixed 
to the PDG value [33]. The resulting values are shown in Table 3. 
As can be seen, the resonance parameters are in agreement with 
the PDG values [33] within uncertainties, except for #ρ , which 
shows a 3.4σ deviation. Corresponding amplitudes for the higher 
ρ states, ρ(1450), ρ(1700), and ρ(2150), as well as the masses 
and widths of those states were taken from Ref. [10], and the sys-
tematic uncertainty in #ρ due to these assumptions has not been 
quantitatively evaluated.

The Gounaris–Sakurai fit provides an excellent description of 
the BESIII data in the full mass range from 600 to 900 MeV/c2, re-
sulting in χ2/ndf = 49.1/56. Fig. 5 shows the difference between 
fit and data. Here the data points show the statistical uncertainties 
only, while the shaded error band of the fit shows the systematic 
uncertainty only.

Fig. 6. Relative difference of the form factor squared from KLOE [6–8] and the 
BESIII fit. Statistical and systematic uncertainties are included in the data points. 
The width of the BESIII band shows the systematic uncertainty only.

In order to compare the result with previous measurements, 
the relative difference of the BESIII fit and data from BaBar [10], 
KLOE [6–8], CMD2 [1,2], and SND [3] is investigated. Such a com-
parison is complicated by the fact, that previous measurements 
used different vacuum polarization corrections. Therefore, we con-
sistently used the vacuum polarization correction from Ref. [31]
for all the comparisons discussed in this section. The KLOE 08, 10, 
12, and BaBar spectra have, hence, been modified accordingly. The 
individual comparisons are illustrated in Figs. 5 and 6. Here, the 
shaded error band of the fit includes the systematic error only, 
while the uncertainties of the data points include the sum of the 
statistical and systematic errors. We observe a very good agree-
ment with the KLOE 08 and KLOE 12 data sets up to the mass 
range of the ρ–ω interference. In the same mass range the BaBar 
and KLOE 10 data sets show a systematic shift, however, the devia-
tion is, not exceeding 1 to 2 standard deviations. At higher masses, 
the statistical error bars in the case of BESIII are relatively large, 
such that a comparison is not conclusive. There seem to be a good 
agreement with the BaBar data, while a large deviation with all 
three KLOE data sets is visible. There are indications that the BE-
SIII data and BESIII fit show some disagreement in the low mass 
and very high mass tails as well. We have also compared our re-
sults in the ρ peak region with data from Novosibirsk. At lower 
and higher masses, the statistical uncertainties of the Novosibirsk 
results are too large to draw definite conclusions. The spectra from 
SND and from the 2006 publication of CMD-2 are found to be in 
very good agreement with BESIII in the ρ peak region, while the 
2004 result of CMD-2 shows a systematic deviation of a few per-
cent.

We also compute the contribution of our BESIII cross section 
measurement σ bare(e+e− → π+π−(γFSR)) to the hadronic contri-
bution of (g − 2)µ ,

aππ ,LO
µ (0.6–0.9 GeV) = 1

4π3

(0.9GeV)2∫

(0.6GeV)2

ds′K (s′)σ bare
ππ(γ ) , (8)

where K (s′) is the kernel function [11, Eq. (5)]. As summarized in 
Fig. 7, the BESIII result, aππ ,LO

µ (600–900 MeV) = (368.2 ± 2.5stat ±
3.3sys) · 10−10, is found to be in good agreement with all three 
KLOE values. A difference of about 1.7σ with respect to the BaBar 
result is observed.

La*ce	QCD:	Major	effort	in	to	compute	ahvp
µ ;					Current	precision:	O(5%)

Dispersion	rela;ons:

Andreas Nyffeler
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Table 4
Results of the BESIII measurement of the cross section σ bare

π+π−(γFSR)
≡ σ bare(e+e− → π+π−(γFSR)) and the squared pion form factor |Fπ |2. The errors are statistical only. The 

value of √s′ represents the bin center. The 0.9% systematic uncertainty is fully correlated between any two bins.
√

s′ [MeV] σ bare
π+π−(γFSR)

[nb] |Fπ |2
√

s′ [MeV] σ bare
π+π−(γFSR)

[nb] |Fπ |2

602.5 288.3 ± 15.2 6.9 ± 0.4 752.5 1276.1 ± 29.8 41.8 ± 1.0
607.5 306.6 ± 15.5 7.4 ± 0.4 757.5 1315.9 ± 31.3 43.6 ± 1.0
612.5 332.8 ± 16.3 8.2 ± 0.4 762.5 1339.3 ± 30.9 44.8 ± 1.0
617.5 352.5 ± 16.3 8.7 ± 0.4 767.5 1331.9 ± 30.8 45.0 ± 1.0
622.5 367.7 ± 16.6 9.2 ± 0.4 772.5 1327.0 ± 30.6 45.2 ± 1.0
627.5 390.1 ± 17.7 9.8 ± 0.4 777.5 1272.7 ± 29.2 43.7 ± 1.0
632.5 408.0 ± 18.0 10.4 ± 0.5 782.5 1031.5 ± 26.7 37.1 ± 0.9
637.5 426.6 ± 18.1 11.0 ± 0.5 787.5 810.7 ± 24.2 30.3 ± 0.8
642.5 453.5 ± 19.0 11.8 ± 0.5 792.5 819.7 ± 23.8 30.6 ± 0.8
647.5 477.7 ± 18.5 12.5 ± 0.5 797.5 803.1 ± 23.3 30.1 ± 0.8
652.5 497.4 ± 19.5 13.2 ± 0.5 802.5 732.4 ± 22.1 27.7 ± 0.8
657.5 509.2 ± 19.4 13.6 ± 0.5 807.5 679.9 ± 20.6 25.9 ± 0.7
662.5 543.4 ± 19.9 14.7 ± 0.5 812.5 663.6 ± 21.0 25.5 ± 0.8
667.5 585.0 ± 20.5 16.0 ± 0.6 817.5 622.2 ± 19.9 24.1 ± 0.7
672.5 642.7 ± 22.2 17.7 ± 0.6 822.5 585.0 ± 19.5 22.9 ± 0.7
677.5 640.5 ± 21.0 17.8 ± 0.6 827.5 540.8 ± 18.1 21.4 ± 0.7
682.5 668.0 ± 21.9 18.8 ± 0.6 832.5 496.4 ± 17.7 19.8 ± 0.7
687.5 724.4 ± 22.9 20.6 ± 0.6 837.5 450.4 ± 16.8 18.1 ± 0.6
692.5 783.5 ± 23.2 22.5 ± 0.7 842.5 404.7 ± 15.2 16.4 ± 0.6
697.5 858.6 ± 25.3 24.9 ± 0.7 847.5 391.3 ± 15.4 16.0 ± 0.6
702.5 893.8 ± 25.4 26.2 ± 0.7 852.5 364.0 ± 15.0 15.0 ± 0.6
707.5 897.8 ± 25.0 26.6 ± 0.7 857.5 339.6 ± 14.0 14.2 ± 0.6
712.5 978.6 ± 26.6 29.3 ± 0.8 862.5 310.0 ± 13.7 13.0 ± 0.6
717.5 1059.1 ± 27.9 32.0 ± 0.8 867.5 283.8 ± 13.0 12.1 ± 0.5
722.5 1086.0 ± 28.3 33.2 ± 0.9 872.5 256.5 ± 12.4 11.0 ± 0.5
727.5 1088.4 ± 27.7 33.6 ± 0.9 877.5 237.3 ± 11.4 10.3 ± 0.5
732.5 1158.8 ± 29.2 36.2 ± 0.9 882.5 229.7 ± 11.6 10.0 ± 0.5
737.5 1206.5 ± 29.6 38.2 ± 0.9 887.5 224.0 ± 11.6 9.9 ± 0.5
742.5 1229.9 ± 29.0 39.3 ± 0.9 892.5 196.1 ± 10.5 8.7 ± 0.4
747.5 1263.3 ± 30.3 40.9 ± 1.0 897.5 175.9 ± 9.7 7.9 ± 0.4

Fig. 7. Our calculation of the leading-order (LO) hadronic vacuum polarization 2π contributions to (g − 2)µ in the energy range 600–900 MeV from BESIII and based on the 
data from KLOE 08 [6], 10 [7], 12 [8], and BaBar [10], with the statistical and systematic errors. The statistical and systematic errors are added quadratically. The band shows 
the 1σ range of the BESIII result.

8. Conclusion

A new measurement of the cross section σ bare(e+e− →
π+π−(γFSR)) has been performed with an accuracy of 0.9% in the 
dominant ρ(770) mass region between 600 and 900 MeV/c2, using 
the ISR method at BESIII. The energy dependence of the cross sec-
tion appears compatible with corresponding measurements from 
KLOE and BaBar within approximately one standard deviation. The 
two-pion contribution to the hadronic vacuum polarization contri-
bution to (g − 2)µ has been determined from the BESIII data to be 
aππ ,LO
µ (600–900 MeV) = (368.2 ± 2.5stat ± 3.3sys) · 10−10. By aver-

aging the KLOE, BaBar, and BESIII values of aππ ,LO
µ and assuming 

that the five data sets are independent, a deviation of more than 
3σ between the SM prediction of (g − 2)µ and its direct measure-

ment is confirmed. For the low mass region < 600 MeV/c2 and 
the high mass region > 900 MeV/c2, the BaBar data was used in 
this calculation.
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Fig. 4. The measured squared pion form factor |Fπ |2. Only statistical errors are 
shown. The solid line represents the fit using the Gounaris–Sakurai parametriza-
tion.

Table 3
Fit parameters and statistical errors of the Gounaris–Sakurai fit of the pion form 
factor. Also shown are the PDG 2014 values [33].

Parameter BESIII value PDG 2014

mρ [MeV/c2] 776.0 ± 0.4 775.26 ± 0.25
#ρ [MeV] 151.7 ± 0.7 147.8± 0.9
mω [MeV/c2] 782.2 ± 0.6 782.65 ± 0.12
#ω [MeV] fixed to PDG 8.49 ± 0.08
|cω | [10−3] 1.7± 0.2 –
|φω | [rad] 0.04 ± 0.13 –

Fig. 5. Relative difference of the form factor squared from BaBar [10] and the BESIII
fit. Statistical and systematic uncertainties are included in the data points. The 
width of the BESIII band shows the systematic uncertainty only.

Wigner function cω = |cω|eiφω . The width of the ω meson is fixed 
to the PDG value [33]. The resulting values are shown in Table 3. 
As can be seen, the resonance parameters are in agreement with 
the PDG values [33] within uncertainties, except for #ρ , which 
shows a 3.4σ deviation. Corresponding amplitudes for the higher 
ρ states, ρ(1450), ρ(1700), and ρ(2150), as well as the masses 
and widths of those states were taken from Ref. [10], and the sys-
tematic uncertainty in #ρ due to these assumptions has not been 
quantitatively evaluated.

The Gounaris–Sakurai fit provides an excellent description of 
the BESIII data in the full mass range from 600 to 900 MeV/c2, re-
sulting in χ2/ndf = 49.1/56. Fig. 5 shows the difference between 
fit and data. Here the data points show the statistical uncertainties 
only, while the shaded error band of the fit shows the systematic 
uncertainty only.

Fig. 6. Relative difference of the form factor squared from KLOE [6–8] and the 
BESIII fit. Statistical and systematic uncertainties are included in the data points. 
The width of the BESIII band shows the systematic uncertainty only.

In order to compare the result with previous measurements, 
the relative difference of the BESIII fit and data from BaBar [10], 
KLOE [6–8], CMD2 [1,2], and SND [3] is investigated. Such a com-
parison is complicated by the fact, that previous measurements 
used different vacuum polarization corrections. Therefore, we con-
sistently used the vacuum polarization correction from Ref. [31]
for all the comparisons discussed in this section. The KLOE 08, 10, 
12, and BaBar spectra have, hence, been modified accordingly. The 
individual comparisons are illustrated in Figs. 5 and 6. Here, the 
shaded error band of the fit includes the systematic error only, 
while the uncertainties of the data points include the sum of the 
statistical and systematic errors. We observe a very good agree-
ment with the KLOE 08 and KLOE 12 data sets up to the mass 
range of the ρ–ω interference. In the same mass range the BaBar 
and KLOE 10 data sets show a systematic shift, however, the devia-
tion is, not exceeding 1 to 2 standard deviations. At higher masses, 
the statistical error bars in the case of BESIII are relatively large, 
such that a comparison is not conclusive. There seem to be a good 
agreement with the BaBar data, while a large deviation with all 
three KLOE data sets is visible. There are indications that the BE-
SIII data and BESIII fit show some disagreement in the low mass 
and very high mass tails as well. We have also compared our re-
sults in the ρ peak region with data from Novosibirsk. At lower 
and higher masses, the statistical uncertainties of the Novosibirsk 
results are too large to draw definite conclusions. The spectra from 
SND and from the 2006 publication of CMD-2 are found to be in 
very good agreement with BESIII in the ρ peak region, while the 
2004 result of CMD-2 shows a systematic deviation of a few per-
cent.

We also compute the contribution of our BESIII cross section 
measurement σ bare(e+e− → π+π−(γFSR)) to the hadronic contri-
bution of (g − 2)µ ,

aππ ,LO
µ (0.6–0.9 GeV) = 1

4π3

(0.9GeV)2∫

(0.6GeV)2

ds′K (s′)σ bare
ππ(γ ) , (8)

where K (s′) is the kernel function [11, Eq. (5)]. As summarized in 
Fig. 7, the BESIII result, aππ ,LO

µ (600–900 MeV) = (368.2 ± 2.5stat ±
3.3sys) · 10−10, is found to be in good agreement with all three 
KLOE values. A difference of about 1.7σ with respect to the BaBar 
result is observed.
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View before 2014: in contrast to HVP, no direct relation to experimental data
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Approach: use hadronic model at low energies with exchanges and loops of resonances
and some (dressed) “quark-loop” at high energies.

Constrain models using experimental data (processes of hadrons with photons: decays,
form factors, scattering) and theory (ChPT at low energies; short-distance constraints
from pQCD / OPE at high momenta).

Problems: Four-point function depends on several invariant momenta ) distinction
between low and high energies not as easy as for two-point function in HVP.
Mixed regions: one loop momentum Q2

1 large, the other Q2
2 small and vice versa.

Use	hadronic	models	at	low	energies;	exchange/loop	contribu6ons	
from	resonances	and	dressed	quark	loops	at	high	energies

New	approach:	Dispersion	rela;ons	to	connect	dominant	light	PS	
contribu6ons	to	measurable	form	factors,	e.g.	 �⇤�⇤ ! ⇡0, ⌘, ⌘0

La*ce	QCD:		RBC/UKQCD	Collab.	(2005–2016),		Mainz	(2015/16)

Various	new	physics	scenarios	to	explain	 aexp

µ � aSM

µ = (290 ± 90) · 10

�11

SUSY	@	large	tan	β,			dark	photons,…	 Andreas Nyffeler
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Impossible	to	compute	scaLering	amplitudes	directly	in	
Lapce	QCD

—> Max Hansen

Can	obtain	energy	levels	in	a	finite	box		—>		rela6on	to	resonance	
proper6es

In LQCD it is not possible to directly calculate  
scattering amplitudes

finite volume

L

ImE

ReE

Euclidean momenta

But it is possible to calculate finite-volume energies of 
multi-particle systems

E0(L)

E1(L)
E2(L)

C(⌧) = hO(⌧)O†
(0)i

=

X

n

cn exp[�En(L)⌧ ]

E3(L)

In LQCD it is not possible to directly calculate  
scattering amplitudes

But it is possible to calculate finite-volume energies of 
multi-particle systems

E0(L)

E1(L)

E2(L)

L

L

L

In LQCD it is not possible to directly calculate  
scattering amplitudes

But it is possible to calculate finite-volume energies of 
multi-particle systems

E0(L)

E1(L)

E2(L)

L

L

L

In LQCD it is not possible to directly calculate  
scattering amplitudes

But it is possible to calculate finite-volume energies of 
multi-particle systems

E0(L)

E1(L)

E2(L)

L

L

L

In the case of two-to-two scattering 
Lüscher’s formalism + extensions have answered these questions

E0(L)

E1(L)

E2(L)Lüscher (1991), Rummukainen and Gottlieb (1995),  
Beane et. al. (2005), Kim, Sachrajda, and Sharpe (2005),  
Christ, Kim, Yamazaki (2005), Bernard et. al. (2011),  
MTH and Sharpe (2012), Briceño and Davoudi (2013),  
Li and Liu (2013), Briceño (2014)

det
⇥
M�1

2 (E⇤
n) + F (En, ~P ,L)

⇤
= 0

All results can be summarized by a generalized 
quantization condition

Both are matrices in angular momentum, spin and channel space
known geometric functionscattering amplitude

(Generalised)	Lüscher	quan6sa6on	condi6on:
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Simplest	case:		2	—>	2	scaLering

Max Hansen

⇡⇡ ! ⇡⇡

L

L

L

from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505

cot �`=1(E
⇤
n) + cot�(En, ~P ,L) = 0

Using the result: Simplest case is a single-channel 
e.g. for pions in a p-wave the relation reduces to

⇡⇡ ! ⇡⇡

L

L

L

from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505

cot �`=1(E
⇤
n) + cot�(En, ~P ,L) = 0

Using the result: Simplest case is a single-channel 
e.g. for pions in a p-wave the relation reduces to
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Derive	generalisa6on	for	arbitrary	two-	and	three-par6cle	systems

Max Hansen

Relevant	for	3-par6cle	resonances,	
weak	decay	amplitudes		K	⟶	πππ,	…

Our aim is to derive the generalization for arbitrary  
two- and three-particle systems

E1(L)

E2(L)

E3(L)

Potential applications… 
Studying three-particle resonances 

!
!
!

!
Calculating weak decay amplitudes and form factors 

!
Determining three-body interactions 

!

!(782) ! ⇡⇡⇡

N(1440) ! N⇡, N⇡⇡

K ! ⇡⇡⇡

N⇤

NNN three-body forces needed as EFT input 
for studying larger nuclei and nuclear matter

Summary and Conclusions

+ + + · · ·

+

+

+

+

+ · · ·

+ + + · · ·

+ · · ·

+ · · ·

+

+ +

+

+ · · ·

CL(E, ~P ) =

Formalism is complete for the simplest three-particle system

det
⇥
K�1

df,3(E
⇤
n) + F3(En, ~P ,L)

⇤
= 0

Extension to fully general systems is underway

Stay tuned for three-particle scattering and resonances 
from LQCD!

E1(L)

E2(L)

E3(L)

Formalism	complete	for	simplest	three-par6cle	system
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Many	efforts	to	constrain	BSM	models	
• Higgs	mass	calcula6ons	

• Vacuum	stability	

• Vector	boson	scaLering	

• Low-energy	precision	observables

22

Summary

 
Understand	hadronic	uncertain;es	
• strong	coupling	αs,		hadronic	contribu6ons	to	(g–2)

 
Methods	
• Effec6ve	field	theories,	mul6-loop	calcula6ons,	lapce	simula6ons


